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Abstract 



The general method of Reshetikhin and Turaev is followed to develop topological invariants 
of closed, connected, orientable 3-manifolds from a new class of algebras called pseudo- 
modular Hopf algebras. Pseudo-modular Hopf algebras are a class of Z 2 -graded ribbon 
Hopf algebras that generalise the concept of a modular Hopf algebra. 

The quantum superalgebra U q (osp(l\2n)) over C is considered with q a primitive N th 
root of unity for all integers N > 3. For such a q, a certain left ideal X of U q (osp{l\2n)) is 
also a two-sided Hopf ideal, and the quotient algebra Uq N \osp(l\2n)) = U q (osp(l\2n))/l 
is a Z 2 -graded ribbon Hopf algebra. 

For all n and all N > 3, a finite collection of finite dimensional representations of 
Uq N \osp{l\2n)) is defined. Each such representation of Uq N \osp(l\2n)) is labelled by an 
integral dominant weight belonging to the truncated dominant Weyl chamber. Properties of 
these representations are considered: the quantum super dimension of each representation 
is calculated, each representation is shown to be self-dual, and more importantly, the 
decomposition of the tensor product of an arbitrary number of such representations is 
obtained for even N. 

It is proved that the quotient algebra Uq N \osp(l\2n)) , together with the set of finite 
dimensional representations discussed above, form a pseudo-modular Hopf algebra when 
N > 6 is twice an odd number. 

Using this pseudo-modular Hopf algebra, we construct a topological invariant of 3- 
manifolds. This invariant is shown to be different to the topological invariants of 3- 
manifolds arising from quantum so(2n + 1) at roots of unity. 
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Chapter 1 
Introduction 



A striking development in mathematics in recent decades has been use of ideas in mathe- 
matical physics to study the topology of low dimensional manifolds. In 1983, Donaldson 
used self-dual Yang-Mills theory to study 4-manifolds, leading to the development of new 
topological invariants of 4-manifolds |Do83t lDo87| IDo90j . In 1988, Witten introduced the 
concept of a topological quantum field theory (TQFT) |Wi88j . which provided a unifying 
principle for Donaldson's 4-manifold invariants and Floer's invariants of oriented integral 
homology 3-spheres F188j . In 1989, Witten showed a connection between the Jones poly- 
nomial of links and quantum Chern-Simons theory that "gave a (formal) 3- dimensional 
interpretation of the Jones polynomial" |Wi89[ ID02j . The quantum Chern-Simons theory 
has also been a rich source of topological invariants of 3-manifolds. Its study has led to 
much progress in the area of knot theory and 3-manifold theory In particular, the influen- 
tial work of Reshetikhin and Turaev |RT91j gave a mathematically rigorous construction 
of the 3-manifold invariants using quantum algebras. 

This provides the first of the two general subject areas encompassing the work presented 
in this thesis: the study of topological invariants of 3-manifolds. The other general subject 
area is quite distinct from the first and can be easily studied without reference to the first. 
The genesis of this thesis is in some very interesting work by Reshetikhin amongst others 
who showed unexpected connections between this second area and the area of topological 
invariants of links and 3-manifolds, and it is this connection that has essentially led to the 
theme of our research. This second general subject area is the study of quantum algebras 
and quantum superalgebras and their representations. 

Each of these two subject areas is very interesting and offers many unanswered ques- 
tions, some of which we discuss below. In this thesis we obtain some new results in both 
of these areas and then weave them together yielding further results. 

In this thesis, we firstly study the quantum superalgebra U q (osp(l\2n)) and its repre- 
sentations at roots of unity in Chapters El and |U and then use the results obtained to study 
topological invariants of 3-manifolds in Chapter 

Quantum algebras have been the subject of much research since Drinfel'd |Dr86j and 
Jimbo |Ji85| IJi86j introduced quantum groups to the mathematical world in approximately 
1985. Quantum superalgebras were introduced in |BGZ90t |Y94j and other papers. Quan- 
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turn algebras and quantum superalgebras related to classical Lie algebras and simple basic 
Lie superalgebras, respectively, are g-deformations of the universal enveloping algebras of 
the relevant Lie algebra or Lie superalgebra. The representation theory of quantum alge- 
bras and quantum superalgebras has attracted a lot of attention, not only for the intrinsic 
interest in the representations of these new algebras, but also for the possibility that it could 
solve already existing problems, and in addition, potential applications. The potential for 
applications was quite strong as the quantum groups introduced by Drinfel'd admitted an 
element satisfying the Yang-Baxter equation, an important equation in statistical mechan- 
ics. The existence and explication of these elements, called universal i?-matrices, has been 
one of the goals in the study of quantum algebras and quantum superalgebras. 

The representation theories of quantum algebras and quantum superalgebras are at 
present not completely known, but aspects of them are somewhat known. In some ways 
the known representation theory depends dramatically on the nature of q: if q is non- 
zero and not a root of unity, the representation theory of quantum algebras and quantum 
superalgebras is much better known than if q is a root of unity. In one sense, this may 
arise from the fact that the centres of the quantum algebras and quantum superalgebras 
are much larger when q is a root of unity. 

The representation theory of quantum algebras at roots of unity has attracted much 
research (eg |An92| IAJS941 lAP95p . However, the representation theory of quantum su- 
peralgebras at roots of unity is not nearly as well known. For example, the representation 
theory of U q (osp(l\2n)) at roots of unity was barely studied before. The first part of this 
thesis studies the structure and representations of U q (osp(l\2n)) at roots of unity. 

In particular, we fix q = exp(27ri/iV) where N > 3 is an integer. In this case, the 
quantum superalgebra U q (osp(l\2n)) has a much larger centre than that at generic q. A 
two-sided ideal I is generated by certain central elements, which is also a Hopf ideal. 
The quotient quantum superalgebra U q N \osp{l\2n)) = U q (osp(l\2n)) /X is again a Z 2 - 
graded Hopf algebra, and, importantly, admits a universal i?-matrix. It transpires that 
ui N \osp(l\2n)) is a Z 2 -graded ribbon Hopf algebra. 

We construct a set of U q N \osp(l\2n))-modu\es, each of which is characterised by an 
element from a truncated Weyl chamber A^. We prove that each of these modules is self- 
dual, and, more importantly, their tensor products decompose in a very nice way. It is the 
tensor product decomposition theorems which we need for the cosntruction of 3-manifold 
invariants. 

The second major theme in this thesis is the construction of topological invariants of 
closed, connected, orientable 3-manifolds. We review the construction of the topological 
invariants from modular Hopf algebras introduced by Reshetikhin and Turaev |RT91j . and 
show that topological invariants, similar to those introduced in |RT91j . can be constructed 
from a more general class of algebras which we call pseudo-modular Hopf algebras. The 
conditions for an algebra to be modular are quite prescriptive, and we define pseudo- 
modular Hopf algebras to be much more general, so that topological invariants can be 
constructed following our work for as many ribbon Hopf algebras as possible. 

After these two independent strands of study, we tie them together by showing that 
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the quotient quantum superalgebra Uq (osp(l\2n)), when q = exp (2ni/N) and N > 6 
satisfies N = 2 (mod 4), together with a set of finite dimensional representations, is a 
pseudo-modular Hopf algebra, and thus yields topological invariants of closed, connected, 
orientable 3-manifolds. 

We now turn to a discussion of 3-manifold invariants, proper. 

Despite the relative age of the programme of studying 3-manifolds (it being initiated 
in the 1880s |Gor99p . there are still many avenues of research, as evidenced by the recent 
claim of the proof of the Poincare Conjecture |M04j . In addition, it is still unknown 
whether the problem of classifying 3-manifolds into homeomorphism equivalence classes, 
one of the major goals of the research programme, is solvable |U02j . This contrasts with 
what is known for simply connected n-manifolds for all integers n > 2 except n = 3. Here 
the classification problem has been solved one way or the other: it has been solved for 
n = 2 and n > 5, and is known to be algorithmically unsolvable for n = 4, as "the set 
of fundamental groups of 4-manifolds is sufficiently large to be algorithmically unsolvable 
as a word problem in group theory" |U02j . The discovery of new topological invariants of 
3-manifolds should shed light on the classification problem; this is the general goal towards 
which part of the work presented in this thesis is directed. 

While it is not known whether the classification problem for 3-manifolds is solvable, 
Lins has discussed a potential conjecture for completely classifying connected 3-manifolds 
|Lin95j . This potential conjecture uses a combinatorial algorithm for classifying 3-manifolds 
using the so-called 3-gems, or 3- dimensional graph-encoded manifolds |KL94llL"in95| . Using 
3-gems, Kauffman and Lins calculated topological invariants for a large number of 3- 
manifolds |KL94j and while the algorithm works on the elements of a proper subset of 
all connected 3-manifolds where the calculations are computationally tractable, it is not 
known whether the algorithm works in general. 

Even if one does not have a complete topological invariant of connected 3-manifolds, a 
collection of topological invariants may altogether be a complete topological invariant. In 
any event, different topological invariants may have different properties, so it is useful to 
have as many topological invariants as possible when studying individual 3-manifolds and 
the classification problem. 

This provides the raison d'etre for part of this thesis: we will construct a topologi- 
cal invariant of closed, connected, orientable 3-manifolds. Our invariants are one of the 
class of quantum invariants |U02j . which are a large collection of topological invariants 
of knots and 3-manifolds that have been discovered since Jones discovered a new polyno- 
mial of links in 1985 |Jo85j (for examples of quantum invariants of tangles and knots see 

|FYMLM085iimM^iimiiMrni™ 

ILTT921 IZh92al IGou931 IGTB931 lT94l IGLZ961 IZL961 IDeW99j ) . The Jones polynomial was the 
first link invariant discovered since Alexander discovered, in 1928, the Alexander- Conway 
polynomial |A128j (see also |C70j ). The topological invariants of 3-manifolds generated by 
TQFTs are also quantum invariants. 

The topological invariants of 3-manifolds we construct in this thesis were inspired by 
the construction of Reshetikhin and Turaev in 1991 |RT91j . Their construction was for- 
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mulated using a modular Hopf algebra, which is a ribbon Hopf algebra together with a 
finite collection of finite dimensional irreducible representations with non-zero quantum 
dimension, satisfying certain criteria including a subtle tensor product rule. These criteria 
encapsulate the necessary conditions for the construction of the 3-manifold invariants fol- 
lowing |RT91| . although, as we shall discuss below, it is possible to construct 3-manifold 
invariants using ribbon Hopf algebras satisfying less restrictive criteria than those satisfied 
by modular Hopf algebras. 

The essential method for constructing the topological invariants presented in |RT91j 
is as follows. One uses a result of Lickorish |Lic62j to present each closed, connected, 
orientable 3-manifold Ml as the result of performing surgery on the 3-sphere S 3 along a 
framed link L C S 3 . From the work of Kirby |Kirb78| and Fenn and Rourke |FR79| . two 
such 3-manifolds, and Ml 2 , are homeomorphic if and only if the links L\ and L2 are 
equivalent with respect to the so-called Kirby moves, which are a set of equivalence rela- 
tions on planar projections of a link. This enables one to turn the study of homeomorphism 
classes of closed, connected, orientable 3-manifolds into the study of equivalence classes of 
framed links in S 3 where the equivalence is generated by the Kirby moves. Then, upon 
taking any isotopy invariant of framed links that is invariant under the Kirby moves, one 
obtains a topological invariant of closed, connected, orientable 3-manifolds. Reshetikhin 
and Turaev put this scheme into effect in |RT91j by using an isotopy invariant of framed 
links they had constructed in 1990 from quantum algebras |RT90j . Interestingly, the iso- 
topy invariant that they used from |RT90| can be seen as a generalisation of the Jones 
polynomial. By taking a linear sum of isotopy invariants of framed links that remained 
unchanged if the Kirby moves were applied to the framed link, Reshetikhin and Turaev 
obtained a topological invariant of closed, connected, orientable 3-manifolds. 

Since Reshetikhin and Turaev's work in 1991, many topological invariants of 3-manifolds 
have been constructed from a variety of different viewpoints, for example, they have been 
constructed following the general idea of |RT91j by taking linear sums of invariants of 
framed links that are unchanged under the Kirby moves (eg see |Lic91al IHc91bl IWa911 
IBHMV921 ILic92| ITW931 TZh95j ) . by taking averages over all possible cablings of invariants 
of framed links |We93j . by taking a state-sum over an arbitrary triangulation of the 3- 
manifold using quantum 6j-symbols |TV92j and by using a Heegard decomposition of a 
3-manifold |Ko92j . 

The topological invariants of 3-manifolds constructed since 1991 have been much stud- 
ied: in particular the invariants of Reshetikhin and Turaev have been greatly studied due 
to the comparative ease of their calculation (eg see |KM90l ILic93[ IKe97j ). In addition 
to their status of new topological invariants, this study yielded applications to classical 
3-manifold topology - for example the Reshetikhin- Turaev invariants were used to develop 
obstructions to embedding one 3-manifold in another |FK B01 . 

The construction of 3-manifold invariants in |RT91j is general, in that it provides a 
way to construct the invariants from any modular Hopf algebra. It was shown in jHT91j 
that a quotient of U q {sl2) at Ak th primitive roots of unity was modular. This naturally led 
researchers to ask whether other quantum algebras were also modular. But the modularity 
criteria involves representation-theoretic conditions, and the relevant representation theory 
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of quotients of other quantum algebras at primitive roots of unity was not known. 

However, Turaev and Wenzl managed to somewhat circumvent this problem in 1993 
by constructing topological invariants of closed, connected, orientable 3-manifolds from 
quasimodular Hopf algebras, which are more general than modular Hopf algebras |TW93j . 
The essential difference between modular and quasimodular Hopf algebras is that the 
condition that the modules be irreducible is relaxed for quasimodular Hopf algebras. The 
quantum algebras related to the families of complex Lie algebras A n , B n , C n and D n are 
quasimodular at even primitive roots of unity, and the authors constructed 3-manifold 
invariants using these algebras |TW93j . 

In 1994 Turaev reformulated modular Hopf algebras using the language of categories, 
and showed that modular categories, which are tensor categories with additional structures, 
could be used to construct 3-manifold invariants |T94j . Informally, the key features of a 
modular category are a finite set of objects satisfying a certain tensor product property 
and the invertibility of a certain matrix commonly called the S'-matrix. This was followed 
by the study of pre-modular categories by Bruguieres |Br00a[ IBrOObj , which are a class of 
categories more general than modular categories, in which the S'-matrix is not necessarily 
invertible. Invariants of links and tangles and sometimes 3-manifolds can be constructed 
using a pre-modular category |BB01j . Although we have not explored the possibility, it 
appears plausible that the pseudo-modular Hopf algebras we define in this thesis may yield 
examples of pre-modular categories. 

In 1995, the construction of Reshetikhin- Turaev 3-manifold invariants was extended 
to modular Hopf algebras derived from Z 2 -graded ribbon Hopf algebras by Zhang |Zh95j . 
and the first such topological invariants were constructed from quotients of the quantum 
superalgebras U q (osp(l\2)) |Zh94| . and U g (gl(2\l)) |Zh95j at odd roots of unity. This 
construction slightly differed from that of |RT91j , in that it was not shown that the algebras 
were modular, but the author found a way to avoid this requirement by using known 
features of the representation theory of these algebras. 

In contrast to the construction of topological invariants of 3-manifolds using quotients of 
quantum algebras at roots of unity and their representations, the construction of topological 
invariants of 3-manifolds using quotients of quantum superalgebras at roots of unity and 
their representations, has, unfortunately, been quite limited, this limitation having arisen 
from the limited knowledge of the representation theory of quantum superalgebras and 
their quotients at roots of unity. This was the motivation for our earlier-mentioned study 
of representations of a quotient of U q (osp(l\2n)) at roots of unity in this thesis. 

As mentioned previously, we then show that topological invariants of closed, connected, 
orientable 3-manifolds can be constructed from a class of Z 2 -graded ribbon Hopf algebras 
(together with a finite set of their representations) satisfying more general conditions than 
those satisfied by a modular or quasimodular Hopf algebras. We call these algebras pseudo- 
modular Hopf algebras. The key difference between a pseudo- modular and a modular Hopf 
algebra is that the S'-matrix of a pseudo-modular Hopf algebra is not necessarily invertible, 
while it is invertible for modular Hopf algebras. 

After defining pseudo-modular Hopf algebras and showing that 3-manifold invariants 
can be constructed from pseudo-modular Hopf algebras, we show that the quotient algebra 
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Uq (osp(l\2n)) , where q = exp(2iii/N) and N > 6 satisfies N = 2 (mod 4), together 
with a set of its representations, is pseudo-modular and thus yields 3-manifold invariants. 
A preliminary announcement of the work presented in this thesis was given in |B103j . 



1.1 Summary of new results 

We now briefly summarise the new results of each chapter, and refer to the body of the 
thesis for the precise statement of each result mentioned here. 



Chapter H 

Let Uc[[h\}(osp(l\2n)) denote the Drinfel'd version of the quantum superalgebra over the 
ring C[[/i]], for an indeterminate h. Write the universal i?-matrix of Uc[[h]](osp(l\2n)) as 
R = KR (eg see |KT91| ). where R is an infinite sum of root vectors in Uc[[h]](osp(l\2n)) . 
One of the problems in dealing with Jimbo's quantum superalgebra U q (osp(l\2n)) over C 
is that U q (osp(l\2n)) is not complete and thus does not admit a universal i?-matrix. 

In Section l3~3*l we define /^-matrices for finite dimensional representations of U q (osp(l\2n)) 
at generic q, as is done in quantum algebras over C |CP94| |KS97| . We do this by defining 



a completion U (osp(l\2n)) of U q (osp(l\2n)) which contains the factor R of the universal 
i?-matrix. There is the problem of dealing with the factor K of the universal i?-matrix of 
Uc[[h]}(osp(l\2n)) , as it is not clear which element of U q (osp(l\2n)), if any, corresponds to 
K. We define an element, G U q (osp(l\2n)) for each integral dominant weight \i such that 

has the same action on V M ® V\, for any integral dominant A, as would K if it existed. 
Then E^R is an 'i?-matrix' for (g) V\ in that it is an i?-matrix for representations. 

In Section f3.4l we define some useful elements of U (osp(l\2n)). These elements act 
in finite dimensional irreducible representations of U q (osp(l\2n)) in a similar way as the 
elements u and v of a ^2-graded ribbon Hopf algebra. Let V\ be the finite dimensional 
irreducible ?7 9 (osp(l|2n))-module with integral dominant highest weight A. For each inte- 
gral dominant A, define the elements u\,v\ G U q (osp(l\2n)). Even though v x does not 
necessarily commute with each element of U q (osp(l\2n)) , it acts on V\ as multiplication by 
the scalar g-( A + 2 P> A ). 

In Section 13.51 we state and prove the spectral decomposition of the element 

TZvy £ Endu q (osp(i\2n)) (V®V) 

defined by 7Zvy(x <8>y) = P ° Rv,v(x ® y), where P is the graded permutation operator 
and Ryy is the -R-matrix for the tensor product of t/,j(osp(l|2?T,))-representations V <g> V. 

In Section l3~^l we show that there exists a representation of the Birman-Wenzl- Murakami 
algebra ^W f (-q 2n ,q) in End Vq{osp{1 \ 2n)) {V^). 

In Section I3~H1 we use the elements v\ of U^{osp{l\2n)) to define a set of mutually 
orthogonal idempotents in Endu q ( osp (i\2 n ))(y®f) that project down from V®f (which is 
completely reducible) onto its irreducible t/ g (osp(l|2n))-submodules. 
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In Section EHU we define matrix units in Endu ( OS p{i\2n)) (V"®* ) which we obtain from the 
projections in Section I3~B1 and the matrix units in a semisimple quotient of £3W f(— q 2n , q). 
The intertwiner matrix units in Endu (osp(i|2n)) ) are U q (osp(l\2n))-\meax maps be- 
tween isomorphic irreducible L^(osp(l|2n))-submodules of V®? . 

Chapter H 

In this chapter we define the quotient algebra Uq N \osp{l\2n)) and its relevant representa- 
tions. The new results in this chapter are as follows. Fix q = exp (2ni/N) where N > 3 
is an integer. In Theorem 14. 1 . II we prove that a certain left ideal I C U q (osp(l\2n)) is a 
two-sided Hopf ideal, thus 

Uf\osp(l\2n)) = U q (osp(l\2n))/l, 

is a Z2-graded Hopf algebra. This quotient algebra has apeared in the literature but only 
for the case n = 1 where N > 3 is odd jZh94| . The proof of Theorem 14.1.11 involves many 
intricate and involved calculations and we leave these calculations to Appendix [DJ 

In Proposition 14. 1.11 we state the universal i?-matrix of Uq N \osp(l\2n)) , which was 
originally given in |Zh92aj . In Theorem 14.1.31 we prove that U ( q N) {osp{l\2n)) is a Z 2 -graded 
ribbon Hopf algebra. 

We then construct representations of Uq N \osp(l\2n)) that we will use in constructing 
the topological invariant. Lemma l4. 1 . ll discusses the fundamental irreducible Uq N ^ (osp(l\2n))- 
module V; all the Uq N \osp(l\2n))-modu\es that we later define are submodules of tensor 
powers of V. In Subsection 14.2.11 we introduce the set of integral weights in the trun- 
cated fundamental Weyl alcove. In Subsection 14.2.21 we define a {7g^(osp(l|2n))-module 
V\ associated with each integral dominant A G A^-. In Lemma (4.2 .61 we give the quantum 
superdimension of each of these f4 7V ' ) (osp(l|2?7.))-modules. The quantum superdimension 
of V\ has the same expression as does the quantum superdimension of the irreducible 
C/ 9 (osp(l|2n))-module with highest weight A but we specialise q to the appropriate root of 
unity. We do not know whether the f4 JV ' ) (osp(l|2n))-modules defined in Subsection 14.2.21 
are irreducible or even indecomposable, but we conjecture that they are all irreducible. 

In Proposition 14.2.11 we prove that each f4 7V ' 1 (osp(l|2n))-module defined in Subsection 
l4~2~2l is self-dual. 

In Section \4. 31 we prove tensor product theorems for the Uq N \osp(l\2n))-modvAes de- 
fined in Subsection 14.2.21 at even N. The proofs are based on the proofs of similar tensor 
product theorems for representations of quantum algebras at even roots of unity |TW93I 
Thm. 5.2.2]. The new tensor product theorems are reminiscent of similar tensor prod- 
uct theorems for modular and quasimodular Hopf algebras, and are perhaps analogues of 
them. 

Chapter [U 

In this chapter we construct a topological invariant of closed, connected, orientable 3- 
manifolds. In Subsection 15.4.21 we define pseudo-modular Hopf algebras which generalise 
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modular Hopf algebras. In Section 15.51 we prove that a topological invariant of closed, 
connected, orientable 3-manifolds can be constructed from a pseudo-modular Hopf algebra 
and its representations. 

The essential differences between a pseudo-modular Hopf algebra and a modular Hopf 
algebra are three-fold: (i) the irreducibility conditions on the modules are relaxed for 
a pseudo-modular Hopf algebra, (ii) the condition that a certain matrix equation has a 
unique set of solutions is relaxed to a condition that the matrix equation has at least one 
set of solutions, and (iii) a certain sum must be non-zero. In modular Hopf algebras the 
result corresponding to (iii) is automatically true, which is a consequence of the fact that 
the matrix equation has a unique set of solutions (see |TW93j ). The condition in (ii) for 
modular Hopf algebras that the matrix equation has a unique set of solutions boils down to 
a condition that the S-matrix be invertible, and the importance of this is that the solutions 
to the matrix equation are exactly the weights in the linear sum of isotopy invariants of 
framed links giving rise to the 3-manifold invariant. For pseudo- modular Hopf algebras 
we merely require that there exists at least one set of (non-zero) solutions to the matrix 
equation. 

Theorem 15.6.21 contains the core result of this thesis: we prove that Ui N \osp(l\2n)), 
together with a set of its representations {V\\ AG A^} (here C A^), and a collection 
of other data, is a pseudo-modular Hopf algebra when A^ > 6 satisfies N = 2 (mod 4). 
Furthermore, in Theorem 15.8.11 we prove that Uq N \osp(l\2n)) is not a pseudo-modular 
Hopf algebra when A^ > 4 satisfies N = (mod 4), and that 3-manifold invariants cannot 
be constructed from Uq N \osp{l\2n)) when N = (mod 4). 

A relevant question to ask is whether our topological invariants are complete or even 
new invariants. These are very difficult questions to answer, and it is more tractable to 
ask whether our topological invariants are the same as existing invariants. The set A^ for 
Uq N \osp(l\2n)) when N > 6 satisfies N = 2 (mod 4) is identical to the corresponding set 
for Uq N ^ 2 \so(2n + l)) , and in Section IS~TI we compare the topological invariants constructed 
using Uq N \osp{l\2n)) to the invariants constructed using U { q N/2 \so{2n + l)). We show that 
the invariants from these algebras are not the same. 

Appendices lA"l IDl 

In Appendix |B] we prove two generalisations of the g-binomial theorem that we use in 
Appendix O In Appendix IDl we prove that the left ideal I C U q (osp(l\2n)) at roots of 
unity is a two-sided Hopf ideal. 



Chapter 2 

Notation and background 



In this chapter we introduce some notation that we use in this thesis and we also give 
relevent background material. 

The plan of this chapter is as follows. In Section |2~T1 we introduce some of the notations 
and conventions that we use in this thesis. In Section 12.21 we introduce the elementary 
algebraic structures that we will refer to and often use in this thesis. In Section 12.31 
we define Z 2 -graded quasitriangular Hopf algebras, which are a class of Z 2 -graded Hopf 
algebras admitting a certain element called the universal i?-matrix. These algebras are 
intrinsically mathematically interesting and are also important in physics (eg in statistical 
mechanics |KS82j ). as the universal R- matrix furnishes a solution to the Yang-Baxter 
equation in each representation of the algebra. 

We then define Z 2 -graded ribbon Hopf algebras. This last class of algebras is useful in 
constructing knot invariants (eg see |O02| ) and is very important in our construction of 
topological invariants of 3-manifolds in Chapter |3J 

2.1 Notation 

In this section we introduce the notation and conventions that we will use in this thesis: 
Z the set of integers, 
Z + the set of non-negative integers, 

Z N = Z/NZ, 

N the set of positive integers, 
C the field of complex numbers, 
R the field of real numbers. 
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For each N £ Z, set 



N' 



N, if N is odd, 
N/2, if iV is even, 



2N, if JV is odd, 
N, if JV = (mod 4), 
N/2, if N = 2 (mod 4). 



For each g = pe J(9 G C where < 6 < 2ix and p > 0, set g 1 / 2 = + v /pe* £l / 2 . 
For each g £ C not equal to or 1, define 



n 



1 - g r 



i-g' 

and the Gaussian binomial 



[n]«! = [n]*[n -!]*■• •[!]», nGN, 



[o] c 



\i] q \\n-i} q V 



% < n. 



(2.1) 



We also define 
1 - 



in 



-q) n 



l+q 

and the pseudo-Gaussian binomial 



(n) q \ = (n) q (n- 1), 



(0) g ! = 1, 



n 



i < n. 



(2.2) 



Note that (n) g = [n] 9 but we introduce the two notations as this is convenient when q is 
a root of unity. We also define 



Mq = Q 



(l-n)/2. 



n 



q-n/2 _ (—\Yq n / 2 



n £ N, 



77 



i < n. 



[i\ q \[n-i\ q \ 



and [n] g ! = [n] g [n - 1], ■ • • [l] g , [0],! = 1 and 
For each non-empty set A, we define the delta function 5 : A x A — > C by 

1, if x = y, 



0, if x 7^ j/, 



for all x,y £ A. 



2.2 Background algebraic structures 

In this section we introduce the background algebraic structures that we refer to and often 
use in this thesis |Sc79|. IUZB 93J. Throughout this section we denote the two elements of 
Z 2 by and 1. 
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Definition 2.2.1. Let V be a vector space over C A ^-gradation of the vector space V 
is a family (V^,) 7e z 2 of subspaces of V such that 

v = v T 

76Z2 

The vector space V is said to be ^-graded if it is equipped with a Z 2 - gradation. 

An element of V is called homogeneous of degree 7, 7 G Z 2 , if it is an element of V T The 
elements of Vq (resp. V\) are called even (resp. odd). We define a mapping [•] : V 7 — > {0, 1} 
for each 7 G Z 2 by setting [y] = 7 for each y G V-,. 

Each element y & V has a unique decomposition of the form 

The element y 7 is called the homogeneous component of y of degree 7. 

A subspace U of 1/ is called Z 2 -graded if it contains the homogeneous components of 
all of its elements, that is, if 

t/=0f/ 7 , u^ = (unv 7 ). 

7GZ2 

Definition 2.2.2. Let V = ® 7gZ2 Vy and W = @^i 2 W$ be two ^-graded vector spaces 
over C. A C-linear mapping 

ip : V -> W, 
is said to be homogeneous of degree 7 G Z 2; if 

ij)(V a ) C W a+1 , for all a G Z 2 . 

T/ie mapping ip is called a homomorphism of the ^-graded vector space V into the 
^-graded vector space W if ip is homogeneous of degree 0. 

Let V = © 7eZ2 V 7 and W = ©5 gZ2 Ws be two Z 2 -graded vector spaces over C. The 
vector space Homc(V, W) of C-linear maps from V to W admits a Z 2 -gradation 

Hom c (V, W) = Hom c (V, W) a , 

where Homc(V, W)q, = G Homc(V, W) | ^ is homogeneous of degree a G Z 2 }. We 
denote End c (V) = Hom c (V, V). 

If W = C is regarded as a Z 2 -graded vector space with zero odd subspace, Homc(V, C) 
is called the dual space of V and is denoted by V*, which is clearly Z 2 -graded. 
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Definition 2.2.3. Let V be a ^-graded vector space over C. Define the map 7 £ EndciV) 
by 

7 («) = (-l)M( w ), 
/or a// homogeneous v £ V. We define the supertrace by 

str : £Yi<ic(V) — » C, str(x) = tr(7x), 

where tr : Ernie (V) — > C is i/ie standard trace functional. 

We write V <g> W to denote 1/ ®c W where each of and W are vector spaces over C, 
unless otherwise specified. 

Remark 2.2.1. Let V and W be two ^-graded vector spaces over C, then V ® W has a 
natural Z 2 - gradation defined by 

(o+/3)=7 (mod 2) 

Let and be two ^-graded vector spaces over C. The graded permutation operator 
P : V <E)W — > W <S)V is defined for all homogeneous v £ V and w £ W by 

P(v®w) = (-l) [v][w] w®v, 

and extended to all inhomogeneous elements by linearity. 

Definition 2.2.4. An associative ^-graded algebra A over C is a ^-graded vector space 
equipped with graded vector space homomorphisms m : A® A — > A and u : C — * A satisfying 
the following properties: 

m o (m ® id) = m o (id g) m), (2-3) 

where id : A ^ A is the identity homomorphism and we regard both sides of \2.'J\) as maps 
A <g> A <g> A — >■ A, and 

m o (u <S) id) = m o (id <E> it), (2-4) 

where A — > C®v4 and A — > v4®C are the natural maps and we regard both sides of \2.4\} as 
maps A — > A. TTie maps m ana 1 it are called the multiplication and unit of A, respectively. 

A Z 2 -graded algebra A is called commutative if 

m o (v ® w) = mo P(v <g> w), Wv, w £ A. 
In this thesis we assume that all Z 2 -graded algebras are associative algebras. 

Definition 2.2.5. Let A be a ^-graded algebra with unit and let V be a left A-module. 
The A-module V is said to be Z 2 -graded if the underlying vector space is Z 2 -graded and if 

AaVp C V a+P , A a £ A, for all a,/3e Z 2 . 
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Right Z 2 -graded A-modules are similarly defined. In this thesis we assume that all 
modules are finite dimensional left modules unless otherwise stated. 

A homomorphism of Z2-graded A-modules is by definition a homomorphism of the A- 
modules as well as of the underlying Z2-graded vector spaces. Each such homomorphism 
is A-linear and homogeneous of degree 0. Let V — Vq © V± be a Z 2 -graded A-module. If 

V = Vq © V[ is a Z 2 -graded A-module with V ' = V\ and V{ = V , then we regard V and 

V as not being isomorphic as A-modules. 

Note that if A and B are two Z 2 -graded algebras, then A <g> B is a Z 2 -graded algebra 
with the multiplication 

f^A^B = ( m A ® m B ) o (id <g> P ® id), 

and the unit 

ua®b =u a ®u b . 

Let V (resp. W) be a Z 2 -graded A-module (resp. £>-module), then V ®W has a unique 
structure as a Z 2 -graded (A <g> B) -module given by 

(a®b)(v®w) = (-l) [b][v] av ®bw, a G A, beB, v G V, w G W. 

Definition 2.2.6. A 1,2- graded co-algebra C is a 1^-graded vector space V together with 
%2-graded vector space homomorphisms A : C — > C ® C and e : C — > C, where A satisfies 

(A <g> id) o A = (id <g> A) o A, (2.5) 

with id : C — > C being the identity homomorphism (we regard both sides of h2.5j) as maps 
C^C®C®C) and e and A satisfy 

(e ® id) o A = id = (id ® e) o A, (2.6) 

where we regard each side in \2. 6]) as a map C — > C . The maps A and e are called the 
co-multiplication and co-unit of C , respectively. We refer to Eq. by saying that the 

co-multiplication A : C — ► C ® C is co-associative. 

For a co-multiplication A : C — > C (8> C we define the opposite co-multiplication A' : 
C ^ C ® C by A' = P o A. A Z 2 -graded co-algebra C is called co-commutative if 
A (a;) = A' (a;) for all x G C. A C-linear subspace / of a Z 2 -graded co- algebra C is called a 
two-sided co-ideal if 

Vx G /. (2.7) 

+ C®("+1) by 

opposite co-multiplication 



A (a;) C J® A + A® I, and e(x) = 0, 
We inductively define the n th co-multiplication A^ : C®" 

A (n) = (A^id®^) o A (n ~ 1} , 
where we fix A^ 1 ) = A. Similarly, we inductively define the n' 

£/(n) . (J®n _^ (J®(n+1) fay 

A' (n) = (A' <g> id®^" 1 )) o A'^" 1 ), 
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where we fix A /( ^ = A'. 

We may use Sweedler's Sigma notation in writing down the co-multiplication of an 
element of a Z 2 -graded co-algebra C |Sw69j . In this notation we write 

A(a:) = ^2 X W ® x (2) ; A (2) (x) = x {1) ® X( 2 ) ® x (3 ), 

(x) (x) 

A (n) (x) = ^X(i) (g) X( 2 ) ® • • ■ ® x (n+ i), n > 2, VxeC. 

(x) 

A consequence of the co-associativity of the co-multiplication is that 

A {n \x) = (id® m ® A <g> id (g,(n " m ~ 1) ) o A (n_1) (x), for each m = 0, 1, . . . , n - 1, 
for each x G C. 

Observe that if A and B are Z 2 -graded co-algebras with co- multiplications A a, Ab, and 
co-units €a, c_b, respectively, then A®B is a Z 2 -graded co-algebra with the co- multiplication 

A a ®b = (id ® P ® id) o (A A ® A B ), 

and the co-unit 

Definition 2.2.7. Let A and B be 1 2 -graded co-algebras over C. A homomorphism f : 
A — > P o/ i/ie co-algebras is defined to be a homomorphism of the underlying 1 2 -graded 
vector spaces satisfying 

(/®/)oA A = A B o /, (2.8) 

and 

e B of = e A , (2.9) 
where both sides of h2.fy) are maps A — > 5 <g> P , and frota sza'es o/ j t£. .9)) are maps A — > C. 

Definition 2.2.8. Let A be a 1*2- graded algebra with multiplication m and unit u, and also 
a 1 2 -graded co-algebra with co-multiplication A and co-unit e. Then A is called a 1 2 -graded 
bi-algebra if one of the following equivalent conditions is satisfied: 

(i) A and e are 1 2 - graded algebra homomorphisms, 

(ii) m and u are 1 2 -graded co-algebra homomorphisms. 

If, furthermore, there exists a 1 2 -graded vector space homomorphism S : A — > A satisfying 

m o (id <g> S) o A = u o e = m o (S <g> id) o A, (2.10) 

then A is called a 1 2 -graded Hopf algebra. Such a 1 2 -graded vector space homomorphism 
is called the antipode of A. 
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The antipode S of A has the following properties: 

(i) Som = mo?o(S8 S), 

(ii) S o u = u, 

(iii) e o S = £, 

(iv) Po(5®S)oA = Ao5, 

(v) if H is commutative or co-commutative, S 2 = id. 

Definition 2.2.9. Let A be a ^-graded Hopf algebra over C with antipode S . Given the 
A-module V, we define the dual A-module V* as follows. Let V* = Homc(V,C) and let 
(•, •) : V* x V — > C denote the dual space pairing. We define the action of A on V* by 

(av*,w) = (-l) [a][v * ] (v*,S(a)w), for all a e A, v* eV\ w 6 V. 

2.3 Z2-graded quasitriangular Hopf algebras 

Definition 2.3.1. We call a ^-graded Hopf algebra A a ^-graded quasitriangular Hopf 
algebra if there exists an invertible even element R G A® A satisfying the equations 



RA(x) = A'(x)R, VxgA, (2.11) 

(A®id)i? = R 13 R 23 , (2.12) 

(id®A)i2 = #13^12, (2.13) 

where id is the identity map on A. Write R = Y2t a t ® fit) then Ru = Ylt a t ®fit®^-> 



i?i3 = Y2t a i ® 1 ® fit an d R-23 = X^t 1 ® cut <8> fit- The element R is called the universal 
R-matrix of A. 

Lemma 2.3.1. Let A be a ^-graded quasitriangular Hopf algebra with universal R-matrix 
R G A <E> A. The universal R-matrix satisfies the following equations 

-^12-^13-^23 = -^23-^13-^12, (2-14) 

(S®S)R = R, (S <g> 1)R = R~\ (1 ® S)R~ 1 = R, (2.15) 

(e®id)fl= (id® e)R = 1. (2.16) 
Equation \2.1J$ is called the graded Quantum Yang-Baxter equation. 

Proof. The proofs are standard (eg sec [KS97J), for instance the proof of Eq. ()2.14j) is 
R12R13R23 = #12 ((A (8) id)i?) = ((A' (g) id)i2)i2i 2 = R23R13R12. 

The proofs of the other equations similarly follow those of the corresponding equations for 
ungraded quasitriangular Hopf algebras |KS97j . □ 
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Let A be a Z2-graded quasitriangular Hopf algebra over C with universal P-matrix P. 
Let V and W be finite dimensional A-modules and let 7iy, 7Tw be the representations of A 
afforded by V and W, respectively. Fix Rvw = (^v ® 7Tw)P and let Rvw £ Homc(V (g) 
W, W (g V) be the map defined by 

Rvw(v ®w) = P o (R vw (v (g it?)), for all u G V, if G W 7 ". 
The actions of Rvw an d Rvw onv®w^V®W are respectively 

®W)=J2 M<*t)v <g 7T W (A)^(-1) [A]M , 

iW(« ® w) = MA)™ ® vr y (a t )^(-l) [Qt]+H(M+[atl) . 
t 

Lemma 2.3.2. Let A be a I* 2 -graded quasitriangular Hopf algebra with universal R-matrix 
R. Let V be a finite dimensional A-module and let it be the representation of A afforded 
by V. For each integer t > 2, define 

R . = id ®(i-l) Ryv id ®(t-(i+l)) e £; rM £ c (y®*) j 

p. i+1 = id®^" 1 ) (g P ® id®(*-( 4+1 )) G Pnd c (V r ®'), 
/or eac/i 1 < i < t — 1, where id = idy, then 

(i) Ri is an element of the centraliser algebra C t = End^V®*), for each 1 < % < t — 1, 

(ii) RiRj = RjRi, for all \i — j\ > 1, 
(Hi) RiR i+ iRi = R i+ iRiR i+ i, for all 1 < i < t — 2. 

Proof. (i) The proof is standard. For an arbitrary x G A, we have 

iW((7r®7r)A(a:)) = P((tt® tt)PA(x)) 
= P((tt® tt)A'(x)P) 
= ((vr®vr)A(x))(P(7r(g)7r)P) 

= ((tt0 7t)A(x))Rvv 

(ii) This is obvious. 

(iii) We consider the case % = 1, the other cases are similar. We write R{j to mean 

(7Ty <g> 7Ty (g TT V )Rij. Now 

R1R2R1 = P12R12P23R23P12R12 

= P12P23R13R23P12R12 

= P12P23P12R23R13R12, 
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where we have used the easily verified results: -R12-P23 = -P23-R13 and R13R23P12 = 
P 12^23^13- A similar calculation shows that 

R2R1R2 = -^23-^12-^23-^12-^13-^23; 

The equality P12-P23-P12 = -P23-P12-P23 then yields what we seek to prove. 

□ 

From |LR97j we obtain the following lemma. 

Lemma 2.3.3. Let A be a 7i2-graded quasitriangular Hopf algebra with universal R-matrix 
R = ^t a t ® bt, and let R T = ^2 t b t <8> a t {—\)^ at ^ ht \ Let V and W be finite dimensional 
irreducible A-modules and let ny, iiw be the representations of A afforded by V and W , 
respectively. Then 

(i) (tt v ® ir w ){R T R) E End A (V ® W), and 

(ii) for each integer t > 3, the element 

(tt®* (g> vry) (A^ ® id) (i? T i?) = R t R t ^ ■ ■ ■ R^Ry ■ ■ ■ R t ^R t e End c (V® {t+1) ), 
is an element of End a^®^ 1 ^). 

Proof, (i) Let x G A be arbitrary. Applying P to the equation RA(x) = A'(x)R gives 
R T A'(x) = A(x)R T . Hence A(x)R T R = R T A'(x)R = R T RA(x). 

(ii) We introduce some notation we will use later on. For each integer t > 3, let i,j£N 
satisfy 1 < i < j < t, and fix 

R ij = id®^" 1 ) ® at <8> id^- 1-0 (8) 6* <8> id ( *" j) e A®*, 
t 

= ^id ^" 1 ) 6 t <g> id '" 1 "^ a* ® id^(-l)HM e A®*. 

We inductively prove that (A^~ 2 ^(g)id)i?i2 = RuRit • • • R(t-i)t for each t > 3. The induction 
hypothesis is true for t = 3 from ()2.12j) and assume that it is true for some t > 3, then 

(A**- 1 ) ® id)i2 = (A®id® ( *- 1) )(A('" 2 ) ®id)i2 

= (A®id®^)R lt R 2 f-R {t - 1)t 

= ^i(t+i)-^2(t+i) • • " Rt(t+i)- 

In a similar way, we can prove that 

(A^ 1 ) ® id)i? T = i^+D^+D^D • • 

Let P = -P12-P23 ' ' ' Pt(t+i)- Then the above formulae lead to 

75(^+1)^-1) 0id)i? ) = j^jfe . . . 

7r®(m) ((A^ 1 ) ® id)/^)/ 5 ' 1 = R t R t ^ 
Combining these equations together completes the proof. 

□ 
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Lemma 2.3.4. Let A be a 'Li-graded quasitriangular Hopf algebra with universal R-matrix 
R = a t <S> b t , and let u G A be defined by u = m o P o (id <E> S)R, that is 



u 

t 



J2(-l) lat] S(b t )a t . 

Then u is invertible, and 

e(u) = 1, A(u) = (u®u) (R T R) _1 . 

Furthermore, 

S 2 (x) = uxu -1 , for all x E A. 

Proof. The proofs are standard: we follow the proofs of the corresponding equations for 
ungraded quasitriangular Hopf algebras |Dr901 IRS97j . From Lemma 12.3.51 S 2 (x)u = ux 
for all x E A. Let u = ^ s S~ 1 (d s )c s (— 1)^ where R^ 1 = ^ s c s ® d s ; we will show that u 
is a two-sided inverse of u. Firstly 

uu = ^uS-^ds^si-l)^ 

s 

= ^SK)uc a (-l)W 

s 

= ^5(^4)^c s (-l) [ds]+M+[ds]M . 

s,t 

Applying the map m o P o (1 <g> S) to RR" 1 = J2 S t a t c s <g> b t d s (— l)[ 6 ']t Cs l gives 

J2S(b t d s )a t c s (-lf^ d ^ at ^ = 1. 

s . t 

Hence uu = 1. 

In exactly the same way we can also show that u is a left inverse of u, thus S is a 
two-sided inverse of u and we write u = We now show that e(u) = 1: firstly 

e(«) = ^6(5(^))eK)(-l) HM = E^M*) = E e ( a 'H & ')' 

as e o S 1 = e and e(x) = if [x] = 1. Applying e to the equation (e ® id)i? = 1 gives 

e(u) = Y,<at)e(b t ) = l. 

t 

The proof of the equation A(u) = (u ® u) is given explicitly in |ZG91j and 

will not be repeated. 

□ 
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Lemma 2.3.5. Let A be a ^-graded quasitriangular Hopf algebra with universal R-matrix 
R = a t ® bt, then S 2 (x)u = ux for all x G A. 

Proof. The proof is well known. But as this is important to us later, we give a proof here. 
For each x & A, 

^.RA(£(i)) ® X( 2 ) = J^A'(X(i))i2® Xp), 
(as) (x) 

which we rewrite explicitly as 

J2 a tX(l)®b t X(2)®X(3)(-l) [bt]lXm] 
t,(x) 

= 53x( 2 )Ot® X(l)6t ®I(3)(-l) [ * (1 ' IIl < JlHl(1)1M . 
i,(x) 

Using this we obtain 

x (3) ® 6iX (2) ® a t x ( i)(-l) [x ( 3 ) 1([x '( 1 ) ]+[x ( 2 ) 1)+([atl+[:c ( 1 ) 1)([bt]+[x ( 2 ) ])+M[x ( 1 ) 1 

t,(x) 

= ^x (3 ) ® x ( i)6i ® X(2)at (-i)K3)](hi)]+[-( 2 )])+(^]+h2)])(N+hi)D 

i,(x) 

x (-l)[ ;c (i)]^(2)]+M^(i)]. (2.17) 

Note that i? is even, thus ([at] + [h]) = (mod 2) for all t. In addition, ([x(i)] + [a; (2)] + [^(3)]) = 
[x] (mod 2). Using these facts we can simplify the sign factors in the equation considerably. 
Applying the map (id ® m) o (id <g> S <g> id) to both sides of f)2 . 1 7j) gives 

J2 X (V ® 5(x (2 ))nx ( i)(-l) [a; w ]([:cl+[a; w 1)+[x ( 1 ) 1[x ( 2 ) ] 

(x) 

= ^x (3) ® 5(6 t ) 1 S(x (1) )x (2) ai(-l)([ at ] + [ :i 'w])(M + [ x (3)]) + [ ai ] 

i,(x) 

= E^P) ® ^(^)a t e(x (1) )(-l) ([at]+[x ( 2 ) ])([:c]+[:c ( 2 ) 1)+[atl 

i,(x) 

= x®m. (2.18) 
Applying the map m o (S 2 ® id) to (|2.18|) gives 

S 2 (x)u = ^ 1 S(x ( 2)5(x ( 3)))na; (1) (-l) [x ( 1 ) 1([x ( 3 ) 1+[x ( 2 ) ]) 

(x) 

= ^S(x (2) 5(x (3 ))) M x (1) (-l)N 1 )](H+[-( 1 )]) 

(x) 

= MI. 

□ 
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We can readily prove the following lemma using induction. 

Lemma 2.3.6. Let A be a ^-graded quasitriangular Hopf algebra with universal R-matrix 
R and the element u = m o P o (id ® S)R, then 

i-1 

A«(u) = u^ i+1 \(R T R)- 1 ® id^^" 1 )) J] ((A^ <g> id 8(i " j) ) (R T R) _1 ) , /or a// i > 1, 

3=1 

where we fix the product to be equal to 1 <g) 1 if % — 1 . 

Definition 2.3.2. v4 ^-graded quasitriangular Hopf algebra A is called a ^-graded ribbon 
Hopf algebra if it is equipped with an invertible central even element v E A satisfying 

v 2 =uS{u), S(v) = v, e(v) = l, (2.19) 



A(v) = (v®v) (R T R) 1 . (2.20) 

Definition 2.3.3. Let A be a 1,2-graded ribbon Hopf algebra over C. Let V be an A- 

module, it the representation of A afforded by V, and f an element of Endc(V). The 
quantum supertrace of f is defined to be 

str q (f) = str (7r(w -1 w) o /) . 

The quantum superdimension ofV is defined to be the quantum supertrace of the identity 
endomorphism on V : 

sdim q {V) = str (^(v" 1 ^)) . 



Chapter 3 

Quantum osp(\\2n) at generic q 



In this chapter we introduce the quantum superalgebra U q (osp(l\2n)) over C and discuss 
its finite dimensional irreducible representations. We define i?-matrices for representa- 
tions of U q (osp(l\2n)) , and construct projections from tensor powers of the fundamen- 
tal irreducible U q (osp(l\2n))-modu\e V onto irreducible [/ g (osp(l|2n))-submodules of V m . 
By using matrix units in the Birman-Wenzl- Murakami algebra 33Wt{—q 2n ,q), we con- 
struct U q (osp(l\2n))-\mea.T maps between isomorphic irreducible f/ 9 (osp(l|2n))-sub modules 
of V m . 

The structure of this chapter is as follows. In Section 13.11 we introduce the quan- 
tum superalgebra U q (osp(l\2n)) . In Section f3.2l we discuss finite dimensional irreducible 
C/ 9 (osp(l|2n))-modules, including the fundamental irreducible module V, and show that 
V® 1 is completely reducible. In Section 13.31 we introduce i?-matrices for representations 
of U q (osp(l\2n)) . In Section "3~""1 we investigate the properties of two useful elements of a 
completion (osp(l\2ri)) of U q (osp(l\2n)) . In Section 13*31 we determine the spectral de- 
composition of TLyy. In Section [2U3 we show that there is a representation of SSW t [— q 2n , q) 
in an algebra generated by the 7£yy-matrices acting on the i th and (i + l) st tensor powers 
of V m for i = 1, . . . ,t — 1. In Section l3~7l we recall Bratteli diagrams and path algebras. In 
Section EH"! we construct projections from V® 1 onto irreducible f/ g (osp(l|2n))-submodules 
of V m . In Section 13.91 we construct matrix units in Endjj (osp(i|2n))(V r ® < ) from matrix 
units in &W t (— q 2n , q) and prove that the algebra Endu^osp^n^iy® 1 ) is generated by the 
7<Vy-matrices. 



3.1 The quantum superalgebra U q (osp(l\2n)) 

In this section we introduce the algebra that is at the core of this thesis: the quantum 
superalgebra U q {osp{l\2n)) |Zh92al liTToTl "794] . 

Let us begin by describing the root system of osp{l\2n). Let H* be a vector space over 
C with a basis {ej| 1 < i < n} and let 

(•,.): H* X H* C, (3.1) 
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be a non-degenerate bilinear form defined by (e^e^) = 5ij. 

The set of simple roots of osp(l\2n) is {oti\ 1 < i < n} where 



e,; - e 



i+lj 



1, . . . ,n- 1, 
n, 



which forms another basis of if*. 

Let $ + denote the set of the positive roots of osp{l\2n), we have 

$ + = {e i ±e i ,e fc ,2e fc | 1 < i < j < n, 1 < k < n} . 

We further define the subsets $q , $i C <£> + and $^ C $q by 

$+ = {^±£^26^1 1 < z < j < ri, l<A;<n}, $+ = {e fc | 1 < k < n}, 

$+ = { a e $£| a/2 £ $+}. 

We call $q" (resp. $f) the set of positive even roots (resp. positive odd roots). The set of 
negative roots of osp(l|2n) is $ _ = — $ + , and $ = $ + U $~ is the set of all the roots. 
We denote by 2p G H* the graded sum of the positive roots of osp(l\2n): 



fa;,-, a,) for each 



Explicitly, 2p = 2^=1 — 22 + l)ej. The element 2p satisfies (2p, ccj) 
1 < i < n, and will play an important role in this thesis. 

Let A = {a,ij)^- =l be the Cartan matrix of osp(l\2n). The components of A are defined 
by ciij = 2 (ati, atj) / (ati, ati), and we have explicitly 



.4 



/ 2 -1 
-1 2 -1 
0-1 2 



\ 





V 













2 
-2 



The Lie superalgebra g = osp(l\2n) over C can be defined in terms of a Serre presen- 
tation with generators {Ei, Fi,Hi\ 1 < % < n} subject to the relations 



®ij Hi , 



[Ei, Fj 
[H^EA = {ai,aj)Ej, 



[H^ Hj] 
[^F 3 ] = 



0. 



{on, ctj^Fj, 



(ad Ei 



»Ej = 0, 



(ad Fi 



f-BVFj = 0, 



(3.2) 



The quantum superalgebra U q (osp(l\2n)) 
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where [•, •] represents the Z 2 -graded Lie bracket and (ad a)b = [a,b]. The Z 2 -grading of 
the generators is 

[Ei\ — [Fi\ — [Hj] = 0, [E n ] = [F n ] = l, l<i<n-l, 1 < j < n. 

The universal enveloping algebra U(g) of g is a unital associative Z 2 -graded algebra, 
which may be considered as being generated by {Ei, Fi, Hi\ 1 < % < n} subject to relations 
that are formally the same as ()3.2|) but with the bracket [•, •] interpreted as a Z 2 -graded 
commutator [•, •] : U(g) x U(g) — > U(q) defined by 

[X, Y) — XY — (-l)MMrX (3.3) 

If each of two elements X, Y £ U (g) has a grading, then the grading of XY £ [/ (g) is 
defined by 

[17] = ([X] + [y]) mod 2. 

The graded commutator [X, y] of any two homogeneous elements of U (g) is defined by 
()3.3|1 and is extended to inhomogeneous elements of U(g>) by linearity. Note that U (g) ® 
f/(g) has a natural Z 2 -graded associative algebra structure, with the grading defined for 
homogeneous X, Y £ U(g) by 

[X®y] = ([X] + [y]) mod 2. 

The universal enveloping algebra U (g) has the structures of a Z 2 -graded Hopf algebra. 
The co-multiplication A, co-unit e and antipode S are defined on each generator X £ g <^-> 
(fO by 

A(X) = X® 1 + 1 Cg>X, e(X) = 0, e(l) = l, S(X) = -X. 

The quantum superalgebra £/ g (g) is some "g-deformation" of U(g). We describe its 
Jimbo version here. 

Definition 3.1.1. The quantum superalgebra U q (g>) over C, in the sense of Jimbo, is an 
associative 1*2- graded unital algebra generated by the elements {e^, fi, Ki, K' 1 ] 1 < i < n} 
subject to the relations 

r n-x Kl ~ K ^ 

[ e i; Jj\ — Oij _ j , 



[jq fcl ,jq tl ] = [iq tl ) Af]=0 ) K? 1 K? = 1, 

(ad^^e^O, (adjtf^fj = 0, Vi,j, (3.4) 
where 7^ g £ C and g 2 7^ 1, and i/ie adjoint actions are defined by 

(ad q ei)X = ei X - (-1)^*1 KtXKr 1 ^, 

{ad q U)X = fiX - (-l^WK^XKifi, 
for all X £ U q (o). In \3.J$ , the bracket [-, ■] is as defined in Eq. 
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As is well known, there exists a Z 2 -graded Hopf algebra structure on U q (g) with the 
co-multiplication A, the co-unit e, and the antipode S defined on each generator by 

Afc) =e i ®K i + l®e i , A(/ i ) = f i ®l + K~ 1 ® f u A {Kf 1 ) = Kf 1 <g> K? 1 . 

e( ei ) = c (/ 4 ) = 0, e (tff 1 ) = 6(1) = 1. 
S( ei ) = - ei K-\ S(fi) = -Kift, SiKf 1 ) = Kf\ 

There are a number of subalgebras of U q (g) which will be quite useful. We define 
U q (b + ) to be the subalgebra of U q (g) generated by {e i; Kf 1 ] 1 < i < n}, and U q (bJ) to be 
the subalgebra of U q (g) generated by {/j, Kf x \ 1 < i < n}. 

We note that the action of S~ l on each generator of U q (g) is 

S- 1 ^) = -Kr\ h S~\fi) = -hK h S-\Kf l ) = Kf\ 

Finally, for each (3 = Y^=i m % a i where mi G Z, we define -fTg = niLi {Ki) m \ 
The quantum superalgebra Uh(g), in the sense of Drinfel'd, is a Z 2 -graded algebra 
over the ring C[[/i]] for an indeterminate h, completed with respect to the /i-adic topology 
|KT91j . The Z 2 -graded algebra Uh(gi) is generated by {Ei, Fi, Hi\ 1 < i < n} subject to 
the relations 

[E h Fj] = Sij ^ h _ e _ h , [H h Hj] = 0, 

[H u Ej] = (a,, otj)Ej, [Hi, Fj] = -(a,, a^Fj, 
{ad.Eif-^Ej = 0, {ad.Fif-^Fj = 0, 
where the adjoint functions are defined by 

(ad q Ei)X = EiX - (_i)[Si]m e ^, Ie -w j£ . 

(ad q Fi)X = FiX - (-l)WW e - hHi Xe hHi Fi, 

where we fix q = e h . 

There is a Z 2 -graded Hopf algebra structure on Uh(g) with the co- multiplication A : 
Uh(d) ~> Uh(g) <S> Uh(g), the co-unit e, and the antipode S defined on each generator by 

A(Ei) =Ei® e hH > + 1 ® Ei, A(Fi) = F< <g> 1 + e~ hHi ® F is A(^) = Hi <g> 1 + 1 ® 

e(^) = e(F0 = e(^) = 0, e(l) = 1, 

S^i) = -E ie - hH % S{Fi) = -e hH >F t , S(Hi) = -H t . 

The quantum superalgebra Uh{o) admits a universal i?-matrix |KT91j and is a Z 2 - 
graded ribbon Hopf algebra |ZG91j . 



Finite dimensional irreducible U g (osp(l\2n)) -modules 
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3.2 Finite dimensional irreducible ?7 g (os^(l|2n))-modules 

Throughout this section we assume that q is non-zero and not a root of unity. In this case 
the representation theory of U q (g) is completely understood |Zh92b| fcio98j . 

For a Z 2 -graded algebra A, we will write V\ in this thesis to denote an A-module labelled 
by A G /, for some index set /, and we write 7T\ to denote the representation of A afforded 
by V x . 

We say that an element A G H* is integral if 

2(X,a { ) (A,a„) 

it = 7 r e Z, Vz < n, Z„ = 7 r G Z, 

(«n, a n ) 

where (■, ■) : H* x H* — > C is the bilinear form in (|3.1|) . Let P denote the set of all integral 
elements of H*. We say that an element X eV is integral dominant if 1^ G Z + for all i. We 
denote the set of all integral dominant elements of H* by V + . 

We call a £/q(g)-module V a highest weight module if there is a non-zero vector v EV 
satisfying 

(i) = 0, 1 < i < n, 

(ii) KiV = uJiV, Ui G C, 1 < z < n, 

(hi) y c ?7 9 (b_)w. 

The vector u is called a highest weight vector of V. Similarly, we call a Z7 9 (g)-module V a 
lowest weight module if there is a non-zero vector mjG^ satisfying 

(i) fiiv = 0, 1 < z < n, 

(ii) = c^w, w|eC, 1 < i < n, 
(hi) y C U q (b+)w. 

In this case w is called a lowest weight vector. 

Let V be a i7 9 (fl)-module on which all the Ki act semisimply. For each sequence 
(3 = (Pi, Pi, ... , P n ) where Pj G C for each j, define 

Vp = {x G V| K { x = PiX, 1 < i < n} . 

If V/3 7^ 0, we say that P is a weight of V, and that is a weight space of V. The nonzero 
elements of Vp are called weight vectors. 

Zou investigated the representation theory of the quantum superalgebra U q (g) over the 
quotient field C(v) for an indeterminate v |Zo98j . which is related to q via q = v 2 . Zou's 
results can be adapted to our setting where we take q to be a transcendental number. Let 
y/q be any square root of the complex number q. Call a [/^(g) -module V integrable if V is 
a direct sum of its weight spaces and if e, and fi act as locally nilpotent endomorphisms 
of V for each i — 1, . . . , n. 
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Let V(u) be a highest weight U q (fj) -module with highest weight vector v where K{u = 
UiV, Ui G C, for each i — 1, . . . , n. The U q (g)-modvie V(u) has a unique maximal proper 
£/g(fj)-submodule M(u), and the quotient 

V(uj) = V(u)/M(u) 

is an irreducible i7 9 (g)-module with highest weight uj = (ui,L)2, ■ ■ ■ ,^n)- Theorem 3.1 of 



Zo98j can be stated in our setting as follows. 



Theorem 3.2.1. The irreducible highest weight U q (g) -module V(u) , withuj = (wi,W2 

is integrable if and only if 

Ui = (iq m \ l<i<n-l, 

where rrii G Z +; Q — 1, and 



UJ r , 



±g m , if m G Z + , 

±V^T q m , ifmeZ + + \. 

Note that every finite dimensional integrable -module is semisimple jZo98l Sec. 5]. 

If uj = (q mi ,q m2 , . . . ,q mn ) with rrii G Z + for each i, there exists an irreducible U(q)- 
module V{uj) a with highest weight A G V + satisfying (A, ctj) = m ; for each i, and V{uj) and 
V(w) have the same weight space decomposition |Zh92bj . In this thesis, we are mostly 
interested in these irreducible C/ 9 (fl)-modules, and for A G V + we let V\ denote V{uS) and 
call A the highest weight of V\. 

The following lemma is from |Zh92bt Thms. 2.2, 3.3-3.5]. 

Lemma 3.2.1. Let and V v be finite dimensional irreducible V r q (o) -modules with highest 
weights fi and v respectively, where fi, v G V + . Then <g> V v can be decomposed into a 
direct sum of irreducible U q (g>) -modules V\ with highest weights A G V + . 

Throughout this thesis we always take the grading of the highest weight vector of 
the finite dimensional irreducible t/ g (g)-module V\ with integral dominant highest weight 

A = A* G P+ to be { 7?' * fp- $ ™ d , I = °> 
t_1 [ odd, if (2-o=l ^i) mod 2 = 1. 

In the next lemma adapted from |LZ99j we consider the fundamental U q (Q)-modu\e V 
which will play a very important role in this thesis. This lemma is proved by elementary 
calculations. 

Lemma 3.2.2. There exists a (2n + 1) -dimensional irreducible U q (osp(l\2n)) -module V = 
V ei with highest weight e\. This module admits a basis {vi\ —n<i<n} with V\ being the 
highest weight vector. The actions of the generators of U q (osp(l\2n)) on the basis elements 
are 

fiVi = V i+X , f n V n = Vq, f n V = V- n , jfiU-j-i = U-j, 

eiV i+1 = Vi, e n v = v n , e n V- n = -v , e^V-i = 
Kfv k = q^'^Vk, 

where l<i<n,l<j<n, —n < k < n, e = 0, and e_j = — €j. All remaining actions 
are zero. 



R-matrices for representations of U q (osp(l\2n)) 
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Note that the highest weight vector v\ of the fundamental irreducible U q (osp(l\2n))- 
module V always has an odd grading in this thesis. 

Proposition 3.2.1. There exists a U q (g) -invariant, non- degenerate bilinear form (( , )) : 
V x V — > C. Thus the dual U q (o) -module ofV is isomorphic to V. 

Proof. Let {vi\ — n < i < n} be the basis of V given in Lemma 13.2.21 Now define a 
non-degenerate C-bilinear form 

((,)): Vx V^C, 

by 

= 1, 

({vi,v-i)) = 2<i<n, 
((vo,v )) = q~ l {{v nj v- n )), 

((V- n ,V n )) = -{{V ,V }}, 

({v k ,vi)) = 0, iffc + ^0. 

A direct calculation shows that 

({xvi,vj)) = {-l)WM{{vi,S(x)vj)), Va; G U q {g), v u v, e V, 

thus proving the C/ 9 (fl)-invariance of the bilinear form. This form identifies V with its dual 
module. □ 

Let us discuss in more detail the dual module of V. Recall the definition of the dual 
C/g({j)-module V* to V. Let {v*\ — n < i < n} be a basis of V* such that (v*,Vj) = Sy and 
[v*] = [vi] where ( , ) : V* x V — > C is the dual space pairing. Now define a homogeneous 
bijection T e Hom c (V, V*) of degree by 

T : i-> (-ly-V^Vi, (-l) n_1 g"X. ^ (-l)^~ (2n_i) <, 1 < i < n. 

(3.5) 

A direct calculation shows that this map is an element of Homy ( fl )(V, V*) and that it 
satisfies 

(T(vi), Vj) = ({vi, Vj)), for all v h vj e V. 



3.3 R- matrices for representations of U q (osp(l\2n)) 

Drinfel'd's quantum superalgebra Uh{o) has a universal i?-matrix |KT91j . We will show 
that there does not exist an element of U q (g) over C that corresponds to the universal 

i?-matrix of Uh(o) in an obvious way. However, there is a completion U^(g) of U q (o) such 
that one of the multiplicative factors of the universal i?-matrix of Uh{g) maps to an element 
R of U - (g). Although R is not an element of U q (g), only a finite number of terms of R 
act as non-zero endomorphisms on each tensor product of finite dimensional irreducible 
t/ 9 (g)-modules, and thus the action of R on these tensor products is well-defined. 
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3.3.1 The universal i?-matrix of Uh(osp(l\2n)) 

The Drinfel'd quantum algebras admit universal i?-matrices |LS90l IKR90j . and the ex- 
plicit expressions of these universal i?-matrices employ infinite sums of root vectors in the 
quantum algebra corresponding to the positive roots of the associated Lie algebra |CP94j . 

The simple root vectors in the quantum algebra are just the generators and /j, 
and the non-simple root vectors are obtained by applying Lusztig's automorphisms to the 
generators [LuM IHP94] . The non-simple root vectors are not uniquely defined in general 
|DeCK90l ICP94j . Different choices for the decomposition of the longest element of the 
Weyl group of the associated Lie algebra into a product of reflections generated by the 
simple roots may lead to non-simple root vectors that may not even be proportional to 
each other, and a priori there is no canonical choice for the decomposition of the longest 
element of the Weyl group into a product of such reflections |CP94j . 

Khoroshkin and Tolstoy wrote down the universal i?-matrix of Uh{osp(l\2n)) |KT91j 
using a different method. They employed infinite sums of root vectors in Uh(o), but these 
root vectors were defined in a different way to how the root vectors in quantum algebras 
were defined. Khoroshkin and Tolstoy's procedure is general for quantum superalgebras 
and we write it down for Uh{Q) here. 

In Uhid), root vectors are only defined for the elements of the reduced root system of 
q. The reduced root system of g is the set of all positive roots of g except those roots a 
for which a/2 is also a positive root, and the reduced root system of g = osp(l\2n) is just 
= $o U 

A total ordering of called a normal ordering is then introduced, and the root vectors 
of Uh(o) are recursively defined using the normal ordering of and a map involving the q- 
bracket that we introduce below. We denote a normal ordering of by N{<fi). A difference 
between the root vectors in quantum algebras and the root vectors in U q (g) is that the 
latter are defined by a map that is not necessarily an algebra automorphism. The way the 
universal i?-matrix of Uh{o) is formally written down depends on A/"(0). 

A normal ordering of a reduced root system of g is defined as follows |KT91[ Def. 3.1]. 

Definition 3.3.1. A normal ordering N '(0) of <p = $^ U $^ is a total order -< of the set 
such that if a -< (3 and a + (3 G , then a -< a + (3 -< (3 . 

In general, there is more than one normal ordering of |KT91j . For example, the 
reduced root system of osp{l\4) is = {ei, e 2 , e% ± e 2 } and there are two different normal 
orderings of 0: 

a,i -< oci + «2 ~< a i + 2«2 -< a 2 , 

«2 ~< Oil + 2tt 2 -< Oil + «2 ~< a l; 

where we write the elements of as sums of the simple roots. 

We now write down the universal i?-matrix of Uh(osp(l\2n)) |KT91j . which we adapt 
slightly to take account of the different co-multiplication used in this thesis. Writing 

OO h, 
^ <J' " 

q = e h e C[[/i]], let us firstly define exp g (x) = TTTqj- 
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We now construct the root vectors in Uh{osp(l\2n)) . The easiest root vectors are the 
simple root vectors: we fix E a . = Ei, F a . = Fi and H a . = Hi for each simple root c^. Now 
we recursively construct the non-simple root vectors. Let a, [3, 7 G be roots such that 
7 = a + (3 and a -< (3, and in addition let no other roots a', (3' G <fi exist which satisfy 
(i) a! + (3' = 7, (ii) a -< a' -< f3 and (iii) a -< f3' -< [3. Then, if all of the root vectors 
E a , Ep, F a , Fp G Uh(o) have already been defined, we define 

E 1 = [E a , Ep] q , F 7 = [Fp, Falg-i j 

where the g-bracket [•, -] q is defined by 

[X a ,Xp] q = X a Xp - (-l)^ x ^q {a ' P) XpX a , 

where X stands for E or F. 
For each 7 G 0, set 

R, = ex P(?7 ((-l)H( a7 )-i( 9 _ g-i)^ ® F 7 ) G (8) %( ), (3.6) 

where g 7 = (— l)Mg-(7,7) anc i a ^ ^ C[[/i]] is defined by 

q — q 

It is important to observe that a 7 is a rational function of q. Now we can write down the 
universal i?-matrix of Uh{g) |KT91| Thm. 8.1]. 

Theorem 3.3.1. Define Hj = YTj=i Hj e ^h(fl) / or eac ^ i = 1, . . - , n, t/ien 

i? = exp ( h^HiteHi ] JJi? 7 , (3.7) 

is the universal R-matrix ofUh{o), where the product is ordered with respect to the same 
normal ordering N \4>) used to define the root vectors in Uh(&) so that Yl^cp -^7 = R^ 1 Ry 2 ■ ■ ■ R 
where 71 -< 72 -<■••-< 7fc in M{4>) . 

3.3.2 R- matrices for representations of U q (osp(l\2n)) 

It is unknown whether Jimbo's quantum algebras over C have universal .R-matrices. How- 
ever, there exist R-matrices for representations of these quantum algebras. Let ir\ and tt m 
be finite dimensional irreducible representations of the quantum algebra A, then there is 
an invertible element 7Z\^ G Endc(V\ <S> V^) satisfying 

K x ,„- (7r A ®7g(A(x)) = (7r A ®vr M )(A'(x)) -K^ VxgA, (3.8) 

which we note is just Eq. (j2.11j) in n\ ® tt m . We follow a similar scheme for U q (osp(l\2n)) . 
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For each pair of finite dimensional irreducible f/ g (g)-modules, we will construct an 
element G Endc(V\ (g) V^) satisfying ()3.8|) for all x G U q (g). We do this following the 
method laid out in |CP941 IKS97] for quantum algebras. 

We firstly define a completion Ut(o) of U q (g) following |KS97t Subsec. 6.3.3]. Let 
U q (n + ) (resp. f/ g (n_)) be the subalgebra of U q (g) generated by the elements {ej| 1 < 
i < n} (resp. {fi\ 1 < i < n}). We say that a non-zero element x G U q (g) has degree 
A = Yli=i m i a h m i e ^) ^ KixK' 1 = q( x > a ^x for all % = 1, 2, . . . , n. We define U g (g) by 

Ut(e) = II U q {b ± )Uf{n T ), 

where U^{n-^) is defined by 

U q ±(3 (n±) = {xe U q (n±)\ KixK- 1 = q^^x}, i = 1, 2, . . . , n, 

and Q + is defined by Q + = {Y^i=i ft-iC^I rii G Z + }. 

The elements of U q (g) are sequences x = (xp)p(iQ + where xp G U q (b±)U q ¥l3 (n T ) . Let us 
write this sequence formally as an infinite sum x = Xp. The results of |KS97l Subsec. 
6.1.5]) imply that U q (g) can be expressed as a direct sum 

UM = ^(b + )f/->„), 

/3eQ+ 

and thus U q (g) can be considered as the subspace of U q (g) formed by the sums x = X!/? x /3 
for which all but finitely many terms vanish. 

The multiplication in U q (g) extends to a multiplication in U (g). Let /?, 7 G <5+, let 
X/3 G t/~^(n_), and let y 7 G t/ g (fci+) have degree 7. From the commutation relations of 
U q (g), we have 

s 

where the direct sum ranges over all 5 G Q + satisfying \{3\ — \j\ < \5\ < \{3\, where 
\/3\ = YH=\ m i f° r P = YHi=i m i a i- Thus U q (g) is an algebra, and similarly U q (g) and 
U q (g)<8> • • • ®U q (g) are algebras. The algebras U q (g) and U q (g)<§> • • • ®U q (g) (with m 
factors) contain U q (g) and U q (g)<S>- ■ ■®U q (g) (with m factors), respectively, as subalgebras. 

We now construct an element in U q (g) corresponding to the element n 7 e</>^7 m 
()3.7|) . Given a normal ordering Af(4>) for a reduced root system <fr, we construct root 
vectors _E 7 ,F 7 G U q (g) following the same procedure as in Uh(g) by setting E ai = and 
Fai = ft an d thinking of q a complex number. Then i? 7 is well-defined as an element of 
U q (g)®U q (g), and to simplify i? 7 we normalise the root vectors: 
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Ry 



This is well-defined as a 7 ^ |KT91| Eqs. (8.3)-(8.4)]. Simplifying the expression for i? 7 , 
we have 

y' (l -<T')*(e 7 »/-,)* iff 

I i*ri ■ lfle - J - ' 

V" (9 ' - 9)* (e 7 g / 7 )* , , . _ 

Define R G C/^ (fl)<8>C/ 5 (fl) by R = Yl^^ Rj where the product is ordered using the 
same normal order M{<p) that we used to define the root vectors in U q (o) and such that 
n 7 e</>-^7 = ' ' ' -^Yfc where N{4>) = 71 -< 72 -<■■•-< 7&. Clearly R is invertible as 

ri 7 e</>-^7 e Uh(o) <8> Uh(g) is invertible and q is not a root of unity. 

Lemma 3.3.1. Define an automorphism of U q (o) (8> U q (g) by 



^{Kt 1 <g> 1) = ATf 1 ® 1, (1 ® Kf 1 ) = l®Kf x 
*(ej <g> 1) = e; ® if; 1 , (1 ® ef) = ITf 1 ® e is 

® 1) = (8) Xi, (1 <8> /*) = ATi <g> /<. 



TTie automorphism ^ satisfies the following relations: 
(1) RA(x) = *(A'(x)) • fl, /or all x G Z7,(fl), 

fa) (A®id) J R = ^ 23 (^ 13 )-^ 2 3, 
(id (8) A),R = V 12 {Ri 3 ) ■ R12, 
where * i2 = ^ <8> id and \& 2 3 = id <g> \I>. 

Proof. We prove (i) for each generator of ^(0). We firstly wish to prove the following 
equations: 

R( ei (8> Ki + 1 <8> e*) = (e* ® A7 1 + 1 ® e^i?, (3.9) 
<8> 1 + Kr l ® /,) = ® 1 + ^ <8) (3.10) 

ifaq" ® Af 1 ) = (Kf 1 ® i^ 1 )^. (3.11) 

Now Eq. (j3.11|) is true by inspection and Eqs. (|3.9)) - ()3.10[) follow from the corresponding 
results in U/ l (q) |KT91[ Prop. 6.2]. The proof of (i) then follows from the definition of \& 
and the proofs of (ii) and (iii) follow similarly from |KT91j . □ 

We now examine the usual approach used to create .R-matrices for representations of 
a quantum algebra A. For each tensor product W\ <8> W% of finite dimensional integrable 
yl-modules, an invertible element Sw lt w 2 e EndciWi ® W2) is constructed implementing 
the automorphism in the sense that £w x ,w 2 satisfies 

£ w u w 2 ' ® kw 2 ){x) ■ £w u w a = Orwi ® ttw 2 )^(x), for all x G A <g> A. 
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This £wi,w 2 is defined by fixing its action to be 

on all weight vectors G W\, G W2 with weights A and /i, respectively |CP941 Prop. 
10.1.19]. 

We could have used the same method to construct i?-matrices for representations of 
U q (osp(l\2n)) but we have found a more useful approach. Note that in the above we need 
to know the weight space decompositions of both W\ and W 2 before defining £wi,w 2 i but 
if we have this information we can use it in a more interesting way: instead of defining an 
element of EndciWi <S> W2) we can define an element Ew 1 ,w 2 £ U q (g) with the property 
that (ttw 1 <8> Kw 2 )Ew 1 ,w 2 — £w lt w 2 - We define this Ew lt w 2 f° r eacn tensor product of finite 
dimensional irreducible ?7 g (g)-modules following a related idea in |Zh92aj . 

For each i — 1, . . . , n, set 

J% — KiK i+ i ■ ■ ■ K n . 

The action of J, on a weight vector with weight £ = Yll=i £j e j e H* °f a ^(fO-module 
is 

JiW£ = q^w$. 

Consider the weight space decomposition of a finite dimensional irreducible U q (g)- 
module with integral dominant highest weight fi. The weight of the weight vector 
Wj: G V^i is £ = Ya=i £i e i e 0™=i Ze *- Now define 

n s s t c 

^ = I]EW 6 ® F * P M=\{^- C , CGZ, (3.12) 

a=l b=p C =P 
^ c^b 

where p and s are any integers satisfying p < s and the following condition: 

• Jiiu^ = q^w^ for some & satisfying p < £j < s, for each weight vector u>£ G V^. 

Once we have any such p and s, we can use any p' and s' satisfying p' < p and s' > s in 
()3.12|1 instead of p and s, respectively. 

The element is well-defined and invertible in U q (g) <S>U q (g), and for all weight vectors 
V\i G V\ and u ^ G we have 

£>y ® v) = ? (AV) K ® v)» ( 3 - 13 ) 

where the weights of t>A' an d iy are A' and /i', respectively. The element is not a 
universal element in that it does not satisfy (J3.13|) for all representations of U q (g). It 
would be very useful if one could construct such a universal element in U q (g). 

From this we obtain i?-matrices for tensor products of finite dimensional irreducible 
£/g(0)-modules in the following sense. Let V\ and be irreducible ?7 g (0)-modules with 
integral dominant highest weights A and /1, respectively. Then we have the following 
important theorem. 
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Theorem 3.3.2. Define R x ^ = E^R G U (g)®U (g) and TZ\^ = (vr A <g> rr^R^, then 

n Xll ■ (vr A ® tt m ) (A(x)) = (tt a ® tt m ) (A'(x)) ■ TZ X ^ Vx G (3.14) 

Proof. This is similar to the proof of the corresponding theorem in quantum algebras 
|CP94| Prop. 10.1.19], and we follow that proof. By direct calculation we can readily show 
that 

(7r A ®7r At )^(A(x)) = (n x ®n fl )(E~ 1 ■ A{x) ■ E^), Vx G U q (g), 
then by using RA(x) = ^(A^x)) ■ R from Lemma f3. 3. II we have 

(vr A <g> it fx) (R x>tl A(x)) = (tt a g> tt m ) (A'(x)i? A ,J , (3.15) 
which is precisely Eq. (I3.14j) . □ 
A similar calculation shows that 

(vr A ® n,){Rl x A\x)) = (tt a ® 7r M ) (A(x)^ A ) , Vx G tf,( ). 
We now determine some useful results involving -R A , M . 
Proposition 3.3.1. The element R X il has the following properties: 

(e <8> id)^ = (id <8> e)R X)li = 1, (3.16) 



K ® ?r M )((5 <g> id)i2 A>M ) = (tt a ® 7r M )^, (7T A ® 7T / ,)((id ® 5)i?^) = fl Ai „, (3.17) 

(vr A ® tt m ) ((5 ® S)i2 Ai J = (vr A ® iTfj^R^fj,. (3.18) 

Proof. Eq. (|3.1fi|) is proved by inspection. The proofs of ()3.17jl - ()3.18jl are straightforward 
and almost identical to the proofs of the corresponding equations in Z 2 -graded quasitrian- 
gular Hopf algebras. □ 

Let v x and v u be weight vectors of t/ g (g)-modules with weights A, v G ©" =1 ^ei, re- 
spectively and let ty G be a weight vector with weight ri', then it can be easily shown 
that 

[(A ® 1)E„] (v x ® u„ ® v) = g ( "' ,A+,/) K ® v„ ® v)> 
[(1 ® A)£j (v A ® v„ ® v) = g (A,I/+//) (^A ® u„ ® v)» 

where in (1 ® A)E fl we change the limits p and s if necessary. 

We now consider analogues in U q (g) of the equations (A®l)i? = R13R23 and (1®A).R = 
-R13-R12 of a Z,2-graded quasitriangular Hopf algebra. By definition, we have (A ® l)R Xtfl = 
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[(A® 1)E^] ■ ^23(^13) --^23- Let V\ and V v be finite dimensional irreducible J7 g (jj)-modules, 
then from the properties of we have 



(7T A ® 1X U ® 7T M ) [(A <g> l)i? A J 



(VTA <g> 7T V 



7T,, 



7T„ 



(A ® l)E^ ■ (E 23 )' 1 R 13 E 23 R 23 



7713 d 7-i23 d 



where writing = J2 t a t <8> fit we have E 13 = ^T, t a t ® id <g> j3 t and E 23 = ^ t id 
Note that (J3.19J) uses the result 

(tt a g> 7r„ <8> vr M ) [(A g> 1)£ M • (EJ 3 ) -1 ] = (tt a g> vr, <g> vr^ 3 , 

rather than an equality in U q (g)® 3 . Similarly, we have 

(1 g> A)i? AiM = [(1 <g> A)£ M ] • ^12(^13) • #12, 

and 



(3.19) 

a t ®/3 t . 



(7T A <g> 7TV <g> 7T M ) [(1 <g> A).R Ai J = (7T A ® 7T V ® TT^) 



T7ll3 p 77112 p 



(3.20) 



Together with Theorem 13.3.21 this shows that i? A)M satisfies the defining relations (j2.11|) - 
()2.13|) of the universal i?-matrix of a Z 2 -graded quasitriangular Hopf algebra in each 
triple tensor product of finite dimensional irreducible U q (g) representations, if one care- 
fully chooses the limits in the definition of E^ (which can always be done). Furthermore, 
Eqs. (j3~TK|l and ^J^-^M im p!y tha t 



(7T A <g> 7T A ® 7l X )R 12 R 13 R23 = (^A ® ® VT A ) J R 2 3^13^ 



12- 



(3.21) 



where we have fixed i? = R\ t \. 

For later use we note the following easily proved results. Define an automorphism 
: U q {Q)® m -> t/ g (fl)® m generalising the automorphism * : E/^fl)®!/^) -> ^ ? (fl)®^(fl) 
in Lemma f3.3.1l bv 



^ m (l® j <g> iff 1 <g> 
# m (l® j ® e 4 ® l®^'- 1 )) 

*m(l 0j ® /i ® l®^'" 1 )) 



1®J g) Kf 1 <g) l®( m -i-!) ; 



<g> ej <8> (ifr 1 )®^" 1 ) 
for each 1 < i < n and all < j < m — 1. Then 

(A ® id®*) * 2 ,3,...,t+l (#1(4+1) ) = *2,3,...,t+2 (#l(t+2) ) ■ *3,4,...,t+2 (#2(t- 

(id®* ® A)tt 1)V . it (5 1(tfl) ) = *i, 2 ,...,t+i(^i(t+2)) ■ *l,2,...,t(^ 



,H rt l(<+l)J — *l,2,...,t+H- n 'l(t+2) 

where * fc ,..., m = id 0(fc_1) <g> * m _ fc+1 , fc > 2, in (l3~22T) and 
it may be easily shown that 

(vr®'®7r) (A^®id)i? - 
(7r<8>7r®*) (id® A (t -^)R = 

where we fix R = Ryy- 



(3.22) 
(3.23) 



id in lET23t . Then 



(vr®* (g) 7r) -Ri(t + i)-R 2 (m) ' ' ' #t(t+i): 



7T ® vr 



l(t+l)-Rlt 



12, 
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3.4 Useful elements of U q (g) 

Define a set of elements {u x £ Ug(g)\ A £ P + } by u A = S^Ja^ — l)^*' upon writing 

Lemma 3.4.1. TTie element u x has the following properties: 
(i) e{u x ) = 1, 

fiij 7t a (S' 2 (x)ma) = 7T A (m a x) ; Vx £ U q (g). 

(Hi) 7i\(u x u\) = 7r A (l) = 7r A (n A n A ) , where u x is defined by u x = Y, s ^""VaJca^-I)^, 
w/iere i?^ A = £ s c Xs ® d As , 

fwj (vr A ® vr A ) (A(u A )) = (tt a ® tt a ) (u A ® u A ) (i?! jA i? A , A ) -1 

where n x is the representation ofU q {g) afforded by the finite dimensional irreducible U q (g)- 
module V x . 

Proof. Part (i) is proved is by inspection. To prove part (ii), u £ Uh(g) can be written 

as u = ^^CtS(Ft)q~^ i=lliiS> E t (—l)^ Et \ where the universal i?-matrix is written as R = 

t 

oo / n s \ 

U X = j>S(F 4 ) lH^PaMJa)-" E t (~l)W. 
t=0 \a=l b=p J 

The proof follows by noting that Yla=i J2t= P E a [b] {J a )~ b 'implements' the action of g~E*=i H ? ) 
in the U q (g) representation n x . Part (iii) is proved by formally undertaking the proof of 
uu = 1 in Lemma 12.3.41 for Z 2 -graded quasitriangular Hopf algebras but using the expres- 
sion for R x x instead of R and also using (ii) above. 

The proof of part (iv) is similar to the proof of A (it) = (u <g> u) (R T R) in Z 2 -graded 
quasitriangular Hopf algebras, but much of the calculation is done in the representations 
of U g (g) afforded by tensor products of finite dimensional irreducible U q (g) -modules. Al- 
though the proof can be understood by following |ZG9H Lem. 1], we give it here for 
completeness. Firstly (ti x ® 7r A ).R A A i? A)A £ Endu q ( s ){V x ® V x ), thus 



vr A ® vr A ) |"-R a a -R AiA A(m a )1 = (tt a ® tt a ) ^(S ® S)A'(b t ) ■ Rl tX R x , x ■ A(a t )(-1] 



[<H] 



Introduce the operation 

(xi <g> x 2 ) o (ai (g> a 2 <8> a 3 <g) 04) 
= S(a 3 )x iai ® 5(a 4 )x 2 a 2 (-l) [x2l[ai]+([a3l+[a4D([:Cll+[x2l+[ai]+[a2l)+[a4l{[a;il+[aiD , 
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where x\,x 2 , a%, i — 1,2, 3, 4, are homogeneous elements of U q (g). Straightforward calcula- 
tions show that 



(xi (g) x 2 ) o (be) = [(xi <g> x 2 ) o b] o c, V6, c £ ^(fl) 



and that 



A(u x )Rl x R x>x = R 2 X ] X o [R\ 2 X (A ® A')it> A , A ] • 
By using Eqs. (l3~m - (l3~?Tl) we obtain 



(7r A ®7T A ) A(u x )Rl x R 



A, A 



= K ® 7r A ) o [R^R^R^] ) 

= (vr A ® n x ) (R\] x o K A i?I 3 A i?I 2 A i? A 4 A ^] ) 

Straightforward calculations then show that 



(7T A ® 7T A ) (i^ A O Rf x ) = (7T A <g> 7T A )(1 <g> 1), 



13 
A. A 



■u A ® 1, and 



(tta ® tta) [(«a ® 1) o (i^i^)] = K ® tta)(m a ® 1), 
and thus it follows that 



7TA ® VT A 



A(u x )Rl x R x , x = (7T A <g> 7T A ) [(u <g> 1) o i^ 4 A ] = (tt a <g> tt a )(m a <g> u A ) 



completing the proof. 

Define a set of elements {v x £ Z7 A £ P+j by 

u A = Ua-K^, 1 . 

Lemma 3.4.2. T7ie element v x has the following properties: 

e(v x ) = 1, vr A (w A x) = ir x (xv x ), Vx £ t/ 9 (fl), 

(7T A <g> 7T A )A(t; A ) = (7T A <g> 7T A ) [(U A ® ^(i^/^)^ 



□ 



(3.24) 



(3.25) 



Proof. The proofs of e(v x ) = 1 and (|3.25|) follow from the definition of v x . To prove 
the remaining relation, note that S 2 (ej) = K^K' = K-ip&iK'^} , S 2 (fi) = KifiKf 1 = 
K 2p fiK^p, and S 2 (Kf l ) = K 2p Kf l K^. As S 2 is a homomorphism we have S 2 (x) = 
K 2p xK^p for all x £ U q (g) and then 

nxivxxv^ 1 ) = TXx(uxK2pXK 2p u x l ) = ir^uxS' 2 ^)^ 1 ) = ir x (S 2 (S~ 2 (x))) = ir x (x), 

completing the proof. □ 

Let V x be an irreducible C/ 9 (g)-module with integral dominant highest weight A. 
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Lemma 3.4.3. The element v\ acts on each vector in V\ as the multiplication by the scalar 

q -(X+2p,X) 

Proof. Note that v x is even and that tt\(v\) G Endu ( b )(V\) . Write R\ t \ = E\R and 
R = J2t^o a t ® h where a t G U q (b + ), b t G U q (b-) and ao = b Q = 1. Then 

(oo 
Y,S{b t )Ea t K-^{-l)\ 
t=o 

where E is an even element of U q (g) satisfying Ew^ = q~^'^w^ for each weight vector 
G V\ of weight £ G ®" =1 Zej. Let W\ be a non-zero highest weight vector of V\, then 
a t w\ = for all t > 0, which yields 

WA ■ w A = EK£w x = q- {X+2p ' X) w x . 

As V\ is irreducible and 7r A (t> A ) G Endu q ( g )(V\) (and 7r A (-u A ) is a homogeneous map of 
degree zero), v\ acts on each weight vector w in V\ as the multiplication by the claimed 
scalar from Schur's lemma. □ 

We may denote g-( A+2 />' A ) by Xa(^a)- Note that it may be true that acts on each 
weight vector w in V\ as the multiplication by the salar g-( A+2 />' A ) even if fi ^ A, and in 
this case we also write Xx( v p.) to denote g-( A+2 />' A ). 

Following |Zh95j . we define the quantum superdimension of the finite dimensional U q (g)- 
module W to be 

sdim q (W) = str(ir w (K 2p )). 
We now prove the following lemma originally given in |Zh92b| p. 323]. 

Lemma 3.4.4. Let V\ be a finite dimensional irreducible U q (g)-module with integral dom- 
inant highest weight A. The quantum superdimension ojV\ is 

= n fe^ 1 ) n Wti 1 ) ■ (3 ' 26) 

where [A] zs t/ie grading of the highest weight vector ofV\. 

Proof. We follow the usual proof for the formula for the quantum dimension of a finite 
dimensional irreducible module over a quantum algebra. We have not seen the proof of 
Eq. (|3.26|) in the literature and so write it down explicitly here. 

The weight space decomposition of the U q (g)-module V\ is the same as for a U(g)- 
module with highest weight A, so we can use Kac's supercharacter formula (see Appendix 
EJ) to calculate stT{ir\(K2 P )) . Fix e h G C by e h = q and define in the notations of Appendix 
Da homomorphism / : H* x E' -> C[[h]] by f v {e v ) = e h ^ v \ r], v G H*. 
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By definition, sch\ = ^^(— l)^m(/i)e At , where the sum is over all weight spaces of V\, 
where [u] is the grading of the vectors in the weight space /i, and m(/^) is the multiplicity 
of the weight space \i. Applying f 2p to sch x gives 



/ 2p K) = ^(-l)H m (^^, 

which is just sdim q (V\). 

Applying f 2p to sch\, and using the variant of Weyl's denominator formula in Appendix 
O gives 

[ {e h{ ~ a ' p) - e - h ^ p) ) ' [ (e h{M + e - h{M ) ^{-l)^m{u)e K2p ^ 



o-ew 



o-GW 

Rewriting the right hand side of ()3.27|) as 

(-l)W TT ( e M«,Hp) _ e -ft(a,A+p)j TX ( e H/3,\+p) + e -h(p,\+p)^ 

yields the desired result. □ 
The quantum superdimension of the fundamental [/ g (osp(l|2n))-module V is 

sdimJV) = 1 - (3.28) 

where the grading of the highest weight vector of V is odd. 



3.5 Spectral decomposition of IZyy 

Let V\ and V p be finite dimensional irreducible i7 9 (g)-modules with integral dominant 
highest weights A and fi, respectively. Let R\ itl be as in Theorem 13 . 3 . 21 and define 7^V A ,v M G 
Hom c (^A ® V„, V„ <g> V x ) by 

#v Ai v>a 0»„) = Po (#a,>a ® (3-29) 

where t> a G V\ and u ^ G V p are weight vectors and P is the graded permutation operator. 

Lemma 3.5.1. Let V\ be an irreducible U g (o) -module with integral dominant highest weight 
A, then 

TZ Vx y x G End Uqis) (Vx®V x ). 
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Proof. We follow Lemma [2.3.21 (i) to prove that 

KV X ,V X ■ (TTX © TTa) (A(2C)) = (7T A © 7T A ) (A(x)) • £v A ,V v 

then the result follows. □ 

For n = 1, F © V decomposes into a direct sum of irreducible {7 9 (0)-modules (see 
IZE22E]): 

y ® y = y 2ei © V ei © Vb, (3.30) 

and for n > 2, we have 

V © 7 = V 2ei © y ei+ea © y . (3.31) 

Lemma 3.5.2. Let n > 2 and /e£ {P[/i] G End Uq ^(V © V)| /x = 2e x ,ei + e 2 ,0} 6e a 
sei 0/ even U q (g) -linear maps: P\p] ■ V © V — > y © V, where the image of P[«] 
and i/ie maps satisfy (P[/i]) 2 = P[w] and P[/x]P[V] = o^Pf/x]. T/ien i/iere is a spectral 
decomposition ofTZyy: 

n vy = -gP[2 ei ] + q^Pfa + e 2 ] + g" 2 "P[0]. 

Proof. As 7ty;y G Endu q { a )iy © V), we can write 

^v,v = & ei P[2ei] + /3 ei+e2 P[e x + e 2 ] + /3 P[0], 

for some set of constants G C| fi = 2ei, ei + e 2 , 0}, where is the scalar action of TZv,v 
on the irreducible t/ 9 (g)-submodule d V ® V . We explicitly calculate each (3^ using 

-Ry,v- 

Let {vi\ — n < z < n} be the basis of weight vectors of 1/ given in Lemma 13.2.21 
The highest weight vector of V 2tl is w 2ei = V\ ® Vi, the highest weight vector of V ei+e2 is 
w £l+e2 = V\®V2 — q~ l v 2 ®v\ and the highest weight vector of the trivial module Vb C V"© V 
is 



u> 



where {q G C| — n < i < n} is a set of non-zero constants inductively defined by 

c n — — Co, c_ n = g 1 co, 

Cji— 1 qCni C—(n—i) y c_ n , 

Cj = — gcj + i, c_j = — q 1 c_(j + i), 

where % — 1, 2, . . . , n — 2 and we fix Co 7^ 0. 

To study the action of TZyy on the highest weight vectors w 2ei , w tl+t2 and w , we note 
that the weight space decomposition of V gives rise to the following results: 

vr(/ £i ) 3 = tt(0 3 = 0, for alH = 1, . . . , n, (3.32) 
7r(/ 7 ) 2 = vr(e 7 ) 2 = 0, for all 7 G where 7 7^ e,. (3.33) 
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Using ()3.32j) and ()3.33|) . we have 



(vr ® ix)R = (vr ® tt) JJ^H 7 



(3.34) 



7G<) 



where the product is ordered according to the same normal ordering N{(j>) used to con- 
struct the root vectors so that given M{4>) = 7i -< 72 -< • • • -< Ik, we fix n 7 e^^7 = 



9^71^72 ' ' ' ^7 fc 5 where 
( 2 



91, 



£ 

k=0 



(q- 1 - g) fc (e 7 ® f,) k 



[k]- 



fc=0 



+ -g)(e 7 ®/ 7 ) 
l(8)l + (g-^ 1 )(e 7 (g)/ 7 ) 



if 7 = 5, 
if 7 7^ e t- 

( g -l_ 5)2(^^^)2 



Using this, we have TZv,v( w 2ei] 
more difficult: note that 



vy 



n 

c_it>_i ® f 1 + ^ CjUj <g> w 

2= — 71. 



#-1 



(i-g- 1 

gw 2ei and 7^ y (w ei+e2 ) = 
\ 

/ 



9 Wei+. 



if 7 = «*, 
if 7 7^ <*. 
r Calculating (3q is 



-g 1 c_iWi Cg) f . 



-1 + S 



.7- 



3=—n 



n 



< j < ^> j 7^ _ l}- Recall that 7Z v,v(wq) 



\n— 1 „— n 



q n Co and 
□ 



for some set of non-zero constants {cJgC 

PoWo, so we obtain (3 by comparing — g _1 c_i and c\. Now c_i = (—1 
d = (-l)^"" 1 ^, thus /3b = <T 2n . 

Lemma 3.5.3. Lei n — 1 and let {P[p] G .EW^^^ (g> V)| /J = 2ei, ei, 0} &e a set of even 
U q (o) -linear maps: P[a] : V <E> U — > V ® V, where the image of P[u] is and the maps 
satisfy (P[n]) = P[fj] and P[fj]P[u] = 5 M1/ P[/x]. Then there is a spectral decomposition of 
TZvy ■' 

llvy = -gP[2ei] + q- X P[ei\ + q~ 2 P[0}. 

Proof. The proof is almost identical to the proof of Lemma 13.5.21 with just the following 
minor difference. The decomposition of V <g> V is given in ()3.30|) and the highest weight 
vector of V ei is w ei = v\ ® v + q _1 v Q ® V\. To complete the proof we note that TZvy(w tl ) = 
q~ 1 w ei . □ 

From this we can write down the following important result: 
Corollary 3.5.1. For each n > 1, TZyy satisfies 



{K vy + q){Uvy ~ q 1 )(^v,v - Q 



-2ra^ 



0. 



(3.35) 



Note that the expression for (n ® ir)R in ()3.34|) readily allows the use of (tt <8> ir)Rvy 
and in calculations. 
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3.6 A representation of the Birman-Wenzl-Murakami 
algebra 

In this section we will define a map from the Birman-Wenzl-Murakami algebra 3§Wf(r, q) 
|BW89t IWe90j to a subalgebra Cf of the centraliser algebra of V®* '. This will allow us to 
map matrix units in f(r, q) (see |RW92p to matrix units of Cf. 

Before defining the map from SSW f(r,q) to Cf, we need to obtain some preliminary 
results. 

Definition 3.6.1. Define Ct to be the algebra over C generated by the elements 
{Rf G End Uq{a) (V m )\ 1 < i < t - 1} , where 

R, = id®^ n vv ® id®^"^ 1 )) e End Uq{g) (V & ). (3.36) 

Let us investigate C t . Let {t>j| — n < i < n} be the basis of weight vectors of V given 
in Lemma Hi 2. 21 and let {v*\ — n < i < n} be a basis of V* such that (v*,Vj) = 5ij and 
[v*] = [vi]] we have 

avi = yijVj, av^Vj, av* = ^{av*, Vj)v*, Va G U q (g). 
j j 

Define e G £nd c (V <g> V*) by 

n 

e(x®y*) = {-lY^iy^v^u x) ^ Vi®v*, 

i=—n 

where v and u are the elements v ei ,u ei G C/ (fl) respectively. 
Lemma 3.6.1. The map e satisfies 

(i) (e) 2 = sdim q (y)e, 

(ii) ae = e(a)e, Va G f/<j(s), 
fmj ea = e(a)e, Va G C^(fl), 
(iv) e 2 Rie.2 = a 2n e 2 , where 

e 2 = id v ®e:V ®V ®V* ®V ®V*, 



Ri = n vy <g> idy* : V ® 1/ <g> V* -> 1/ ® V ® V*. 
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Proof. (i) 

(e) 2 (x®y*) = {-l) [y * ][x \y\v- l ux)^{-l)^\vlv- l u v^^Vj ®v* 

» 3 

= sdim q (V)(-l) [y * ][x \y\v~ 1 u x)^2 / v j ® v* = sdim q {V)e(x ® y*). 

j 

(ii) By definition, ae = ay®v* ° e; we calculate that 

ae(x®y*) = (-l) [y * ][x] (y* , v~ l ux) ^ (v*, a {1)Vi )(v*, Sia^v^vj ® v* k 

(a),i,j,k 

= (-l^iy^v^ux) ^(^,a (1) 5(a (2) K)^®^ 
= e{a){-\f>*^(y\v- 1 ux)^v k ®vl = e(a)e(x®y*). 

k 

Similar calculations prove (iii) and (iv) (see |LR97j for the corresponding calculations 
in ungraded quasitriangular Hopf algebras). □ 

Define e G End c {V* ® V) by 



e(x*®y) = (x*,i/)^(-l) W < 



tm 1 Vi, 



where v and u are set to be v ei and it ei , respectively 
Lemma 3.6.2. The map e satisfies 

(i) (e) 2 = sdim q {y)e, 

(ii) ae = e(a)e, Va G U q (g), 

(iii) ea = e(a)e, Va G ^(g), 
e2-R 1 " 1 e2 = q~ 2n e2 where 

e 2 = id v * ®e:V*®V*®V^V*®V*®V. 

Proof. The proofs of (i)-(iv) are similar to the proofs of parts (i)-(iv) of Lemma f3. 6. 11 □ 

Remark 3.6.1. The maps e and e are U q (g) -invariant maps onto one- dimensional U q (g)- 
submodules in V ® V* and V* ® V , respectively. 
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Recall that V®V has the decomposition into irreducible [^(j^-modules given in ()3.3()j) - 
(j3.31|) and that there exists an even [/^(j^-invariant map P[0] : V ® V — > V Cg> V, the image 
of which is Vo C V ® V , defined in Lemmas I3.5.2ti3~5~3l Recall that V* = V and define 

E = (id ® T -1 ) o e o (id <8> T) = (T _1 <g> id) o e o (T ® id) = s^m g (F)P[0], 

where T is the isomorphism T : V" — > V* given in Eq. (J3.5j) . Furthermore, define the 
elements 

Ei = id® (i ~ 1} ® £ (gi id^ (t - (i+1)) g tfndc^V®*), z = 1, . . . ,t - 1. 
Lemma 3.6.3. TTie elements R4, Ei G .Endt/ ( fl )(V®*) satisfy the relations 
(i) RiRi + \Ri = Ri+\RiRi + i, 1 < 2 < t — 2, 

(mJ _Rj^j = RjRi, \i — j\ > 1, 

(m) (Ri + g)(^ - g" 1 )^ - q~ 2n ) = 0, 1 < i < t - I, 
(w) -Ri + Rr x = (q- g- 1 )(l - Ej), 
^ EiRf\Ei = q ±2n E t , 

(vi) EiRf 1 = Rf l Ei = q^ 2n Ei, 1 < % < t - 1. 

Proof. The proofs of (i) and (ii) follow from Lemma \l. 3. 21 and the proof of (iii) follows from 
Corollary 13.5.11 The proof of (v) follows from Lemmas I3.6.1hl3~6.2l The proofs of (iv) and 
(vi) follow from the definition of Ei, Eq. ()3.28|) and the fact that R\ acts on Vo C V <8> V 
as a scalar multiple of the identity: R\w = q~ 2n w for all w G Vo- □ 

We recall the definition of the Birman-Wenzl-Murakami algebra SSW / (r, q) from |RW92j . 
Let r and q be non-zero complex parameters and let / > 2 be an integer. The Birman- 
Wenzl-Murakami algebra SSW f(r,q) is the algebra over C generated by the invertible 
elements {^| 1 < i < f — 1} subject to the relations 

9i9j = 9j9h \i ~ j\ > 1, 

9i9i+i9i = 9i+i9i9i+i, 1 < i < / - 2, 
ei9i = r~ l ei, 1 < % < f - 1, 

eigf\ei = r ±l e h 1 < % < f - 1, 

where is defined by 

(g-g- 1 )(l-e i )=y i -^r 1 , 1 < i < / - 1. 
It can be shown that each also satisfies 

(9i-r- 1 )(g i + q- 1 )(g i -q) = 0. 
From Lemma [3.6.31 we have the following result: 

Lemma 3.6.4. Let q G C be non-zero and not a root of unity. Then there is an algebra 
homomorphism T : SSW f{— q 2n ,q) — > C/ C Endu r a \(y®f) defined by 

T : -j^. 
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3.7 Bratteli diagrams and path algebras 

3.7.1 Bratteli diagrams 

To proceed further with the study of £$Wf(r,q) we now need the notions of Bratelli 
diagrams and Path algebras related to Bratelli diagrams, both of which we take from |LR97j . 
(The reader is also referred to |GH.T89[ Chap. 2]). 

A Bratteli diagram is an undirected graph that encodes information about a sequence 
C = A C Ai C A 2 C • • • of inclusions of finite dimensional semisimple algebras |RW92j . 
In a graph-theoretic sense, the properties of a Bratteli diagram are that 

(i) the vertices are elements of certain sets A t , t £ Z + , and 

(ii) if we let n(a, b) £ Z + denote the number of edges between the vertices a and b, then 
n(a, b) = for any vertices a £ Ai and b £ Aj where \i — j\ ^ 1. 

Assume that A consists of a unique vertex we denote by 0. We call the elements of A t 
shapes and say that A t is the set of shapes on the t th level of the Bratteli diagram. If 
A £ A t is connected to /i £ A t +i in the Bratteli diagram we write A < /i. 

A multiplicity free Bratteli diagram is a Bratteli diagram in which any two vertices are 
connected by no more than one edge. All Bratteli diagrams considered in this thesis are 
multiplicity free. 

Let A be a Bratteli diagram and let A £ A r and fi £ A t for some < r < t. We define 
a path from A to fi to be a sequence of shapes 

P = [s r , S r +i, . . . , St), 

where A = s r < s r+ i < ■ ■ ■ < s t -i < s t — \i and each is a shape on the i th level of A. 

Given a path T = (A, . . . , /i) from A to fi and a path 5* = ((/,,... ,v) from /i to v we 
define the concatenation of T and 5* to be the path from A to v defined by 

T o S = (\,...,u,,...,v). 

We define a tableau T of shape A to be a path from £ A to A and we write shp(T) = A. 
We say that the length of T is t if there are t + 1 shapes in the tableau. 

3.7.2 Path algebras related to Bratteli diagrams 

We now define the concept of a Path algebra for a Bratteli diagram A. For each t £ Z + , 
let T* be the set of tableaux of length t in A and let O* C T* x T* be the set of pairs (5*, T) 
of tableaux where shp(S) = shp(T), that is S and T both end in the same shape. Let us 
also define an algebra A t over C generated by 



{E ST \ (S,T)eQ t }, 



Bratteli diagrams and path algebras 



45 



where the algebra multiplication is defined by 

E S tEpq = 5tpE S q. 
Note that Aq = C. Each element a G A t can be written in the form 

a = ^2 ustEst, cist G C. 

(5,T)eQ* 

We refer to the collection of algebras A t , t G Z+, as the tower of path algebras corresponding 
to the Bratteli diagram A. 

Each of the algebras A t is isomorphic to a direct sum of matrix algebras. The irreducible 
representations of A t are indexed by the elements of A t , that is, the set of shapes on the 
fth \ eve \ Q f L e t T A denote the set of tableaux of shape A, then the cardinality d\ of 
T A H T* is equal to the dimension of the irreducible ^-module indexed by A G A t . We 
record this in the formula 

A t = ($M dx (C), 

\eA t 

where M<j(C) denotes the algebra of d x d matrices with complex entries. 

We now define some useful sets. Let T£ be the set of paths in A from the shape A to 
the shape \i and let 7^ be the set of paths starting on the r th level of A and going down to 
the t th level. Furthermore, let T£ be the set of paths in A from the shape A to any shape 
on the t th level of A. 

We also define C T£ x T£ to be the set of pairs (S, T) of paths S,T G T£ and 
£l\ C x to be the set of pairs (S, T) of paths where in both situations we have 
shp(S) = shp{T). 

We define the inclusion of path algebras A r C A t for < r < t as follows: for each pair 
(P, Q) G IT we fix P P Q G A t by 

-^ P( 3 = E p°t,Qot, where A = shp(P) = shp(Q). 

In particular, we have A s C A s+ \ for each s G Z+. 

Let A G A 4 and let Va be an irreducible representation of A t indexed by A. The 
restriction of Va to the subalgebra A t _i C A t decomposes into irreducible representations 
of A t _i according to 

This decomposition is multiplicity free as the Bratteli diagram A is multiplicity free. 
For each r G Z + satisfying r < t, the centraliser of A r contained in A t is defined by 

£(A r C A t ) = {a G A t | a6 = 6a, V6 G A r }. 
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Let now (S, T) be a pair of paths each starting on the r th level of A at the shape A and 
ending on the t th level of A at the shape \i. For each such pair we define Est £ A t by 

Est = Ep s t poT, 
PeT*nT r 

which we can think of as the sum of all 'paths' ending in (S, T). We then have the following 
lemma, stated in |T7Rfl7l Prop. (1.4)] and proved in |C H.I 891 Sect. 2.3]. 

Lemma 3.7.1. A basis of £(A r C A t ) is given by the elements 

{E ST \ (S,T) e ft£n ft*, A e A r , a. e A t }. 

From Lemma r3.7.1l we have the following corollary, which is proved in |LR97| Cor. (1.5) — 
(1.6)]. 

Corollary 3.7.1. Let the collection of algebras A t , t G Z +; be a tower of path algebras 
corresponding to a Bratteli diagram A and suppose that G A i+ i, i 6 N, are elements 
such that 

(i) for each t, the elements {gi\ 1 < % < t — 1} generate A t , and 
(H) gtgj = gjgi for all i,j satisfying \i - j\ > 1, 
then 

9t-i = (9t-\)pQEpQ, {g t -i)pQ G C. 

(P,Q)en*_ 2 

Furthermore, if the elements gi, g 2 , ■ ■ ■ , gt-i satisfy the relation gigi + ±gi = gi+igigi+i for all 
1 < i < t — 2, then the element 

A = gt-xgt-2 ■ ■ ■ gigx ■ ■ ■ gt-%gt-\ e A t 

can be expressed as 

D t = D ssEss, D ss eC. 



3.7.3 Centraliser algebras 

Let U be a Z 2 -graded Hopf algebra over C. Let V be a finite dimensional [/-module 
with the property that V® 1 is completely reducible for each t G Z + . We will now define 
the concepts of a Bratteli diagram for tensor powers of V and the Bratteli diagram for 
V m . Furthermore, we aim to show that the centraliser C t of U in Endc{V m ) defined by 
Ct = EndjjiV® 1 ) is isomorphic to the path algebra A t of the Bratteli diagram for V® 1 . 

In this subsection we regard all modules as being graded. By convention V®° = C and 
thus Co = C. If V is an irreducible [/-module then C\ = C by Schur's lemma. For all 
< r < t we define the inclusion C r C £ t by a i— > a <S> id®^~ r ^ for all a G C r . Now £ t acts 
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on V® 1 in the obvious way. Since U and Ct commute, V® 1 has a natural Ct <8> [/-module 
structure. 

Let {Aa| A G /} be the set of non-isomorphic finite dimensional irreducible [/-modules. 
Then by the double centraliser theorem there exists a finite subset C t of / such that 

Ae£t 

where each C x is an irreducible £ t -module such that C x ^ £ M if A ^ \i. 

We now assume that V is an irreducible [/-module and we consider the Bratteli diagram 
for tensor powers of V. Let Ae£( for some t. Then we have the decomposition 

A\(& V = (A^) en ^\ n x (ji)eZ + , (3.37) 

of A A <8> into a direct sum of irreducible [/-modules. The non- negative integer n\(u) is 
the multiplicity of A M in the decomposition. We say that the decomposition of A\ <E> V is 
multiplicity free if n\(fj,) < 1 for all \i G £t+i- 

The branching rule for inclusion C t C describes the decomposition of the £*+i- 
module £ v into £t-modules 

C = (£ A ) ffl " iM , n A (v) G Z+. (3.38) 
Ae£ t 

Note that the positive integers n\(v) appearing in ()3.37|1 and f)3.38j) are the same |LR97j . 

The Bratteli diagram for tensor powers of V is defined as follows: for each t G Z + fix 
the vertices on the t th level of the Bratteli diagram to be the elements of Cf Then a vertex 
A G C t is connected to a vertex ji G Ct+i by n\(u) edges. 

For a fixed t, the Bratteli diagram for V m is an undirected graph with vertices given 
by the elements of lj!=o^*' an< ^ the edges are such that a vertex A G £j is connected to a 
vertex /i G by n\(fj,) edges for each < i < t — 1. 

Let K be a finite dimensional irreducible [/-module with the property that for every 
irreducible [/-module W, the decomposition of the tensor product W <S> V is multiplicity 
free. In this case, we say that tensoring by V is multiplicity free. We will show that the 
centraliser algebra C t = Endu{V m ) is isomorphic to the path algebra A t associated with 
the Bratteli diagram for V m . 

We construct an algebra isomorphism A t — > C t inductively. Assume that there is an 
identification of Ct with the path algebra A t for some t > 0, so that 

is a decomposition of V m into irreducible [/-modules A\ where the [/-submodule Ej"rV m 
is isomorphic to A\ when shp(T) = A. The is a [/-invariant map from V m onto 

a [/-submodule isomorphic to A\. 
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Let T = (0, st, s 2 , ■ ■ ■ , A) G T A be a tableau of length t and let E TT V m = A A for some 
A G As tensoring by V is multiplicity free, the decomposition 

{E TT V m ) <g> V = V Toi/ , (3.39) 

is multiplicity free and thus unique, where T o z/ is the tableau 

T o u — ($,st,s 2 , ■ ■ ■ ,X,u), \<v, 

and Vt oi , = A u . 

The next step is to identify Etou,Tou with the unique ^/-invariant projection operator 
mapping (EttV®*) ® V onto Vtw This way we identify each element Ess of the path 
algebra A t +t, where S G T t+1 , with an element of £t+i- Thus we have the decomposition 

^(m ) = I EssV^A, 
of \/^ (t+1) into irreducible [/-modules E 5S V r0(i+1) = V s = K, where v G £ t+ i and 5 G 

rnr m . 

We now identify the other elements in the basis {Epq G A t+ t\ (P,Q) G Q t+l } with 
elements of Ct+t- For each pair of paths (P, Q) G fi*" 1 " 1 we choose non-zero elements 

E P Q G EppCt+iEQQ, Eqp G EQQ£ t+ iE P p, 

normalised in such a way that EpqEqp = Epp and EqpEpq = Eqq. Thus there is an 
algebra isomorphism A t +t —> Ct+t- 

We then have the following theorem. 

Theorem 3.7.1. Let V be a finite dimensional irreducible U -module such that V® 1 is 
completely reducible for each t G Z + and such that tensoring by V is multiplicity free. 
Then for any t G Z + , the centraliser algebra Ct = EnduiV® 1 ) is isomorphic to the path 
algebra A t corresponding to the Bratteli diagram for V® 1 . 

3.8 Projections from V® 1 onto irreducible ?7 g (g)-modules 

In this section we define projections from V® 1 onto irreducible f/ g (0)-modules V\ C V"®*, 
A G V + , using elements of C t . No substantially new results appear in this section, however, 
we are not aware of this specific formulation of the projections in the literature. In addition, 
this work provides a model for the definition of the Uq (0)-modules in Chapter 0] 

Let V M be a finite dimensional irreducible U q (Q)-module with highest weight fi G V + . 
Since each weight space of V is one-dimensional, V M ® V is multiplicity free. 
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Definition 3.8.1. We define C V + to be the set such that for each A G Vt, V\ appears 
inV^^V as an irreducible submodule. 

Now each A G can only have one of the following three forms: //,// + 6j, /i — 6j for 
some i. Thus 

CV° = {u.,u.±e, t EV + \ l<i<n}. 

Definition 3.8.2. Let be an irreducible U g (o) -module with highest weight ri G V + , then 
Vfj, <g> V = AeP + V*. £et {p M [A] G End Uq ^(Vn ®V)\ AG P+} &e a se£ o/ even maps 

such that 



(i) the image o/p M [A] is V\, 

(ii) (p^[X\) 2 = p^[X], 
(in) p M [A] -p^z/] = 5 A ^[A]. 
VFe call each such Pp[X\ a projection. 

Recall that for each integral dominant A, there exists an element v\ G U^(g) defined 
in Eq. (|3.24|) that acts on each vector in the finite dimensional irreducible ?7 g (g)-module 
V\ as the multiplication by the scalar q-( x+2 f } > x ). 

For each ri G V + and each A G Vt, define p M [A] G Endu q ( g )(V^ <g> V) by 



Pi* [A] = ® 7r) 



/ 

n 



-(A+2p,A) 



-{v+2p,u) 



(3.40) 



/ 



where is the element i>> G "P + with A = £, for some integral dominant £ which is 
chosen so that acts as the multiplication by the scalar each vector in the 

irreducible C/ 9 (fl)-module V u , for each i/ G V^. For each integral dominant \x there al- 
ways exists at least one such £. To see this, all we need is some E% given by Eq. (J3.12I) : 

n s n s 

Ef. = ] [ ^2(J a ) b ® ^a[&], such that the element E = ] P a lb](J a )~ b acts as the multi- 

a=l 6=p a=l 6=p 

plication by the scalar q~&>Q on each weight vector G V v C £g> V, where has the 
weight £, and this is true for each z/ G V^. 

The element has this action whenever s is sufficiently large enough and the absolute 
value of the negative integer p is sufficiently large enough, and so all we need do is to 
choose some £ for which this is true. 



50 



Chapter^ Quantum osp{l\2n) at generic q 



To do this, for each v G let I v be the set of distinct weights of the weight vectors 
of V„, then (£„, e*) G Z for each weight ( u G /„ and each i — 1, . . . , n. Let 

m = max{|(C I ,,e i )| G Z+| e i^v G 7>+,i = l,...,n}, 

then fixing £ = 5^™ =1 ?nej yields elements and with the desired properties. 

Note that (7r M ® 7r)A(t>^) in (|3.40|) is diagonalisable as ® V is completely reducible 
and A(^|) acts on each irreducible t/ g (g)-submodule V u C ® V as the multiplication by 
the scalar q ~(»+ 2 P>»). 

Lemma 3.8.1. The maps p M [A] are well-defined and satisfy 

(i) (p»[\]) 2 = pM 
(a) p M [A] -jvH = <Wv[A], 

Proof. If a and /3 are the highest weights of irreducible i7 g (g)-submodules in <S> V, then 
(a + 2p, a) = (/3 + 2p, (5) implies that a = f3. Then p M [A] is well defined as tensoring by 
V is multiplicity free and q is not a root of unity. The proof of (i) follows from the result 
(p M [A]) 2 (V r At (g> V) = p m [A](Va) = Va- For (ii) the case A = v reduces to (i), and for A ^ v 
we have 

/ \ 



A(t, g ) - g-(A'+2p,V) A(^g) - g^^j 

11 g-(A+2p,A) _ q-(X'+2p,X') 11 ^-(i/+2p,!/) _ q-(v'+2p,v') 



0. 



V AVA ^ / 

(iii) *vM ®v)= Q)V X = V,®V. 

□ 



Note that (vr M ® tt) ] (a(^) - g ~( A + 2 ^ A ) ) = 0. 



AGP+ 

We introduce some notation. Let T* be the set of tableaux of length t derived from the 
Bratteli diagram for V® 1 . Let 

z* = (0, s x , s 2 , . . . , s t ) G T*. 

We write A* = z* where A = s f . 

Let G T* and Sj, Sj + i G i*. Define a map 

by 

„t-0'+i)r 



P*7°' +1) [^i]=^,^ + i]®id 0(t - {j+1)) . 



Projections onto finite dimensional irreducible U q (osp(l\2n)) -modules 51 
Lemma 3.8.2. The map [sj+i] satisfies 

(H) P% {3+ %^}-Ps- {3+l \r^] = S Sj+1 ,r j+1 pl-; U+1) [s j+l }, 
(iii) Ps7 (j+1) [ s i+i] =idvi 3 .®v«(*-j)- 

Proof. The proofs of parts (i) and (ii) follow from Lemma lH.8.11 (i) and (ii), respectively. 
The proof of (iii) follows from Lemma 13.8. II (iii): explicitly, we have 

p£ 0+1 Wi] • (v S] ®v)® v*w +1 » = K, ® v ® v 8 *-^. 

□ 

Definition 3.8.3. Lei p?[A] G EVid^^^®*) 6e a map p?[A] : V m ^ V x C V® 1 defined by 

Pl[M=plJMpl t J^-i}---Pl; 2 [s2i 

where A* G T*. We say that p*[A] projects from V^® 4 onto V\ by the path A* G T* and we 
call p|[A] a path projection of length i. 

Lemma 3.8.3. Tae map p|[A] satisfies 

(>i)p>iM-mv = {°; mi %*4\ 

(iii) pl[X] = 0if\^fi. 

Furthermore, the map P t = Pi [A] is the identity on V m . 

iter* 

Proof. 

(i) This follows from Lemma [3.8.21 (i). 

(ii) For i l = j l the case reduces to (i), let i l ^ j* where 

i l = (Q,s 1 ,s 2 ,...,s k - 1 ,s k ,r k+1 ,...,r t -2,rt-i,\), 

f = (0, Si,S 2 , ...,Sfc-l,Sfe,Sfe + l,...,St_ 2 ,St_ 1 ,A). 
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Now £*, j* G T* and r^+i 7^ s k +i for some 2 < k + 1 < t, then 

xpU a R->-i] • • •^ 1 [^+ib t s ;_ fc 1 N^ 2 +1 [^-i] • • -^: 2 N 

><p^[^]^[^]<- 2 +1 [^-i]tf 2 +1 [^-i] • • -p^hb^h] 
= 0, 

as P*~ fc_1 fafc+i] •P£*" 1 [«k+i] = °- 
(iii) Assume that 

i l = (Q,s 1 ,s 2 ,...,s k -i,s k ,r k+1 ,...,r t -2,rt-i,\), 

j = (0, Si, S2, • • • , Sfc-l, Sjfc, Sfc+i, . . . , S t -2, St-i, /i), 

where r^+i 7^ Sfc+i for some 2 < k + 1 < t. The calculations are similar to those of 
(ii) and we have p|[A] • pj[/i] = 0. 

The last claim follows inductively from the result in Lemma r3.8.1l that P/i[A] = ^v^®y- 

□ 

Recall that C t is the algebra over C generated by the elements 

{Rf e End Uq(3) (V^)\ l<i <t-l}. 
Proposition 3.8.1. For each path A* G T l , p\[X\ G Cj. 

Proof. We prove the proposition inductively. Firstly, for some appropriately chosen integral 
dominant weight £, 

(vr ® vr)A(^) = (vr ® tt) [(^ <g> v € ) (i^ifo) -1 ] = g - 2 ( 6 i+ 2 * e 0£-2 G Ca . 

Now assume that pf [//] G C(t-i) where pf [//] is a path projection pf ^[/z] : V^ 1 ^ — > 
and is an irreducible 6 r g (g)-submodule of I/®*-* -1 ). We will show that (7r M ® 7r)A(i^) 
is an element of Ct for some appropriately chosen (. Let ( be an integral dominant weight 
such that the element G U acts as the multiplication by the scalar g-( A+2 ^ A ) on each 
vector in the irreducible f/ g (g)-submodule V\ C <S> V for each A G . Now 

(vr M ® 7r)A(v ( ) = (tt^Ott) (v c <g> u f ) (iJ^i^) -1 

= ? -(M+2p > M)-(ei+2p > e 1 ) fe (*-l) [/i ] g id) ^®(t-l) g ^ ( A (t-2) g id ) (Rl c R <j( y l 

= q-b^)-fr+*w)($-%] ® id)^--i^-2 • • • ^r 1 • • -Wi, 

where we have used the identity (fixing i? = Rc,c)'- 

(vr^- 1 ) ® vr) (A(*- 2 ) ® id) J? = (vr^- 1 ) ® vr) i? 14J R 2 , • ■ ■ R {t _ 1)t , 
which arises from (|3.22|) . 

□ 
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3.9 Matrix units for Ct 

It is clear that the Bratteli diagram for V® 1 is multiplicity free, as tensoring by the funda- 
mental £/q(g)-module V is multiplicity free. It follows then from Theorem 13.7.11 that the 
centraliser algebra C t = Endu q ( 5 )(y® 1 ) is isomorphic to the path algebra A t obtained from 
the Bratteli diagram for V® 1 . Clearly, we have the inclusion C t C £ t . The aim of this 
section is to show that C t and L t are in fact equal: 

Theorem 3.9.1. The centraliser algebra Ct = Endu^iy® 1 } is generated by the elements 

{Rf l e End Uq(g) (V m )\ i = 1,2,...,*- 1}. 

To prove this theorem we firstly partition the matrix units in A t into two groups: the 
projectors {E S s G A t \ (S,S) G and the intertwiners {E ST G A t \ (S,T) G S ^ T} 
and we use an invertible homomorphism to map matrix units in A t to matrix units in C t . 

Recall that V m is completely reducible. Each matrix unit in C t corresponding to a 
projector in A t projects down from V® 1 onto an irreducible ?7 g (g)-submodule V\ C V® 1 . 
Each matrix unit in Ct corresponding to an intertwiner in A t maps between isomorphic 
irreducible f/ g (g)-submodules of V® 1 . 

Recall that the homomorphism T : ^ i — > —B4, given in Lemma f3. 6.41 yields a represen- 
tation of 33W t {—q 2n , q) in C t . In Subsection 13 . 9 . 1 1 we will write down the matrix units in a 
semisimple quotient of 3§Wt{— q 2n , q) that map via T onto the projectors and intertwiners 
in Ct- We will do this for the intertwiners, but we choose to define the projectors more 
straightforwardly using our previous work. 

The projections Ess that project down from V® 1 onto irreducible i7 9 ({j)-submodules 
Vshp(s) C V® 1 that we defined in Section 13.81 are elements of C t , and they satisfy the 
equations satisfied by the projector matrix units: (E S s) 2 = Ess an d J2seT f Ess — idy®*. 
We fix the projectors in C t as follows: we map the projector Ess G A t to p*[A] G C t , where 
A- = S G T* is a path of length t: E S s <-> p|[A]. 

All we need to do now is to construct the matrix units in Ct corresponding to the 
intertwiners in A t . We denote the matrix unit in Ct corresponding to Emp G A t by the 
same label Emp- This should not cause confusion: the precise meaning of Emp in any 
given situation will be clear. 

3.9.1 Matrix units in 3$W t {-q 2n ,q) 

In this subsection, we say that an algebra B is semisimple if it is isomorphic to a direct sum 
of matrix algebras, ie B = ie/ M 6 . (C), where M b .(C) is the algebra of fo, x b{ matrices 
with complex entries. The algebra 33Wt{—q 2n ,q) is not semisimple at generic q |We90t 
Cor. 5.6] but Ram and Wenzl have constructed matrix units for the semisimple Birman- 
Wenzl-Murakami algebra SSW t defined over C(r, q) (the field of rational functions in r and 
q) for indeterminates r and q |RW92j . By replacing the indeterminates r and q with the 
complex numbers — q 2n and q, respectively, we obtain matrix units in a semisimple quotient 
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of 3§Wt(—q 2n , q)- By then applying the map T to these matrix units, we obtain matrix 
units in Ct- 

Before doing this, let us introduce Young diagrams and discuss a relation between cer- 
tain Young diagrams and the integral dominant highest weights of irreducible U q (osp(l\2n))- 
modules. For each non-negative integer m, there exists a Young diagram for each partition 
of m. Let m = ni\ + m 2 + • • • + mi be a partition of m, where m 8 — m^+i G Z + for each 
i — 1,2, ... ,1 — 1 and mi G Z + . The Young diagram representing this partition is a col- 
lection of m boxes arranged in / left-aligned rows where the i th row from the top contains 
exactly m^ boxes. If m > 1, let q, z = 1,2,..., m\, be the number of boxes in the i th col- 
umn from the left in the Young diagram, then q — q + i G Z + for each i = l,2,..., mi — 1 
and c mi G {1,2, ...,/}. 

Recall that an integral dominant highest weight A of an irreducible U q (osp(l\2n))- 
module V\ is of the form A = YH=i ^« e t e ^ + where A— X i+ \ G Z + for each i — 1,2, ... , n—1 
and A n G Z + . We can use a Young diagram to label the highest weight of V\. this Young 
diagram consists of Y^7=i ^ boxes arranged in n left-aligned rows, where the i th row contains 
exactly \ boxes. Let \i be a Young diagram containing no more than n rows of boxes and 
let yUj be the number of boxes in the i th row from the top for each i = 1,2, ... ,n. We 
can use u. to label an integral dominant highest weight of an irreducible representation of 
U q (osp(l\2n)): the integral dominant highest weight that fi represents is Y17=i A*i e i £ • 

The algebra 

The Birman-Wenzl-Murakami algebra SSifr \, with r and g indeterminates, is equipped with 
a functional tr : SSW t — > C(r, g) which satisfies, amongst other relations |We90l Lem. 3.4 

(d)], 

tr(axfe) = tr(x)tr(a6), Va, 6 G x e {fft-i, e t -i}, (3.41) 

where we regard each element of SSW t~\ as an element of SSW t under the obvious inclusion. 
The algebra SSW t is semisimple |We90| Thm. 3.5]. To discuss its structure, we introduce 
the Young lattice. 

The Young lattice is the following infinite graph |We901 Sec. 1]. The vertices of the 
Young lattice are the Young diagrams; the vertices are grouped into levels so that each 
Young diagram with exactly t boxes labels a vertex on the t th level of the Young lattice. 
The edges of the Young lattice are completely determined as follows: a vertex A on the t th 
level is connected to a vertex \i on the (t+ l) st level by one edge if and only if A and fi differ 
by exactly one box. We show the Young lattice up to the 4 th level in Figure 13.11 where 
the circle represents the Young diagram with no boxes. We say that the level containing 
the Young diagram with no boxes is the th level. Note that the Young lattice is (apart 
from the th level) identical to the Bratteli diagram for the sequence of inclusions of group 
algebras of the symmetric group: CSi C CS 2 C CS 3 C • • • . 

Let T t be the set of vertices on the t th level of the Young lattice, that is, T t is the set of 
Young diagrams containing t — 2k > boxes, where k ranges over all of Z + . Then SSW t 
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is isomorphic to a direct sum of matrix algebras |We90[ Thm. 3.5]: 

Ram and Wenzl defined matrix units for SSW t |RW92| . We will write down these matrix 
units below. 

To label the matrix units of SSW t we need to discuss the Bratteli diagram of SS~W t-, 
which is the following graph. The vertices of the Bratteli diagram of SSW t are divided into 
levels; for each s = 0,1, ... ,t, the elements of T s are the vertices on the s th level of the 
Bratteli diagram of SSW t - The edges are as follows: a vertex /x on the s th level is connected 
to a vertex A on the (s + l) st level if and only if /x and A differ by exactly one box. 

We say that R is a path of length t in the Bratteli diagram of S8W t if -R is a sequence 
of t + 1 Young diagrams: R = ([0], [1], r 2 , . . . , r t ) where r s G T s for each s = 0, 1, . . . , t and 
where is connected to r i+1 for each < i < t — 1. We say that shp(R) = r t . Let u t 
be the set of pairs (R, S) of paths of length t in the Bratteli diagram of 3§W t satisfying 

n = s t . 

Ram and Wenzl defined a set of matrix units {esr G B§Wt\ (S,T) G uj t } in |RW92j . 
This set is a basis of SSW t and the matrix units satisfy 

We obtain the matrix units in &W t {— q 2n , q) / ^ft{—Q 2n , q) by taking a certain proper subset 
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of the matrix units in SSW t and replacing the indeterminates r and q with the complex 
numbers — q 2n and q, respectively. 

Let us fix some notation that we will use in the rest of this chapter and in Chapter HJ 
Given a sequence T of t + 1 elements 

T = (0, si, s 2 , . . . , s t _i, s t ), 

we fix T' to be the following sequence of t elements: 

T' = (0, S!,S 2 , ■ ■ . ,s t _i). 

If T is a path of length t, then T" is the path of length t — 1 obtained by removing the last 
vertex and edge of T. 

Before defining the matrix units of SSW t we define some 'pre- matrix units'. Let T be 
a path of length t in the Bratteli diagram for SSW t such that shp(T) has t boxes. We can 
identify T with a standard tableau containing the numbers 1,2, ... ,t in a canonical way. 
We do this by placing the number 1 in the top left hand box of shp(T) and we then fill 
each box of shp(T) with increasing numbers according to the path T |TW93l Sec. 4.2]. 

For each path T of length t in the Bratteli diagram for SSW t , we define the number 
d(T, i), for each i — 1, 2, . . . , t — 1, by 

d{T, i) = c(i + 1) - c(i) - r(i + 1) + r{%), (3.42) 

where c(j) and r(j) denote the column and row, respectively, of the box containing the 
number j in the standard tableau corresponding to T. For each d G Z\{0}, we define 

q d {\ - q) 

Let T be a path of length t in the Bratteli diagram for SSW t- Firstly fix 0[i] = 1 G SSW f 
Let i? be a path of length t — 1 defined by R = T' and inductively define 

nORgt~\OR-b d{st ^i)(q 2 )o R 
I TT\ 1 TT\ e 
s b d( T,t-i)(q 2 ) - b d{St t-i){q 2 ) 

where the product is over all paths S of length t where shp(S) contains t boxes such that 
S 7^ T and S' = R. We write ott = °t- 

Let M and P be paths of length t in the Bratteli diagram for SSW t where (M, P) G cut 
and shp(M) = shp(P) has exactly t boxes and shp(M') = shp(P'), then we define 



OMP — OM'P'Opp. 

Let M and P be paths of length t where (M, P) G and shp(M) = shp(P) has exactly 
t boxes and shp(M') ^ shp(P'), then the pre-matrix unit omp is defined more intricately. 
Choose paths M and P of length t that satisfy shp(M) = shp(M), shp(P) = shp(P) and 
the following three conditions: 
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(i) M = P , 

(ii) shp(M') = shp(M'), 

(iii) shp(F) = shp(P'). 

It may appear that these conditions cannot always be satisfied. However, paths M and P 
can always be obtained satisfying these conditions from the following construction |RW92j . 

By considering M and P as standard tableaux, we obtain the desired paths M and P 
by ensuring the following is true. Firstly, fix t to be in the same box in M (resp. P) that 
t is in M (resp. P). Then, fix (t — 1) to be in the same box in M (resp. P) that t is in P 
(resp. M). Lastly, for each i = 1, 2, . . . , t — 2, fix i to be in the same box in M that it is 
in P. 

We then define 

1 -q 2d 

° MP ~ ^ (i _ q 2( d+ i) ){1 _ ^ ^°^M'9 t -i0^ p/ o P P, 

where d = d(M, t — 1) is as given in (|3.42[) . 

This completes the definition of the 'pre- matrix units'; now we define the matrix units 

for mw t . 

Assume that the matrix units are known for 3§Wt-\- Let M and P be paths of length 
t in the Bratteli diagram for SSW t where shp(M) = X = shp(P) and A contains strictly 
fewer than t boxes, then we define 

Q\(r, q) 

€MP ~ J O (r o)0~(r 2 eM ' Set - ieTP ' 1 
where S and T are paths of length t — 1 satisfying 

(i) shp(S) = shp(M') = /i, and 

(ii) shp{T) = shp(P') = Jl, and 

(iii) S' = V, and 

(iv) shp(S') = X = shp{T'). 

It may appear that these conditions cannot always be satisfied. However, there always 
exists a pair of paths S and T of length t — 1 satisfying these conditions for the following 
reasons. Firstly, by examining the relevant Bratteli diagrams, it is clear that there are no 
intertwiner matrix units in SSW \ and SSW ' 2 . Now for each t > 3, a shape A that has at 



most t — 2 boxes and which labels a vertex on the t level of the Bratteli diagram for S$W t 
also labels a vertex on the (t — 2) nd level of the Bratteli diagram. Hence there always exists 
at least one path of length t — 2 in the Bratteli diagram for SSW t ending at the vertex 
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shp(M) on the (t — 2) nd level, as shp(M) contains no more than t — 2 boxes (this shows 
that (iii) and (iv) might be satisfied). 

In the Bratteli diagram for SS~W t-, two vertices A and fi are connected by an edge only 
if their shapes differ by exactly one box. Now the vertices shp(M') and shp(P') on the 
(t — l) st level are connected to the vertex shp(M) on the t th level by one edge each, and 
they are also connected to the vertex shp(M) on the (t — 2) nd level by one edge each. It 
follows, then, that by fixing S and T to be paths of length t — 1 that coincide on the 
first t — 2 levels of the Bratteli diagram and that pass through the vertex shp(M) on the 
(t — 2) nd level, and also fixing shp(S) = shp(M') and shp(T) = shp(P') (which is always 
possible), we obtain the desired paths S and T. 

Let M and P be paths of length t in the Bratteli diagram for &Wt, where (M, P) £ u t , 
and where shp(M) contains t boxes. Then we define 

g-mp = (1 _ z t)0MP, 

where z t = epp with the summation going over all paths P of length t such that shp(P) 
contains fewer than t boxes. 

The following fact is important |We90[ Lem. 4.2]: let M be a path of length t in the 
Bratteli diagram for SSW t where shp(M) = A, then 

tr(e MM ) = Qx(r, ?)M (3.43) 

where x = + 1 and Q\(r, q) is the polynomial given in (13.451) . 

q-q" 1 

It is interesting to note that the quantum superdimension of the fundamental irreducible 
{7 9 (osp(l|2n))-module V is (— q 2n + q~ 2n )/(q — g" 1 ) + 1, which is just the polynomial x 
introduced in the preceding paragraph with the indeterminates q and r replaced with the 
complex numbers q and — q 2n , respectively. 

The algebra 3§W t {r,q) 

The algebra &W t (r,q), with r, q £ C, is equipped with a functional tr : 3§W t (r,q) — > C 
which satisfies, amongst other relations |We90[ Lem. 3.4 (d)], 

tr(ax6)=tr(x)tr(a6), Va, b £ 8W t -i{r, q), X e {ft-i^-i}, (3.44) 

where we regard each element of 33Wt-i{r, q) as an element oiSSW ' t (r, q) under the obvious 
inclusion. 

Define the annihilator ideal ^(r, q) C j3$W t (r, q) with respect to tr by 

f t {r,q) = {b £ &W t (r, q)\ tr(a&) = 0, Va £ SSW t {r,q)}. 

If q is not a root of unity and r ^ ±q k for any k £ Z, ^ft(r,q) = and £$Wt(r,q) is 
semisimple |We90| Cor. 5.6]. If r = ±g fc for some k £ Z , then J t (±q k ,q) ^ and 
the quotient &W t (±q k ,q)/ ^t{±q k ,q) is semisimple |We90| Cor. 5.6]. Let us now fix 
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k = 2n and r = —q 2n ; recall that the homomorphism T : gi i— > — Ri yields a representa- 
tion of SSif t{—Q 2n ', q) in Ct- The next task is to determine the structure of the quotient 
t[— q 2n , q)/ </t(—q 2n , q)- We do this in the following work. 

We now introduce a subgraph r(— q 2n ,q) of the Young lattice that we will use to 
describe the structure of 33Wt{— q 2n , q) / ^t{—q 2n i q)- We inductively obtain the vertices of 
T(—q 2n , q) as follows. Firstly fix the Young diagram with no boxes to belong to T(—q 2n , q). 
The inductive step is that if the Young diagram u. belongs to T(—q 2n , q), the Young diagram 
A then also belongs to T(—q 2n , q) if A differs from /i by exactly one box and if Q\(—q 2n , q) ^ 
0, where Q\(r,q) is given in (|3.45|) . 

We now give the polynomial Q\{r,q). Given a Young diagram A, let denote the 
box in the i th row and the j th column of A, and let Aj (resp. A') denote the number of 
boxes in the i th row (resp. j th column) of A. We introduce some notation: we may denote 
the Young diagram A by A = [Ai, A 2 , . . . , Aft] where the i th row contains Aj boxes for each 
i — 1, 2, . . . , k, and the I th row contains no boxes for each I > k. The polynomial Q\(r, q) 
is 



Qx{r,q) = 



h{j,j) _ n -h(j,j) 



q"\j,j> - q 

Cw)eA H H 

q ... , I. , , (3.45) 

where the hooklength h(i,j) is defined by h(i,j) — Aj — i + \j — j + 1, and where 

y ' \ -AJ- X'j + i+j -1, iii>j. 

More intuitively, the hooklength h(i,j) is the number of boxes below the box in the 
j th column plus the number of boxes to the right of the box in the i th row, plus one. 

Now h(i,j) > 1 for all G A, so Q\(—q 2n ,q) is well-defined for all A. Also, for each 
ijij) G A we have 

_ q 2n+\ j -\' j + ^n-Xj+xr + q X j+ X'.-2j+l _ -Xj-x'.+Zj-l 

= (q~ n+x 'j~ j+1/2 - q n - x 'j+i-V 2 )(n n + x 3~i+ 1 /' 1 + q -n-\j+i-i/i\ 

so Q\{—q 2n , q) — if and only if one (or both) of the following conditions is satisfied: 

(a) g 4n+M (*J) = 1 for some G A where i ^ j, 

(b) q ^-2X' J+ 2j-l = x Qr g 2n+2A J -2 J +l = _j for gome ■ 

Now q is non-zero and not a root of unity, so (b) is never satisfied for any A, and (a) is only 
satisfied if d(i,j) = —In. We now determine the circumstances for which d(i,j) = —2n. 
If % > j, we can see that min(d(i, j)) = d(2, 1) = — X[ — A' 2 + 2 from the constraints on 



60 



Chapter^ Quantum osp{l\2n) at generic q 



the lengths of the columns of a Young diagram and it follows that Qx(—q 2n ,q) = if 
X[ + A' 2 = 2n + 2. Let us call a Young diagram A allowable if X[ + \' 2 < 2n + 1. 

Across all the allowable Young diagrams, let us calculate min(d(i, j)) where i < j. If 
the first column of the allowable diagram A contains 2n + 1 boxes, ie X[ = 2n + 1, then all 
the other columns must contain no boxes from the definition of an allowable diagram. For 
such a A, there does not exist any box in the i th row and the j th column with i < j 
and so there is nothing more to consider in this case. Now if the first column of A contains 
strictly fewer than 2n + 1 boxes, ie X[ < 2n, then the following relations hold: i < 2n, 
Aj — j > and Xj > 0. Then d(i,j) = Aj + Xj — i — j + 1 > — 2n + 1, which means that 
d{i,j) — 2n for all i < j. 

It follows that Q\(-q 2n ,q) = if X[ + Af> = 2n + 2 and that Qx(-q 2n ,q) ^ for all 
allowable Young diagrams A. Consequently, the vertices of T(—q 2n , q) are all the allowable 
Young diagrams, that is, all the Young diagrams A satisfying X[ + X' 2 < 2n + 1 . 

Now a ft{—Q 2n ,q) 7^ and SSW t{—q 2n ,q) is not semisimple. However, the quotient 
Sfi'W t{—<f n ', ?)/ J^t{—(l 2n -,q) is semisimple: 

^t(-q 2n ,q)/M-V 2n ><l)= M bx (C), 

where r(— q 2n ,q) t is the set of Young diagrams belonging to r(— q 2n ,q) with t — 2k > 
boxes, where k ranges over all of Z + |We90t Cor. 5.6]. 

We can obtain matrix units for 33W t (—q 2n ,q)/ ^t{—q 2n ,q) from the matrix units of 
t- We replace the indeterminates r and q in some of the latter matrix units with the 
complex numbers — q 2n and q, respectively, to obtain matrix units for £3W t {—q 2n , q) / ^ti—Q' 

To label the matrix units for ^W t {-q 2n ,q)/ ft{~q 2n ,q), we use the Bratteli diagram 
for £$W t{—q 2n -i q) / ^t{—q 2n i q), which we define in the same way as we defined the Bratteli 
diagram for SSW t but we replace T s with the r(— q 2n ,q) s detailed in the next paragraph, 
for each s — 0, 1, . . . , t. 

Recall that the sets r(— q 2n , q) s are given as follows. The graph r(— q 2n , q) is a subgraph 
of the Young lattice and the vertices of r(— q 2n , q) are all the allowable Young diagrams, 
that is, all the Young diagrams A satisfying X[ + A' 2 < 2n+ 1. Then, for each s = 0, 1, . . . , t, 
T(—q 2n ,q) s is the set of Young diagrams belonging to T(—q 2n ,q) that contain exactly 
s — 2k > boxes, where k ranges over all of Z+. 

We say that T = (0, si, S2, ■ ■ ■ , s t ) is a path of length t in the Bratteli diagram for 
SSif t{— q 2n , q)l J?t{— q 2n , q) if St € r(— q 2n , q)i for each i and if Sj is joined to Sj + i for each 
j = 0,...,t-l. 

Let u)(—q 2n , q)t be the set of pairs (R, S) of paths of length t in the Bratteli diagram 
for £$W t {—q 2n , q) / J?t{— Q 2n , q) where r t = s t , that is shp(R) = shp(S). The matrix units 

{e RS e@W t \ (R,S)ecu(-q 2n ,q) t } 

are all well-defined and non-zero if the indeterminates r and q are replaced with the complex 
numbers — q 2n and q, respectively. Henceforth we write e^s to mean the matrix unit 
^R.si.—q 2n ^q) ^ £§W t (— q 2n , q)/ ( /t{—q 2n ,q)- It is very important to note that tr(e 5S ) ^ 
for all (S, S) E u(-q 2n , q) t and that e RS $ ft{-q 2n , q) for all (R, S) E cu(-q 2n , q) t . 
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Matrix units in &W t (-q 2n ,q)/ ^(-g 2 ™, q) and C t 

We now relate the idempotent matrix units in &Wt(— q 2n , q)/ c yft{— ( l' 2n ,Q) to the projec- 
tors in C t we defined at the start of this section. Let 3$W t (—q 2n ,q) be the semisimple 
subalgebra of &W t (—q 2n ,q) spanned by the matrix units in &W t (—q 2n ,q)/ J?t{— <? 2r \ ?)> 

ie{e RS | (R,S) ecu(-q 2n ,q) t }. 

Firstly, we will show that 3§W t (-q 2n ,q) = ^W t (-q 2n ,q) © ,/t(-g 2n ,g). Any / G 
38Wt(— g 2n , q) can be written as 

/ — ^ fsr^sT, fsr £ C, 

(S,T)eui(-q 2n ,q) t 

where fsr 7^ for at least one pair (S, T) of paths. Fix (A, B) to be such a pair, then 

tr(e B Af) = tr(f A Be B AeAB) = fAB^(e B B) ^ 0, 

as tr(ess) 7^ 0. Thus any non-zero / belonging to &W t (—q 2n ,q) does not belong to 
ft{-q 2n ,q)i yielding 

<%W t {-q 2n , q) = @W t (-q 2 \ q) ® J? t (-q 2n , q). 

Then we can write a = a + cij for each a G SSW t {— q 2n , q), where a G S$W t {— q 2n , q) and 
a^M-q'^q). 
Now define 

&t = e 5S G^(-g 2n ,g), 

(5,S)Go;(- q 2 ", q )i 

then 3P t aSP t = Q>, which can be seen by regarding 33W t {—q 2n , q) as a matrix algebra. 

Let us now turn our attention to Ct- Define Jt C Ct to be the annihilator ideal of Ct 
with respect to the quantum supertrace: 

J t = {be Ct\ str q (ab) = 0, Va G C t }. 

Now define a map ^ : C t — > C by 

tfj(X) = str q (X)/(sdim q (V))\ 

then ij)(X) = if and only if str q (X) = 0, and furthermore, 

V>(T(a)) = tr(a), Va G <W<(-g 2n , g), (3.46) 

from Lemma f3. 9. 11 Thus we can regard J t as the annihilator ideal of C t with respect to ip. 
Now we will use Eq. ()3.46|) to show that 

T(^(-g 2 ",g)) = J t . (3.47) 
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We firstly show that T( c / t (— q 2n , g)) C J t . Let b be an arbitrary element of ^Z^— g 2n ,g), 
then tr(a&) = for all a G l33Wt(—q 2n , q), and the surjectivity of T, in addition to the fact 
that i[)(T(ab)) = tr(a&), means that T(a) G Jj. 

Now let B be an arbitrary element of Jt, then there is some b belonging to 33Wt{—q 2n , q) 
satisfying B = T(6), and furthermore, b G c ft{— ( i 2n , ( i) as tr(afe) = ^>(T(a)T(6)) = for 
all a G &W t (-q 2n ,q). Then T(^ t (-g 2n , g)) D J t , proving Eq. (CQ7^ . 

The surjectivity of T implies that 

C t = r(^W t (-q 2n ,q)) + J t , 

and we will show that this sum is direct. To see this, assume that there exists some non- 
zero element F of C t belonging to T(&W t (—q 2n , g)) and also to J t , then str q (XF) = for 
all X G C t . However, F is the image of a linear combination of matrix units: 

F= Yl fsTT(e ST ), fsreC, 

where fsr 7^ for at least one pair (S,T). Assume that (A,B) is such a pair, then by 
similar reasoning as previously, str q (T(eBA)F) ^ which contradicts the assumption that 
F G J t . Thus T(^ t (-g 2n ,g)) n J t = 0, and 

C t = r(^W t (-q 2n ,q))®J t . (3.48) 

It is clear that the image of each matrix unit cst G SSW t (— q 2n , q) in C t under the map T 
is again a matrix unit. Each matrix unit e^s G SSiP t{—q 2n '', q) is an idempotent, thus each 
T(ess) is an idempotent that is also {7 9 (fl)-linear. Now (T(e5s))l / ®* ^ as str q (T(ess)) = 
(sdim q (V)ytr(ess) 0> an d as V® 1 is completely reducible, T(ess) projects down from V® 1 
onto a direct sum of irreducible t/ g (g)-submodules of V®*. The matrix units {e^sl (S, S) G 
uj(— q 2n , q) t } are all orthogonal, thus all the T(ess) are orthogonal. 

Let S be a path of length t in the Bratteli diagram for S$W t{— g 2n , g); let A = shp(S). 
If A, as a Young diagram, contains no more than n rows of boxes, then we can interpret 
f( e 5s) as the projection from V®* onto an irreducible t/ 9 (g)-submodule V\ C V® 1 , where 
we use the Young diagram A to label the integral dominant highest weight of V\ as discussed 
in the third paragraph of Subsection 13.9.11 If A, as a Young diagram, has more than n 
rows of boxes (that is, X[ > n), then we must consider T(ess) more carefully. In this case, 
A does not have an immediate interpretation as the highest weight of a finite dimensional 
irreducible representation of U q (o). However, there is a completely standard way of dealing 
with this problem. Each such A satisfies X[ + \' 2 < 2n + 1 and we can regard A as labelling 
an irreducible representation of the Lie group SO(2n+ 1) as follows. Let A be the following 
diagram: fix X[ = 2n + 1 — X[ and A^ = A'- for all j > 2, then A is a Young diagram (see the 
next paragraph), and the characters associated with the SO(2n+l) representations labelled 
by A and A are the same |CK87l Sec. 2]. Furthermore, the OSp(l\2n) supercharacters of 
the representations labelled by A and A are the same up to a factor of ±1 |Fa86| IUK87| . 
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If R and S are paths of length t in the Bratteli diagram for ^W t {—q 2n ,q) satisfying 
shp(R) = A and shp(S) = A, then T(e^ij) and T(ess) project down from V® 1 onto 
isomorphic irreducible {7 g (g)-submodules of V m . 

We now show that the A mentioned above is in fact a Young diagram. Write X[ = X' 2 + k 
where k > 1, then X[ = 2n + 1 — (A' 2 + k). Now A is a Young diagram if X[ > A' 2 (which is 
just 2n + 1 — k > 2A 2 ) and this is true as X[ + A' 2 = 2A' 2 + k < 2n + 1. 

Let A be a Young diagram with more than n rows of boxes satisfying A^ + A' 2 < 2n + 1 
and let A be the Young diagram given by X[ = 2n + 1 — X[ and A^- = A^- for all j > 2. We 

now show that there do not exist idempotent matrix units Crr and ess i n SflW t{.~ Q 2n , <?) 
where shp(R) = X and shp(S) = X. We show this important result using an easy even/odd 
number argument. If the number of boxes in A is even (resp. odd), then the number of 
boxes in A is odd (resp. even), as 

A; mod 2 = (2n + 1 - X[) mod 2 = (X[ + 1) mod 2 and A^- = A^-, j > 2. 

Now let r be an even (resp. odd) number satisfying < r < t, then the vertices on the r th 

level of the Bratteli diagram for 33Wt{—q 2n ,q) are all the Young diagrams in T(—q 2n ,q) 
with k boxes where k < r is an even (resp. odd) number. Let |A| denote the number 
of boxes in the Young diagram A, then |A| mod 2 = (|A| + 1) mod 2, and consequently 
it is not possible that A and A are vertices on the same level of the Bratteli diagram for 
Wf t {-q 2n ,q). 

As it is not possible that both A and A are vertices on the t th level of Bratteli diagram for 
^y^t{— q 2n , q), at most only one of crr and ess exists in SSW t {— q 2n , q) where shp(R) = X 
and shp(S) = A, and thus no more than one of T(eRu) and T(ess) exists for any t. 

Let S be a path of length t in the Bratteli diagram for g$W t {— q 2n , q) and let R be a 
path of length t in the Bratteli diagram for V m . We can directly compare the orthogonal 
idempotents T(ess) with the orthogonal projectors Err G C t by examining the paths 5" 
and R. It can be seen from the definitions of the idempotents ess an d the map T that the 
idempotents T(ess) act on V m from the left-most tensor powers as follows. If R is a path 
of length 2, then T(e^) as an element of C t is T(e^) ® id®*-* -2 -*. If S is a path of length 
i where 2 < i < t, then T(ess) as an element of C t is T(ess) <8> id®*-' - *- 1 . 

Now let R be a path of length t in the Bratteli diagram for 33W t (—q 2n ,q)- Let 5" be 
the same path of length t as R except that if a Young diagram A on the path R has more 
than n rows of boxes, we take the transformed Young diagram A to be in S instead of 
A. Then S is a path of length t in the Bratteli diagram for V m . Recall that the integral 
dominant highest weights of the irreducible ?7 g (0)-submodules of V® k , where k < t, are 
the vertices on the k th level of the Bratteli diagram for V m . Then T(e^) G Ct and 
Ess ^ C t project onto the same irreducible U g (g)-sub module of V m , and we also have 
Qsh P (R)(-q 2n ,q) = sdim q (V shpiS )) from (K.43|) and (i:i4(-jjl. 

Let E ss e C t be a projector with the property that (EssV®*) n (T(e M )y®*) = for all 
idempotent matrix units e&R G &Wt{— q 2n , q)- We will show that no such projector exists. 
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Suppose that such a projector does exist, that Ess is a projector that is orthogonal to 
Y(e_Ri?) for each idempotent matrix unit crr G {$W t (— q 2n , q)- Then Ess is orthogonal to 
T(eRr) for each matrix unit Crt G S$W t{—q 2n , q) where R ^ T and (R,T) G u(—q 2n , q) t , 
as 

Ess^(^rt) = Ess T ( &rr &rt &tt ) = = T {eRReRT£TT)Ess = ^{zrt)Ess-, 

as T is a homomorphism. 

As Ess is orthogonal to T(crt) fo r each matrix unit Crt G SSW t {— q 2n , q), (R,T) G 
uj(—q 2n , q) t , it is true that Ess G J*- To see this, assume the contrary, then 

£ 55 = £ 5S + (3.49) 

where E ss G T(^W t {-q 2n , q)) and G J t (we can write any element of C t as a sum of 
elements of T{^W t (-q 2n , q) and J t from lEOB|) ). Then 

Ess = ^2 c RT T(eR T ), cr T G C, (3.50) 

(R,T)£w(-q 2 ",q) t 

where Crt 7^ for at least one pair (R, T) G uj{— q 2n 1 q)t- Assume that (A, B) G u(—q 2n , q) t 
is such a pair so that cab 7^ 0, then 

str q {T(e BA )Ess^ = str q c AT T (e BT )\ = c AB str q (T(e BB )) ^ 0, (3.51) 

as cab 7^ and str q (T(e BB )) ^ 0. 

We will show that (j3.51|) is not true. Recall that Ess satisfies 

r(e BA )E S s = T(e BA )(Ess + Ej) = 0, (3.52) 

and note that (T(e BA )E S s) G T(Mw t (~q 2n , q) and {T(e BA )E j ) G J t . This last fact 
means that T(e BA )E ss ^ -T(e BA )Ej if T(e BA )E S s 7^ and T(e BA )E j ^ 0, and by 
re-examining (|3.52j) it is then clear that T(e B A)E S s = Y(e B A)Ej = 0. 

An implication of the result Y(e BA )Ess = is that str q (t(c B a)Ess^ = 0, however, 
this contradicts Eq. (|3.51|) . This then implies that the assumption in ()3.50|) that crt 7^ 
for at least one pair (R, T) G u(—q 2n , q) t is false, thus we have E S s = 0. 

It then follows that it must be true that Ess — Ej G Jt from ([3.49)1 . However, this 
is not true as str q (Ess) = sdim q (E ssV® 1 ) 7^ 0. Thus, our original assumption that there 
exists a projector E S s G C t with the property that (EgsV®*) fl {T(e RR )V m ) = for all 
idempotent matrix units crr G SSW t {— q 2n ,q) is not true. 
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3.9.2 Matrix units in C t 

We have not yet proved that C t = C t . We will complete the proof in this subsection by 
defining a complete set of intertwiners in C t , which we will obtain by applying the map T 
to the intertwiner matrix units in S8W q 2n , q). 

There is a one-to-one map between paths in the Bratteli diagram for ^W t (—q 2n , q) and 
paths in the Bratteli diagram for V"®*. Recall that each Young diagram on the k th level of 
the Bratteli diagram for 33W t (—q 2n , q) contains an even (resp. odd) number of boxes if k 
is an even (resp. odd) number. Each vertex A on the k th level of the Bratteli diagram for 

t(—q 2n -i q) appears on the k th level of the Bratteli diagram for V® 1 unless A has more 
than n rows of boxes, in which case the Young diagram A appears instead, where A is the 
Young diagram defined in the second paragraph after Eq. (|3.48jl . 

Given a path T of length t in the Bratteli diagram for V"®', we can write down the 
corresponding path T of length t in the Bratteli diagram for 33Wt{—q 2n ,q) as follows. 
Write T = (0, si, S2, ■ ■ ■ , St) where Sj is a Young diagram on the i th level of the Bratteli 
diagram for V® 1 . If % is an even (resp. odd) number and Sj contains an even (resp. 
odd) number of boxes, then Sj is also a vertex on the i th level of the Bratteli diagram for 

t{—q 2n -i q) ■ If, however, i is an even (resp. odd) number and Sj contains an odd (resp. 
even) number of boxes, then Sj = A is the vertex that is obtained by taking a vertex A on 
the i th level of the Bratteli diagram for £3W t {-q 2n , q) and defining A by X[ = 2n + 1 - \[ 
and X'j = \j for j > 2. Using this, we can define a path T of length t in the Bratteli 

diagram for 3§Wt(—q 2n , q) corresponding to the path T of length t in the Bratteli diagram 
for V m . 

It is easy to define the intertwiners in Ct between the isomorphic irreducible U q (g)- 
submodules of V m obtained by using the projectors E RR e C t , where R is a path of length 
t in the Bratteli diagram for V® 1 . All we need do is to check that the images in C t of the 
intertwiner matrix units are well-defined and non-zero. 

We construct the intertwiners in Ct recursively. To do this, assume that all the matrix 
units in Ct-i have already been defined, and that they are non-zero. Note that the decom- 
position of V <S> V into irreducible [7 g (g)-submodules is multiplicity free, so no intertwiners 
exist in C 2 - 

In the remainder of the subsection^Jet M and P be a J^air of paths of length t in the 
Bratteli diagram for V® 1 where shp(M) = shp(P) and M ^ P. Let M and P be the 
corresponding paths in the Bratteli diagram for &W t (—q 2n , q). The intertwiner Ej^p G C t 
is precisely E^p = T(e MP ). 

Let us firstly deal with the situation that shp(M) = shp(P) = A where A contains 
strictly fewer than t boxes. Referring back to Subsection 13.9.11 we see that 



E MP = T ( e Mp) 



Qx(-q 2n ,q) 



e t ^e^Wt(-q 2n ,q) 



TP" 



where S and T are paths of length t — 1 in the Bratteli diagram for 33W t {— q 2n , q) such 
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that 

(i) shp(S) = shp(M') = /i, and 

(ii) shp{T) = shp(P') = Jl, and 

(iii) S' = T, and 

(iv) shp(S') = A = shp{T'). 

(Recall that such paths always exist.) Note that Q fl (—q 2n ,q) ^ and Qji(—q 2n ,q) ^ 0; if 
it were true that Q^{—q 2n ,q) = then \i would not be a vertex in the Bratteli diagram 

for 38Wt{— q 2n , <?)• Similar remarks hold for Jl and A. Thus Ej^p is well-defined. (We will 
later show that Ej^p is non-zero.) 

Now let us deal with the situation that shp(M) = shp(P) = A where A contains exactly 
t boxes and shp(M') = shp(P'). Referring back to Subsection 13.9.11 we see that 

E-^p = T(e M p) = T((l - z t )o MP ), 

where o MP = ou'p'Opp and z t = ^2 s ess with the summation going over all paths S of 
length t such that shp(S) contains fewer than t boxes. It is not difficult to see that each 
such T(ess) is some projection Egg G C t . 

Now let us deal with the situation that shp(M) = shp(P) = A where A contains 
exactly t boxes and shp(M') ^ shp(P'). Choose paths M and P of length t such that 
shp(M) = shp(M) and shp(P) = shp(P) and 

(i) M = P , and 

(ii) shp(M') = shp(M'), and 

(iii) shp(F) = shp(P'). 

Such paths can always be chosen. Then 

E mp = T ( e Mp) = T((l - z t )o MP ), 

where 



q 2d 

OMP = ^ _ q2id+1)){1 _ ^T^°M'M'9t-iO T/pl o PP , 9t _ x G S$W t {-q 2 '\ q), 



where d = d(M,t — 1) is the integer defined by (|H.42jl . The integer \d(M, i)\ + 1 is the 
number of boxes in the hook going through the boxes containing the numbers % and {% + 1) 
jTW93j . 

We now prove that the coefficient on the right hand side of ()3.53j) is well-defined and 
non-zero. It is not difficult to see that the coefficient is well-defined if |d| ^ 1, and we now 
show that this is always true. As |d| + 1 is the length of the hook going through the boxes 
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containing the numbers (t — 1) and t, it is always true that \d\ + 1 > 2 as each such hook 
contains at least two boxes. Now the only situation in which it could possibly be true that 
\d\ = 1 is when the boxes containing the numbers (t — 1) and t are immediately horizontally 
or vertically adjacent. However this cannot occur for the following reason: from the above 
construction, the number t is in the same box in M as the number — is in P, and 
the number t is in the same box in P that the number (t — 1) is in M. It follows that if 
the numbers — and t are immediately horizontally or vertically adjacent in M, each 
must be in the corresponding 'swapped' box in P, and then at least one of M or P cannot 
be a standard tableau. This contradicts the assumption that both M and P are standard 
tableaux, thus |d| ^ 1 and the coefficient in 1)3.53)1 is well-defined. 

It remains for us to show that the coefficient in f)3.53)l is non-zero. This follows imme- 
diately from the fact that \d\ ^ 0. Note that we have not yet proved that the matrix units 
are all non-zero. 

Let us write E MP to denote E^p. We note that the matrix unit E MP e C t , where 
M 7^ P, is an intertwiner between the isomorphic irreducible £/q(0)-modules EppiV®*") 
and E MM (V^): 

Emp '■ Epp{V m ) — > E M Miy m ), 
and that the whole collection of matrix units satisfy 

EqrE S t = SrsEqt- 

To show that each intertwiner Emp is non-zero, it suffices to note that each projector Epp 
is non-zero and that Epp = EpmEmp- 

We then have the complete sets of projectors and intertwiners in C t . This means 
that Ct = Ct, and also that Jt = 0. To see this last claim, note that the matrix units 
{Est\ {S, T) G are a basis for Ct- Let X be an arbitrary element of Ct, then 

X = ^ x stE S t, x st e C, 

where xst ^ for at least one pair (S, T). Let (A, B) be such a pair, then 
str q (E BA X) = str q (x AB E BA E AB ) = x AB str q (E BB ) ^ 0, 

thus X £ J t . As X is arbitrary, J t = 0. 

Note that we obtained Ct = Ct by using the fact that A and A do not appear on the 
same level of the Bratteli diagram for 33W t {—q 2n , q). If A and A did appear on the same 
level, we could only conclude from our work that there is a proper inclusion of C t in C t 
rather than an equality. Of course, in that event, there may actually be an equality, but a 
different method would have to be used to obtain all the intertwiners. 

We now present the two lemmas used in this section. 

Lemma 3.9.1. Let if) : Ct — > C be a map defined by 

ip(X) = str q (X)/(sdim(V)y, 
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and let tr be the trace functional on SSW t{—q 2n ^ q) mentioned in \3-44 )• Then 

4j(T{a)) = tr(a), Va G ^W t {-q 2n , q). 

Proof. Any functional <fi on 00 {—q 2n ,q) satisfying Eq. (J3.44)) for all t G N is identical 
to tr |We90l Lem. 3.4 (d)], and we will show that ip o T has this property. 

To show that ^oT satisfies Eq. (|3.44j) . it suffices to show that for each t G N, we have 

-V(T(a)4-iT(6)) =-^(H t _ 1 )^(T(a6)), Va, b G <%W t ^(-q 2n , q), (3.54) 

as the element e t _i G 33W t (—q 2n ,q) can be written as a function of the gt-is. We will 
show that Eq. ()3.54j) is true using Lemma 13.9.21 which we give after this proof. 
The left hand side of Eq. (13341) is 

-strf (AFtt-iB) I (sdim q (V)Y, (3.55) 

where we write str® 1 to mean that we take the quantum supertrace over all t tensor factors, 
and we also write A = T(a) and B = T(b). Now we can regard each X G Ct-i as an element 
of C t under the mapping X \— > X <g> id, then by applying the identity to the first t — 1 tensor 
powers of ()3.55|) and taking the quantum supertrace over the t th tensor power of (|3.55j) . we 
obtain, using Lemma 13 . 9 . 21 and applying some simple but tedious calculations, 

-*f(^)/w)r- X'S gi? - (3 ' 56) 

Now 

^(Rt-i)=Xv(v JFl )/sdim q (V), 

and the right hand side of Eq. ()3.56|) equals the right hand side of Eq. (|3.54[) . Now Eq. 
()3.54|) is true for all a and b belonging to &Wt~i(— q 2n , q), and it remains to show that 
ip o T is a functional on £$W OQ { y —q 2n ,q) satisfying Eq. (J3.44j) for all natural numbers t. 
This follows from the fact that ip(A ® id) = ip(A) for all A G C t , thus we can regard x/i as 
well-defined in the inductive limit C 2 C C 3 C C 4 C • • • . This completes the proof. 

□ 

The following lemma, which we used in the proof of Lemma 13.9. 1[ appears in |LG92[ 
Lem. 2] and is proved in |Zh92a[ Lem. 3.1]. 

Lemma 3.9.2. Let V be the fundamental irreducible U q (osp(l\2n)) -module with highest 
weight €\ and let ir be the representation of U q (osp(l\2n)) afforded by V. Let TZyy G 
Endu q {osp{i\2n))iy ® V) be as given in Eq. \3. 2ty) . Then 

(id <g> str) [(id ® vr)(id ® K 2p )]TZ^ 1 v = q^^+^id = X v(v Tl )id. 
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In this chapter we define a Z 2 -graded ribbon Hopf algebra U q (osp(l\2n)) that is a certain 
quotient of U q (osp(l\2n)) where q = exp (2ni/N) for some integer N > 3, and we also study 
aspects of its representation theory. We define certain representations of U q N \osp(l\2n)) , 
show that each of these representations is self-dual, and most importantly, prove tensor 
product decomposition theorems for these representations at even N. The results in this 
chapter are almost entirely new. 

The structure of this chapter is as follows. In Section |4~T1 we define the quotient algebra 
Uq N \osp{l\2n)) and prove that it is a Z 2 -graded ribbon Hopf algebra. In Section [Ol we 
define a finite number of finite dimensional Uq N \osp(l\2n))-modu\es and prove that the 
dual Uq (osp(l|2n))-module to each of these modules is isomorphic to the original module. 
In Section fOl we prove tensor product theorems for these modules at even N. In Section EOI 
we present the technical proof that the projections defining the U q N \osp(l\2n))-modvles 
are all well-defined. 

In this chapter we use q to denote osp(l\2n), and fix q = exp (2iri/N) where N > 3 is 
an integer. 

4.1 The Z 2 -graded ribbon Hopf algebra Uq (osp(l\2n)) 

In this section we introduce a quotient algebra of U q (o) and prove that it is a Z 2 -graded 
ribbon Hopf algebra. 

We firstly generalise the g-bracket from Chapter El to arbitrary elements of U q (g). Each 
element in U q (g) is a linear combination of products of K^ l ,ei,fi, i = l,2,...,n, and 
every product X of the generators satisfies 

KiXK~ l = g (w*(*).«0x, z = l,2,...,n, (4.1) 

for some integral element wt(X) G H*. Needless to say, (wt(X),aii) G Z for all i. Then 
the g-bracket is a bilinear map [-,-} q : U q ($) x U q ($) —> U q (g) defined by 

[X,Y] =XY- (_l)MM ? MWM(y))y X . 
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If both X and Y satisfy (|4.1j) for some wt(X) and wt(Y), the meaning of [X, Y] q is clear. 
The definition is generalised to arbitrary elements by linearity 

4.1.1 Definition of U^ N) (osp(l\2n)) 

We now define root vectors in U q (g) using a particular normal ordering of the elements of 
(p, the set of positive roots of the reduced root system of q. Recall that = {ej, ej±e k \ 1 < 
% < n, 1 < j ' < k < n}. We use the following notation to help in writing elements of <fi in 
terms of the simple roots: 

j 

k=i 
3-1 

on + h 2«j = 22 ak + 2a J> 

k=i 

j-l n 



ft; 



2a j H h 2a n = ^ a fc + 2a r 



Then 



ei = ot.i H ha„, i = l,...,n, 

- 6j = «j H h 1 < % < j < n, 

€i + €j = aii H h ojj-i + 2<x,- H h 2a n , 1 < % < j < n. 

We fix the normal order Af(4>) that we use in this chapter to be: 

Oil -< Oil + «2 "*< Oil + »2 + «3 -<•••-< Oil + «2 + • • • + Oik ~< ■ ■ ■ ~< «1 + ■ • • + OL n -< 

Q'i + ■ ■ • + 2ft„ -<«! + ■■■ + 2a„_! + 2a n -<...-< ai + ■•• + 2a k + ■ ■ • + 2a n -< 
ai + 2a 2 + ■ ■ • + 2a n -< 
«2 ~< «2 + «3 -< 0( 2 + 0( 3 + a 4 -<...-< ft 2 + «3 + ■ ■ ■ + oik ~< ■ ■ ■ ~< ol<i + ■ ■ ■ + a n -< 

a 2 H h 2a n -< a 2 H h 2a„_i + 2ft n -<...-< a 2 ^ V 2a k H h 2a n -< 

a 2 + 2a 3 H h 2a n -< 



aj -< aj + aj + i -<...-< aj + ttj+i H h «fc -< 

Oij + - ■ • + 2a n -< aj + ■ ■ ■ + 2a n _i + 2a n -< 
otj + 2a j+ i + • ■ • + 2a n -< 

ft n _i -< a n _i + a n -< a n _i + 2a n -< a n . 

We also define a second normal order M ((f)), which we call the opposite normal order to 
Af(<j>), by y -< x whenever re -< y in Af((j)). 

Using jV(0), we recursively define the root vectors e M , G t/ g (fl) for each G as 



. . . -< ct; H — ■ + a n -< 
. . . -< aj H h 2ft fc + • ■ ■ + 2a n -< 
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follows: firstly fix e ai = and f ai = f\ for each i — 1, . . . , n, then recursively define 











i 


= l,...,n 


-1, 








-•+Q!j 


= [ e aH hctj-n e j]gi 


J 


= i + l,.. 


.,71, 








■+2a„ 


= [ e ctH ha„ ! e n]<2; 












• ••+2ct,+- 


•+2a„ 


= [e Ql +...+2aj + i+-+2a n , Cj]q, 


3 


= i + l,.. 


. ,n - 


1. 




fat 




— [fi+li /ijg- 1 ) 


% 


= 1, . . . ,n 


-1, 






foti-\ 


-•+<*j 


= [fjifoti-i haj-Jc/- 1 ) 


J 


= i + l, .. 


. ,n, 








■+2a„ 


/a,H harjg -1 ' 














■+2a n 


= [/j, / Q!i +-+2a i+1 +-+2a n ]g- 1 ) 


j 


= i + l, .. 


.,n- 


1. 



Using A/ (0), we define a further set of elements e M , /„ G U q (g) for each ji E 4>. Firstly 
fix ej = e« and /j = /j for each i = 1, . . . , n, then e M and / are recursively defined by 



hctj 

e ai +...+2a„ 
e Q - i +...+2a i +-+2a n 

/ Qi+Q! i + 1 
/ »;H hOj 

/ aH \-2a„ 

f cti-\ h2aH h2o n 



[Cj, e ai -j hccj— 

[fin; GctiH (-<*«] 9> 

[ e j; CaiH h2oj + iH h2a„](j) 



/i) fi+l\q 1 1 
/ aH hay-i ' /? 

/ ad h«„i / n 



/ Oti- 



J j 



f.i 



% = 1, . . . , n — 1, 
j = z + 1, . . . ,n, 

J = Z + 1, . . . ,71- 1, 



% = 1, . . . , n — 1, 



j = i + 1, . . . ,7i, 
j = i + 1, . . . ,7i - 1. 



With these elements of U q (g) we define the quotient algebra U q N \o) in Theorem 14.1.21 
below. Recall that we fix 



N' 



N, if N is odd, 
N/2, if TV is even, 



2N, if N is odd, 
andA7=<J N, if iV = (mod 4), 
N/2, UN = 2 (mod 4). 



Theorem 4.1.1. The left ideal X C t/ g (fl) generated by the elements of the set I below is 
a two-sided Hopf ideal ofU q (g>): 



I = 



= \ (e,r, {e P r, {e,r, {e P r, (f 7 r, u.r, ay, g^, ^ - 1\ 1 < < < 



n 



(4.2) 

where Ji = KiK i+ i ■ ■ ■ K n for each i — 1, 2, . . . , n, and 7 (resp. (3 ) ranges over all the even 
(resp. odd) elements of = {e^, €j ± 1 < z < n, 1 < j < < n}. 

Proof. The proof of this result is technical and very lengthy. Thus we relegate it to Ap- 
pendix |DJ □ 
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It immediately follows from this theorem that 
Theorem 4.1.2. The quotient algebra U q N \g) defined by 



U$" ) (B) = U q b)/I, 



is a 7*2- graded Hopf algebra. 

We denote the image of x G U q (g) in U q N \g) under the canonical homomorphism by x. 

The algebra Uq (g) has appeared in the literature, but only for the case n — 1 and then 
only for N > 3 an odd integer |Zh94j . The representation theory of Ug\g) is unknown 
except in this case, and in this case it is only partially known |Zh94t IAB97j . 

We now introduce a very important representation of Uq (g) that we will extensively 
use in this thesis: the representation afforded by the fundamental irreducible Uq (g)- 
module V. As a matter of notation, we will henceforth write V 9en to denote the funda- 
mental irreducible module over U q (g) where q ^ is not a root of unity 

Lemma 4.1.1. There exists a (2n + 1)- dimensional irreducible U q N \osp(l\2n)) -module V 
with highest weight e± G V + . Let a basis of V be {vi\ — n < i < n} where each V{ is 
a weight vector of weight e, ; where we fix e_j = — e, and eo = 0. Let v\ be the highest 
weight vector of V. The action of an element x G U q N \osp(l\2n)) on the weight vector V{ 
is identical to the action of the pre-image of x in U q (osp(l\2n)) on the weight vector Vi of 
the fundamental U q (osp(l\2n)) -module V in Lemma \3. 2. "A if we fix q = exp (2iri/N). 

Proof. Besides what is contained in the proof of Lemma 13.2.21 the only additional matter 
that we need to prove is that elements of I all act by zero and this is easily seen to be 
true. □ 

We always take the grading of the highest weight vector V\ G V to be odd. 
4.1.2 The universal i?-matrix of Uq N \osp(l\2n)) 

As the ideal I C U q (g) is a two-sided Hopf ideal, we can immediately write down the 
universal i?-matrix of Uq (g) following |Zh92aj : 

Proposition 4.1.1. The universal R-matrix of U q N \g) is 




where 



Pa\b] = n 
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and where the product Yl^^t/, R-i ^ s ordered in accordance with the normal order N{4>) used 
to define the root vectors, so that Yl^^ R-y — -R 7l -R 72 • ■ ■ R^ k where jV(0) = 71 -< 72 -< • • ■ -< 
7^. Here, R 1 is 

^ A;=0 1 ' 

Note that n 7 g0 -^7 * s well-defined and each i? 7 can be thought of as a truncation of the 
infinite sum of the corresponding factor of R in the universal i?-matrix of Uh{o) so that it 
is well-defined for q at a root of unity. 

Universal /^-matrices have been written down for quotients of other quantum algebras 
and quantum superalgebras at roots of unity. This was first done for U q (sl2) at Ak th roots 
of unity where fceN |RT91j , then for the quantum algebras connected with the classical 
series of Lie algebras at odd roots of unity [ZC96| (also implied in |Kiri96j ) and then for 
the quantum algebras connected with the exceptional Lie algebras G2, E 8 at odd roots 
of unity |Zh97j . Amongst quantum superalgebras, universal i?-matrices have been written 
down for quotients of U q (osp(l\2)) |Zh94j and U q (gl(2\l)) both at odd roots of unity |Zh95j . 

An immediate consequence of Proposition 14.1.11 is the 

Corollary 4.1.1. The quotient algebra Uq N \g>) is a ^-graded quasitriangular H op f alge- 
bra. 

Write the universal .R-matrix of Uq(g) as R = ^2 t a>t ® &t, then the element u = 
T l t S ( b t) a t(- 1 ) [at] satisfies 

e(u) = l, A(u) = (u®u) (R T Ry\ S 2 (x)=uxu-\ Vx £ U^ n \q). 
Furthermore, we have the following important theorem. 

Theorem 4.1.3. The quotient algebra Uq N \g) is a ^-graded ribbon Hopf algebra. 
Proof. Define the even element 

It suffices to prove that v is central in Uq N ^ (q) and that it satisfies the following relations: 

e(v) = 1, v 2 = S{u)u, S{v) = v, (4.3) 



A(v) = (v®v) (R T R\ 



(4.4) 
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We firstly prove that v is central in U q (g). The proof is standard but we repeat it 
here as the elements u and v are crucial for later applications. Firstly, the homomorphism 
S 2 satisfies S 2 (x) = K 2p xK~ p l for all x £ £/?°(fl) (see Lemma . As v is invertible, 

vara -1 = uK^xK 2p u~ l = uS~ 2 (x)u~ l = S 2 (S~ 2 (x)) = x, \/x £ U { q N \o), 

proving that v is central in Uq N \g). The proofs of Eq. (|4.4|) and the first equation in ()4.3|) 
follow from the properties of u, and the proof of the third equation in (|4.3|) is similar to the 
proof of the corresponding equation in quantum algebras |Dr90| Prop. 5.1]. The second 
equation in (|4.3|) follows from the third. □ 

Definition 4.1.1. Define TZ vy £ End c (V <g> V) by TZ v ,v(vi <8> Uj) = P o (tt <g> 7r)P(t>i <g> 
for allvi,Vj £ V; 7<V,v is an element of End^N) ^{V ®V) . Define C t to be the subalgebra 

of End v (N) ^(V® 1 ) generated by the elements 

{RfeEnd ur{g) (V^)\ 1 < t < * - l} , 

where 

p>. = id ®(i-i) g, g, id ®(M*i)) . (4.5) 

Remark 4.1.1. Note that if we take the explicit expression of Ri in h3. 3b\) and set q to 

the appropriate root of unity, we obtain the Ri defined here. 

4.2 Uq\osp(l 1 2n))-modules 

In this section we define certain [/^(^-modules for each N > 3, we calculate their 
quantum super dimensions, and we also show that each of these modules is self-dual, that 
is, each of these modules is isomorphic to its dual Uq N ^ (g)-module. 

4.2.1 The truncated Weyl alcoves 

In this subsection we define the truncated Weyl alcoves C A^-, which are proper subsets 
of X = ®" =1 C H* that we will extensively use in the definition of the t/q JV ' ) (g)-modules 
in Subsection 14.2.21 In the usual definition, many non-integral elements of H* belong to 
the truncated Weyl alcoves. However, we only ever use the term in this thesis to refer 
to the relevant integral elements given below. The truncated Weyl alcoves are defined in 
terms of inequalities connected with the formula for the quantum superdimension of finite 
dimensional irreducible [7 g (g)-modules for q ^ not a root of unity (see Eq. (|3.26j) ). In 
this subsection, (-, ■) : H* x H* — > C is the non-degenerate, bilinear form given by ()3.1|) 
and n is the rank of Uq (fl). 

In this work it proves convenient to introduce the following notation: we write to 
denote At n V + . 
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Definition 4.2.1. We define c X as follows: 
(i) for N = 0,1,3 (mod 4), 

2(A + p,o) 



o < 



{a, a) 



< N' V«G$ 



o r ' 



(ii) for X = 2 (mod 4), 



A+ = <| A G X 



o< 2(A + p ; a) <X, Vael^U^ 



a, a 



Definition 4.2.2. VFe define C A^ as follows: 



(i) for N = 0,1,3 (mod4) ; 



o< 2(A . + p ; a) <x, v«g$J 

(a, a) 



(4.6) 



for N = 2 (mod 4), 



A G X 



o< 2(A + p ; a) <x, vaG$:u$| 

(a, a) 



Lemma 4.2.1. For eac/i A G X Zet Aj = (A, e$) /or eac/j z 
alternative description of A^ and P^y = A^ n V + : 



(4.7) 



n. There is an 



(i) K 



(ii) V 



N 



{A G V + \ Ai + A 2 < X - 2n + 2} , when X = 0, 1, 3 (mod 4), /or n > 2, 

{A G V + \ Ai < X'} , whenN = 0, 1,3 (mod 4), for n = 1, 

{A G 7> + | Ai < X/4 - n + 1/2} , when X = 2 (mod 4). 

{A GP+I Ai + A 2 <X-2n + 2}, lu/iera X = 0,1,3 (mod 4), forn>2, 

{A G V + \ Ai < X'} , whenN = 0,1,3 (mod 4), forn=l, 

{A G P + | Ai < X/4 - n + 1/2} , w/ien X = 2 (mod 4). 



Proof. We will only prove (i). The proof of (ii) is similar and will be omitted. We will 
assume throughout this proof that A G A^. Set X = 0, 1, 3 (mod 4). We will firstly show 
that A must be an element of V + if it is an element of A^. Fixing a = 2e n in (14. 6J) shows 
that A satisfies 

2(A + p,2e n ) 



< 



< X, 



(2e n , 2e % 

which is just < A n + 1/2 < X'; note that X n > as A G X. This completes the proof 
for n — 1 for X = 0, 1, 3 (mod 4). For n > 2 we use the following arguments. Fixing 
a = €i — €i + i for i = 1, . . . ,n — lin ()4.6j) shows that A satisfies 

2(A + p,€i - e i+1 ) 



< 



(e* - e 



< X', 



i+l) e i 
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which tells us that A, — Aj+i > for each i. Then A must be an element of V + as A G X 
and A n > 0. Fixing a = t\ + e 2 in ()4.6|) shows that 

< ' (A + P ' £l + e2) , < N', (4.8) 
(ei + £2, ei + e 2 ) 

and so < Ai + A 2 < N' — 2n + 2 as A G P + . Fix a = e« ± e 3 - for i < j where a ^ 6\ + e 2 , 
then 

2(A + p,a) 2(A + p,6! + 6 2 ) 

— r — < t r, tor each a/t! + e 2 . 

(a, a) (ei + e 2 ,e 1 + e 2 ) 

Finally, note that 

2(A + p,2e 4 ) 2(A + p, ei + e 2 ) 



(2e l; 2 ei ) v r ' " (e 1 + e 2 ,e 1 + e 2 ) 
From this, any A G P + satisfying ()4.8|) also belongs to A^-, and so 

A+ = {XeV + \ Ai + A 2 <N' -2n + 2}, when N = 0,1, 3 (mod 4). 

Let us consider the case that N = 2 (mod 4); again, fix A G A^. As above, we can 
show that A G V + . Fixing a = e\ in ()4.7|) shows that A satisfies 

< 2(A + P \ €l) < iV', (4.9) 

which means that < Ai < A r /4 — n + 1/2 as A G 7 :>+ . It is also true that 

2(A + p,a) 2(A + p, ei ) . . 

{a, a) (ei,ei) 

From this, any A G V + satisfying (|4.9j) also belongs to A^, and so 

A+ = {A G V + \ Ai < N/A- n + 1/2}, for iV = 2 (mod 4), 
which completes the proof of part (i). □ 

4.2.2 Uf ] (osj9(l|2n))-modules 

We now define the Uq (g)-modules of interest in our work, and in doing so we use the 
truncated Weyl alcoves. 

We have already defined the fundamental irreducible Uq (g)-module V for all n > 1 
and all N > 3. In this subsection we define a further set of ^^(g^modules V\ for all 
A G "P N when N > 4 is even. For technical reasons, we only define the [/^(j^-modules 
for A an element of a proper subset of when N > 3 is odd. 

We define each of these new Uq N ^ (g)-modules V\ by using a projection operator V m — > 
Vx- This projection operator is an element of End^N) ^{V® 1 ) that we obtain by setting q 
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to the appropriate root of unity in the projection (V 9 ™)® 1 — > V^ en we defined in Section 
13.81 Here, V gen and V® en are finite dimensional irreducible U q (o) -modules where q 7^ is 
not a root of unity, and the highest weight of V® en is A G V + . It is crucially important 
that these projections are well defined and we deal with this problem in Section H~4l 

The projections are all well-defined for even N, but for odd N they are only well-defined 
if A belongs to a proper subset of P^; this is the reason we only define these modules for 
A an element of a proper subset of V N when N is odd. We have not been able to resolve 
this ill-definedness problem, but we conjecture that well-defined projections do exist for all 
A G V% at odd N. 

Recall that the Bratteli diagram for (y 9en )' st defined in Chapter |3] encodes the decom- 
position of (V r9e?1 )® t into irreducible C/ g (£j) -sub-modules for q 7^ not a root of unity. Recall 
further that the elements on the j th level of the Bratteli diagram for (y 9 ^)®*, for each 
j < t, are called shapes, and that a sequence of (t + 1) elements: 

A- = (0,ei,s 2 , ...,s t -i,\), 

is called a tableau of length t if Sj is a shape on the j th level of the Bratteli diagram for each 
j. We let T l denote the set of all tableaux of length t derived from the Bratteli diagram 
for (y 9en ) m . 

We now define two proper subsets of T* that we will use in creating the projections 
from V m onto [/^(^-sub-modules of V®*. 

Definition 4.2.3. Define the two proper subsets T* and T* o/T* by 

T l = {i* = (s , si, . . . , s t ) e T*\ Sj G A+ for all < j < t} , 

f l = |i* = (s , si, . . . , s t ) G T*| G /or eac/i < j < t - 1, and s t G P^j . 

• The set T* is the set of all tableaux of length i where each shape in each tableau is 
an element of A^. 

• The set T* is the set of all tableaux of length t where the first t shapes in each tableau 
are elements of and the last shape in each tableau is an element of V N . 

• Note that T* is a proper subset of T*. Also, it is convenient to write A* to mean i* if 
shp{i l ) = A. 

Let A* = (0, ei, s 2 , . . . , s t -i, A) G f* be a tableau and let p*[A] 9e " G End Uqig) (V 9en ) m be 
a path projection at generic q: 

p\[\] 9en : (V 9 ™)® 1 -> V/ en C (^ e ") * , (4.10) 

then [A] 9en can be written as the ratio Z\j z% where Z\ is an ordered polynomial in the ele- 
ments {Rf x G End Uq(s) {y^'f 1 1 % = 1, . . .,t - 1} with coefficients in |± g -(M+2p,M)| ^ e 7?+^ 
and ^2 is a non-zero product of elements of the form {g-0 x+2 > 3 >^) — q~( u + 2 P> v )\ /i, z/ G 
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Definition 4.2.4. For each tableau A* = (0, ei, S2, ■ ■ ■ , s*-i, A) G T*, we define the path 
projection 

Pl[\]eEnd ur{s) (V^), (4.11) 

to 6e an identical expression in the Rf l and the ±q-(p+ 2 P'f 1 ) as in the definition of p\[)\\ 9en 

(s) 



in except that we fix q = exp {2-ki/N) and we also fix Rf l G End^N), , (V 



Explicitly, the projection p\ [A] from (|4.11|) isp'[A] = p° s x [A]p* [st_i] • • •p* 1 2 [s2], where 



7T 



q-(s t -j+2p,s t -j) _ q-(v+2p,v) 



, j = 0,l,...,t-2, 



where 7r is the representation of Uq (fj) afforded by the fundamental irreducible module 
V. 

Lemma 4.2.2. For each tableau A* = (0, e\, S2, ■ ■ ■ , A) G T 1 , the path projection 
Pi[X] G Endjj(N)^ (V®*) is well-defined if either one of the two following conditions is met: 

(a) N > 4 is even, or 

(b) N > 3 is odd and 

(i) Ai < (N- l)/2-n + l, or 

(ii) the components of s t -i = A G satisfy \± = (N — l)/2 — n + 1 and A 2 = Ai, 
and A is aw en fry A = A + e\ . 

The proof of this lemma is easy but very lengthy. To avoid interrupting the flow of 
thought we relegate the proof to Section 14.41 at the very end of this chapter. Here we 
wish to make the following remarks. Part (a) of the lemma means that at even N > 4, 
all projections that project down by a path in T* onto a Uq N \g)-mod\i\e labelled by an 
element of are well-defined. Part (b) means that at odd N > 3, only certain of the path 
projections are well defined. The significance of (b) is that we cannot prove tensor product 
theorems of the form of Theorem 14.3.31 for Uq N \Q)-modvles at odd N. As mentioned 
previously, we conjecture that at odd N there exist well-defined projections onto each 
module labelled by an element of V N - 

In the proof of Lemma T4. 2 .31 we use an argument that we will repeatedly use throughout 
this thesis, and here we wish to make some relevant comments. The idea in this argument is 
to take an element p gen belonging to End<ciy gen )® t at generic q ^ 0, and to then specialise 
q to a root of unity yielding the element p G EndciV® 1 ). It is essential that p gen is 
well-defined upon specialising q to the desired root of unity. 
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Let us write C[[q, q^ 1 ]] to mean the ring of power series in q and q~ x with coefficients 
in C. Let Y be a vector subspace of V m over C[[q, g -1 ]] with a basis 

{v h ®v i2 ®---®v it \ ii,i 2 , ■ ■ ■ ,i t = -n, . . .,n}, 

where each Vi is a weight vector of the fundamental f/ g (g)-module V 9en . In order that p gen is 
well-defined when q is specialised to the root of unity, we only ever apply the specialisation 
argument to 

(i) those p gen that we know are well-defined if q is specialised, or 

(ii) those p 9en belonging to Endc[[ q , q -i]](y) ■ 

In the proof of Lemma I4.2.HI (amongst other lemmas and propositions in this thesis), 
we claim that certain elements in Endy^rJV®*) can be obtained by taking correspond- 
ing elements in Endu q ( g )(V gen ) m and specialising q to the appropriate root of unity. In 

particular, we claim this for n' st (A^ t ~ x \v)) (where v G Uq N \g)) and for the well-defined 
projections p-[A] of C t from Lemma [4.2.21 

To see this, firstly note that the matrices Rf 1 of End v (N) ,JV 0t ) and {R 9en ) ±l of 
Endu q ( s ){V gen )' s>t are exactly the same relative to the basis 

{v h <S> v i2 ® • • • <g> v it \ ii,i 2 , ■■■,i t = -n, ...,n} 

of both V® 1 and {ys^® 1 if we consider q to be an indeterminate (see Remark 14.1.1}) . The 
same is true for 7r®'(A( fc )(t>) <g> id®^ _fe_1 ^ for each k — 0, 1, . . . , t — 1 as it is a product in 
the Rf 1 with coefficients in C[[q, g -1 ]] in both cases. 

Now the projections p-[A] of C t in Lemma 14.2.21 are polynomials in products of the 
7r®*(A( fe )(f) (g) id 0( '" fc ~ 1) ) with coefficients in C(q), but we know from Lemma that 
they are all well-defined if q is specialised to the appropriate root of unity. 

We will use specialisation arguments to prove various claims throughout this thesis. 
In each of these proofs we will rely on the comments here and we will show that any 
coefficients in C(g) appearing in the calculations are well-defined if q is specialised to the 
appropriate root of unity. 

Lemma 4.2.3. Let A- = (0, ei, s 2 , . . . , s t -i, A) G T* be a tableau of length t and p\[\] G C t 
be a well-defined projection referred to in Lemma 4-%- 6 A then 



(i) (pf[A]) a =#[A], 



0, ifi'^f, 



(m) $[A] -^-[/i] =0if\^/2. 



so 
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Proof. To prove this lemma we consider similar equations in Endu q ^(V 9en ) 0t where q ^ 
is not a root of unity, and we apply a specialisation argument. 

Consider the elements p\[X\ 9en G Endu q ( g ) (V 9en )® that project down from (V 56 ™)®* 
onto irreducible [7 g (g)-submodules with highest weights in V + . For each such p'[Ap en , we 
can define a matrix valued function Mq (p\[X\ 9en ) of a complex parameter q, for all q ^ 
that are not roots of unity, such that 



Mq(pi[\r n ) _ = pi[\r n e End Uqis) (v 



gen\ 



q=q 



for each q ^ that is not a root of unity. Each component of the matrix Mq (p t i [X] 9en ) is 
a continuous function in q and has no poles for all non-zero q that are not roots of unity. 
Furthermore, 



lim [Mq(pl[\r n )]=Mq(pl[\r n ) 



q^q 



q=q 



where in taking the limit we take the limit of each component of Mq (p\[X\ 9en ) . 

Let A* = (0, ei, s 2 , . . . , s t -i, A) G T' be a tableau of length t where the path projection 
p\[\] G EndjjtN),, {V m ) is well-defined from Lemma T4.2.21 Then we can extend the domain 
in q of Mq (p t i [X\ gen ) to include q = exp (2m /N) by defining 

m £ ^ /n (pi[\r n ) = piiM g End uris) (vr . 

No component of M e 2ni/N (p t i [\] 9en ) has a pole, and furthermore, p\[X\ = M^i/N (p-[A] 9en ) = 
hm^wiv [M f (pi[A]^)]. 

Now consider the equations in Endu q r g \ (V 9en ) & given in Lemma 13.8.31 (i)-(iii) corre- 
sponding to parts (i)-(iii) of this lemma. For each non-zero q that is not a root of unity, 
the equations in Lemma 13.8.31 (i)-(iii) are true. As each component of Mq [p t i [X] 9en ) is a 
continuous function of q and has no poles for all q, the product of two such matrix valued 
functions is again a matrix valued function where each component of the product is a con- 
tinuous function in q with no poles for all q. It follows then that each equation in Lemma 
13.8.31 (i)-(iii) can be obtained by taking the limit q — > q G C of the products of the matrix 
valued functions Mq (p\[\] 9en ) . 

The proof of Eqs. (i)-(iii) of this lemma is then given by taking the limit q — > e 2 " Kl l N 
of the corresponding equations in Endu q ( s ) (V gen ) m . □ 

We now define the specific collection of new Uq N ' 1 (g)-modules of interest. 

Definition 4.2.5. Let A* = (0, e±, S2> • • ■ , s*-i> A) G T* be a tableau and let p\[X\ G Ct be 
a well-defined projection referred to in Lemma \4-2.%\ We define the finite dimensional 
Uq N \g) -module V\ depending on the tableau \\ by 

V x =Pl[\](V^). (4.12) 
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We conjecture that each of the [/^(j^-modules defined in (14.12}) is an irreducible 
Uq (g)-module. We now investigate properties of these Uq N ^ (g)-modules. Note that C 
A^r for each /i G A^-, and we write V£ fl A^ below to make clear that each A G Vt is also 
an element of A^. 

Lemma 4.2.4. Let i l = (0, e%, S2, ■ ■ ■ , st-i, n) G T* be a tableau of length t and let be a 
U ( q N \g) -module defined by V„ = p^i] (V®*) as given in Definition \4-2.5\ Then th 
decomposition ofV^^V into a direct sum of Uq N \g)-submodules: 



ere is a 



V»®V= V\, (4.13) 

where each V\ is a Uq N \g)-submodule defined by V\ = pf +1 \\] (V®( t+1 ^, where pf +1 ^ [A] G 
EndyW^CV®^ 1 '}) is a path projection of length t+1, andj( t+1 ^ = (0, ei, S2, ■ ■ ■ , St-i, A*, A) G 

a tableau of length t + 1. 

Proof. Firstly, note that C for each /i G A^. Lemma 14.2.31 (ii) implies the only 
vector belonging to any pair of distinct summands on the right hand side of Eq. ()4.13j) is 
the zero vector. As j (m) G f {t+1 \ the path projection pf +1) [X] e End u{ N ){s) {V® {t+l) ) is 

well-defined for each A G fl A^ from Lemma 14.2.21 To complete the proof we need only 
show that the inclusion V\ C V^ <g> V is actually an equality, and this follows from 

Ae-p+nA+ 

the equation 

Agp+nA+ 

which can be shown to be true by applying an argument similar to the one we used in the 
proof of Lemma f4.2.3l to the corresponding matrix equations at generic q. □ 

We can prove the following lemma by also applying a similar idea to the one we used 
in the proof of Lemma T4.2.3I to the corresponding matrix equations at generic q. 

Lemma 4.2.5. Let A* G T* be a tableau of length t and let V\ be a Uq N \g) -module defined 
by V x =Pi[A](y®*). Then 



where v = uK 2 ^ G Uq (g) . 



vw = q-( x+2p ' x) w, Vw G V x 

2p 



Lemma 4.2.6. Let A G V N and let Vx be the Uq (g)-module given in Definition \4-2.5\ 
then 
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(i) the quantum superdimension of V\ is 

/ n 2(X+p,a) I \ / n 2(X+p,(3) , i \ 

= ( -i)w 9 -(^) n w^ 1 ) n w^ 1 ) • (414) 

where [A] zs t/ie grading of the highest weight vector of the irreducible U q (g) -module 
V^ en with highest weight A £ 7 :>+ where q ^ is not a root of unity, 

(ii) sdim q {V x ) ^Oi/AeA+, 
(in) sdim q (V x ) = Oi/Ae V+\\+. 

Proof. (i) The quantum superdimension of V\ C V®* is 

sdzm ff (V A ) = str(p*[A] ■ tt^(A^ 1 \K 2p ))), 

and by using the idea in the proof of Lemma 14.2.31 one can show that this gives the 
right hand side of f)4.14j) provided that it is well-defined. This is indeed the case for 
all A £ V N as the denominator of the right hand side of (|4.14|) is non-zero. This is 
very easy to see, but nevertheless we present the detailed proof. 

Set N = 0, 1, 3 (mod 4). For each a £ $q we have 2(p, a) £ 2Z and < 2(p, a) < 
2N', which implies that q 2 ^ ^ 1. Now if N is odd, q 2 ^ ^ -1 for all /3 £ ®f. 
If N = (mod 4) then q 2 ^ = -1 for some /3 £ $| if and only if 2(p,/3) = N/2 
(mod N). However, it is not possible that 2(p, f3) = N/2 (mod N), as 2(p, (3) is odd 
and both of N and N/2 are even, thus q 2{p > p) ^ -1 for all /?£$+. Now if iV = 2 
(mod 4) then < 2(p, a) < iV for all a £ $q , and < 2(p, /?) < JV/2 for all (3 £ $f . 

It follows that the right hand side of ()4.14|) is well defined. 

(ii) If A £ A^-, none of the factors in the numerator of the right hand side of Eq. (j4.14|) 
is zero. The proof of this fact is easy thus omitted. 

(iii) Consider A £ V N \A^. From the definitions of and A^, we obtain 

2(A + p,a) = 2N', for some a £$o, if JV = 0, 1, 3 (mod 4), 
2(A + p,ei) = N/2, ifN = 2 (mod 4). 

Thus the right hand side of Eq. 1)4.14)1 is zero. 

□ 

Proposition 4.2.1. Let A £ and let V\ be the U q N \g)-module given in Definition 
4-2.5\ then V\ is self-dual. 
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Proof. It suffices to show that there is a non-degenerate, (^-invariant, bilinear form 
(•, •) : V\ X V\ —> C; and we do this inductively. 

Firstly, we will show that there exists such a form on V v x V v for any Uq (0)-summand 
V u on the right hand side of the decomposition 

V © V = V 2ei © V ei+e2 © V , (4.15) 

where we write e\ + e 2 to mean e\ if n = 1. Let (( , )) : V x F — > C be the non-degenerate 
bilinear form from Proposition 13.2.11 the Uq N ^ (g)-invariance of which is given by 

((a-x,y)) = (-l)WW((x,S(a)y)), Va £ f/f )( ), x,y eV. 
Now define a new bilinear form (( , )) : (V © V) x (V © V) — > C by 

«zi®yi,X2®y 2 )) = (-l) [2/ll[a:2] ((^i,^2»((yi,2/2», x 1 ,x 2 ,y l ,y 2 £ V, 
which is evidently non-degenerate. Elementary calculations show that this form satisfies 
({a • (xj © Vl ),x 2 © y 2 )) = (-l)N(M+bi])(( Xl yij A'(S(a))(x 2 © y 2 )», Va £ U^ N \ Q ), 

but this is not our desired Uq (g)-invariance. To deal with this, we introduce a new 
bilinear form that is non-degenerate and has the desired [/^(j^-invariance. Define the 
new bilinear form (( , )) new : (V © V) x (V © V) -> C by 

((xi ®yi,x 2 0y 2 )) new = ((xi ©2/1,-R- (ar 2 ©2/2))), x u x 2 ,y x ,y 2 e V, 

where i? is the universal .R-matrix of {/^(fl). This new form is non-degenerate as i? is 
invertible and (( , )) is non-degenerate. We now claim that (( , )) neu ' is L^^(g)-invariant. 
To see this, note that for each a £ f/",^ (fl) we have 

= ((a • (xi © yi), R ■ (x 2 © y 2 ))) 

= ® "(2)2/1, «*Z2 ® /% 2 ))(-l)»l]+[M* 2 ] 

(a),t 

= ^<<a (1) x 1 , Q;t x 2 >)(<a (2) ^ (4.16) 

(a),i 

where we write the universal i?-matrix as R = Y^t a t ® A- Using the Z7g (g)-invariance of 
(( , )) : V" x V — > C, we can rewrite ()4.16|) as 

((xx © y 1} ((S © S)A(a))R ■ (x 2 © y 2 )))(-l)H(^+N]) 
= ((xi © yi, A'(S(a))i2 • (x 2 © j/ 2 )»(-l)W^+M 
= ((xx © yi , R ■ A(S(a))(x 2 © 2/2 )})(-l)H(b 1 ]+M) 
= «zi © yi, A(S(a))(x 2 © y 2 )))^(-l)H(^+[^]) 
= ((xx © yx, 5(a) • (x 2 © 2/2 )))^(-l)W(t^]+M) ) 
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thus (( , )) new : V® 2 xV® 2 ^C is [/ g (A0 (^-invariant. We now show that (( , )) new is 
non-degenerate on each of the Uq N ^ (g)-summands of V®V on the right hand side of (|4.15j) . 
Let A, v G fl be non-equal and let x G V\ and y G V v be arbitrary non-zero vectors. 
The fact that the projections from V (g> onto its summands are well-defined comes about 
from the fact that X\( v ) 7^ Xv( v ) f° r an these A and v satisfying A 7^ v. Furthermore, we 
have Xx( v ) 7^ 7^ an d it follows that 

Xx(v)((x,y)) = ((v ■ x,y)) = ({x,v ■ y)) = Xv(v)((x,y)), if and only if ((x,y)) = 0, 

where we have used the fact that S(v ) = v. The non-degeneracy of (( , ^ new : ^/® 2 x V"® 2 — > 
C then implies that (( , ^ new is non-degenerate on V u x V u for each summand V v on the 
right hand side of (|4.15j) . 

We have shown that (( , )) new : V® 2 xF^C is ^ W (g)-invariant, thus the form 
(( ) )) new : V v ® V v — > C is non-degenerate, [/^(g^invariant, and bilinear as desired. 

Now we do the inductive step, using an almost identical argument. Let V^, \i G A^, 
be a (g)-module from Definition 14.2.51 and let be equipped with a non-degenerate, 
Uq (q) -invariant, bilinear form (( , : X — > C, where the Uq N ^ (g)-invariance is 

((a-x,y)) M = {-l)W*\(x,S{a)y))„ Va G f/f >(g), x,y £ V,. 

Now let 1/ A , A G n A+, be the C/^ (g)-module defined in Definition bv V A = 

p^ +l \X\{V^ <S> V). Define a bilinear form 

((, )):(V IM ®V)x(V^V)^C, by (4.17) 

({xi®yi,x 2 ®y 2 )) = (-l) lyi][X2] ((x h x 2 ))„((y 1 ,y 2 )), x h x 2 G V„, y u y 2 G V. 

As (( , )) M : x —> C is non-degenerate, so is the form in (|4.17|) . Now define a new 
bilinear form (( , )) new : (V^ <g> V) x (V^ ® 1/) -> C by 

((xi®y 1 ,x 2 ®y 2 )) n&n = ({xi® yi ,R-{x 2 ®y 2 ))), 
where R is the universal i?-matrix, then by an almost identical argument as before, (( , )) new 
is also non-degenerate, and furthermore, is C/g (g)-invariant: 

((ai Xl ®yi),x 2 ®y 2 )) new = ((x^yi, A(S(a))(x 2 ®y 2 ))) new , Va G C/f>(g). 

Recall that V n ® V decomposes into the following direct sum of f/g Ar - ) (g)-modules: 

V,®V= V x . (4.18) 

Using almost exactly the same argument as previously, we can show that (( , )) neu ' is non- 
degenerate on each of the summands on the right hand side of (|4.18|) . Now the fact that 
(( , )) new : (V^V) x (VpQV) -»• Cis f4 JV) (g)-invariant implies that (( , )) new : V x xV x -> C 
is also L r q Ar ^(g)-invariant, thus we have our non-degenerate, ^^(g)-invariant, bilinear form 
(( , )) new ■ V x x V x -> C as desired. 

One easily completes the proof of the proposition using induction. 

□ 
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4.3 Tensor products of Uq (osp(l |2n))-modules 

In this section we prove some of the most important results of this chapter. We present 
certain tensor product theorems for the Uq (g)-modules V\, where A G A^, in the following 

cases: 

(i) n = 1 and N > Q satisfies N = 2 (mod 4), and 

(ii) n > 2 and N > 4 is even. 

We then give the detailed proofs of these tensor product theorems. Note that we do not 
consider the case that n = 1 and N > 4 satisfies N = (mod 4). We leave this case for 
future study, but conjecture that the results in this case are similar to the results for the 
cases that we do consider. 

In obtaining this result we use many of the techniques of Sections 4 and 5 of |TW93j , 
in which a corresponding result was obtained for modules of quantum algebras associated 
with the A, B, C and D families of Lie algebras at even roots of unity. 

4.3.1 Technical Lemmas 

Recall that C t is the subalgebra over C of End u (N)^{V m ) generated by 

R. = id^" 1 ) ® K V y ® id^'-( i+1 », 1 < % < t - 1. 

Also recall that 

• T* is the set of all tableaux of length t derived from the Bratteli diagram for (y 9en ) 0t , 

• T* is the proper subset of T* consisting of all those sequences A* = (0, e 1 , s 2 , ■ ■ ■ , s t ) G 
T* where Sj G A^ for each 1 < i < t, 

• T l is a further proper subset of T* consisting of all those sequences A* = (0, ex, s 2 , . . . , s t ) G 
T* where Si G A^ for each 1 < i < t — 1 and s t G V N - 

We now define some matrix units in C t that will play a key role in the proof of the 
tensor product theorems for certain Uq N ^ (g)-modules later in this section. In constructing 
these matrix units in Ct, it is convenient to define the set 

& = {(S,T) G S,T G f^shpiS) = shp(T)} 

of pairs of paths in T* that end at the same shape. 

Now for each (S, T) G f2* we define a matrix unit Est G C t using precisely the same 
method we used to define the matrix unit Est G Endu^iV 9671 )®* in Subsection 13.9.21 
except that here we fix q = exp(2iri/N) and also fix Ri to be the appropriate element 
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of End u (N),JV^ >t ). Note that we only define a matrix unit Est in Ct here for each pair 
(S, T) e fr. 

We need to show that these matrix units in C t are all well-defined and non-zero. Firstly, 
each of the projectors j-E^s G C t \ (S,S) G fi*| is defined by Ess = PllM G Ct where 

5 = A ■ G T*, and these are well-defined and non-zero by construction. It takes more work 
to prove the corresponding result for the intertwiners ^E S t G C t \ (S, T) G S ^ t\, and 
we will do this inductively. 

Assume firstly that the matrix units j-Esr G C r | (S,T) G Q r \, are all well-defined and 
non-zero for some positive integer r > 1. We will show that the intertwiners 



' E MP G Cr+i\ (M, P) G Q r+ \ M^p} 



are also all well-defined and non-zero. To do this, we firstly recall from Subsection 13.9.21 
that each path S of length t in the Bratteli diagram for (V 9en )® t corresponds to a path S of 
length t in the Bratteli diagram for &W t (-q 2n , q) and that this is a one-to-one relationship. 
In the following discussion concerning intertwiner matrix units, in discussing a path S of 
length t in T t , we always use this instead to refer to the corresponding path S of length 
t in the Bratteli diagram for SSW t(—q 2n , q) ■ The reason we do this is that although the 
intertwiner matrix units are defined using paths in the Bratteli diagram for £$W t {—q 2n , q), 
it is easier to discuss paths in T*. 

We now define the intertwiners Emp G C r +i; let us partition them into two sets: 

(a) the intertwiners Emp for which \shp(M)\ = \shp(P) \ = r + 1, 

(b) the intertwiners for which \shp(M)\ = \shp(P)\ < r + 1. 

We will show that the intertwiners in each set are well-defined and non-zero. Firstly 
consider (a): let the paths M and P satisfy \shp(M)\ = \shp(P)\ = r + 1 and shp(M') ^ 
shp(P'), then the intertwiner Emp G C r+ i is well-defined if the coefficient 

1 -q 2d 



2d-2) 



(4.19) 



is well-defined, where d = d(M, r) is an integer defined in Subsection 13.91 and M is a 
particular path in T r+1 also defined in Subsection 13.91 such that shp(M) = shp(M). The 
number \d(M, r) | + 1 is the length of a hook going through the boxes containing the numbers 
r and r + 1 in the standard tableau obtained from M in the canonical way. 

The question of whether the coefficient 1)4.19)1 is well-defined and non-zero evidently 
depends on the values that d can take, and we will show that ()4.19)) is indeed well-defined 
and non-zero. As \d\ + 1 is the length of a hook in the standard tableau obtained from M, 
we can calculate the values that d can take by considering all possible hooks of shp(M). 

Clearly, the minimum length of a hook is 2, ie \d\ + 1 > 2. We now break the problem 
down into a number of sub-cases: 
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(i) n > 2 and N = (mod 4). 

Here A G if and only if A is an element of V + satisfying < A1 + A2 < N/2 — 2n + l. 
We want to find the greatest possible length of a hook over all allowable Young 
diagrams that also satisfy < Ai + A2 < N/2 — 2n + l. Recall from Chapter El that 
a Young diagram fi is said to be allowable if // x + fj,' 2 < 2n + 1 . By considering the 
geometry of the relevant Young diagrams we can see that the greatest such length 
appears in a hook in any allowable Young diagram A satisfying Ai = N/2 — 2n and 
X[ = 2n. Now the greatest possible length of any hook in any such Young diagram 
is 2n + N/2 - 2n - 1, thus d satisfies 2 < \d\ + 1 < N/2 - 1. 

(ii) n > 2 and N = 2 (mod 4). 

Here A G if and only if A is an element of V + satisfying < X\ < N/4 — n — 1/2. 
We want to find the greatest possible length of a hook over all allowable Young 
diagrams that also satisfy < Ai < N/4 — n — 1/2. By considering the geometry of 
the relevant Young diagrams we can easily see that the greatest such length appears 
in a hook in any allowable Young diagram A satisfying Ai = N/4 — n — 1/2 and 
A' : = 2n. Now the greatest possible length of a hook in any such Young diagram is 
2n + N/4 - n - 3/2, thus d satisfies 2 < \d\ + 1 < N/4 + n - 3/2. 

(iii) n = 1 and N is even. 

Intertwiner matrix units Emp G C r+ \ do not exist in this sub-case. Each element of 
A^r belongs to Z + e x and after examining the geometry of the relevant Young diagrams, 
the Bratteli diagram shows us that the path M is M = (0, e 1; 2e 1; . . . , (r+l)ei) G T r+1 
as this is the only path in T r+1 that ends on a shape with r + 1 boxes. As this is the 
only such path, there is no P and no intertwiner Emp- 

This allows us to analyse the coflicient ()4. 19|) of Emp- Firstly, (J4.19|) is well-defined if 
q 2d±2 ^ 1. By examining the values of d from (i)-(ii) above, it is not difficult to see that 
q2d+2 y anc [ ^-2 y U nless \d\ = 1. However, in Subsection 13 . 91 we showed that \d\ > 2, 
thus q 2d±2 ^ 1. 

We now show that ()4.19|) is non-zero: to do this it suffices to show that q 2d 7^ 1. In 
sub-case (i) above we have 

2 < \2d\ < N -4, 

and in (ii) we have 

2 < \2d\ < N -8, 

thus it is indeed true that q 2d 7^ 1 and therefore (J4.19)) is non-zero. Note that we have not 
proved that the intertwiner Emp itself is non-zero, but we will show this momentarily. 

Now we consider the remaining intertwiners in case (b): the intertwiners Emp where 
\shp(M)\ = \shp(P)\ < r + 1. The coefficient of E M p is 



sdimq(V shp (M)) 

y/ sdim q (V shp ( M >))sdirn q (V shp (p,)) ' 



(4.20) 
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which is well-defined and non-zero as M, P £ T r+1 , each vertex on the paths M and P is 
an element of and sdim q (V\) ^ for all A £ A^. 

Now we need to prove that Emp £ Cr+i is non-zero at the appropriate root of unity. 
We showed that the coefficient of Emp is non-zero at roots of unity in our work above. 
Now recall that EmpEpm = Emm at all generic q, then by using arguments similar to 
those we used in the proof of Lemma [4.2.31 we can show that Emp is non-zero when q is 
specialised to the appropriate root of unity, as Epu has no poles at these roots of unity. 
Furthermore, str q (EpMEMp) = str q (Epp) ^ 0, so Emp ^ 0. Thus the intertwiner Emp is 
well-defined and non-zero at roots of unity. This completes the proof that the intertwiners 

in ^Emp £ Cr+i | {M,P) £ f2 r+1 j are all well-defined and non-zero. 

We have shown that all the j-Esr £ Ct\ (S, T) £ f2* j are well-defined and non-zero when 
q = exp (2m /N). Now we wish to show that 

Lemma 4.3.1. Each projector Ess £ Ct, S £ T l , is a minimal idempotent in Ct, ie, Ess 
cannot be written as a sum of orthogonal idempotents Essfi) o,nd Ess(2) in Ct where both 
Ess(l) and Ess(2) are non-zero. 

We will show this by drawing on work of Wenzl |We90j . Before proving Lemma f4.3. 11 
we define the annihilator ideal J t C C t with respect to the quantum supertrace, which we 
will use in the proof of Lemma [4.3.11 and in the proof of the tensor product theorems later 
in this chapter. 

Definition 4.3.1. Define the ideal Jt C Ct by Jt = {y £ Ct\ str q (xy) = 0, Vx £ Ct}. 

Note that for any y £ J f , str q (xy) = (— l)^ y 'str q (yx) = for all x £ C t , thus J t is a 
two-sided ideal. 

Recall from Lemma \'S . 6 . 41 that for q ^ not a root of unity, the algebra homomorphism 

T : gi f-> -Rf en , * = 1, — 1, 

furnishes a representation of the Birman-Wenzl-Murakami algebra 33Wt(—q 2n ,q) in Cf en . 
In a similar way, we can show that for q = exp (2iri/N) where > 3 is an integer, the 
algebra homomorphism 

T : gi i-> -R\, i = 1, . . . ,t - 1, 

furnishes a representation of &W t (—q 2n ,q) in C t . 
We now prove Lemma f4. 3. II 

Proof. In this proof we shall say that an algebra B is semisimple if it is isomorphic to a 
direct sum of matrix algebras: B = ig/ M bi (C), where M b . (C) is the algebra of 6, x 6, 
matrices with complex entries |We90l Sec. 1] . 

As q = exp (2m /N), —q is a root of unity and |We90l Thm. 4.4] states that there is an 
isomorphism 

&Tt( ~ q 2n , q)/M ~ Q) = ^t((~q) 2n , -?)//i((-?) 2 ^ -?), (4-21) 
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where right hand side of Eq. (|4.21j) is semisimple |We90) Thm. 4.4 (d), Thm. 6.4], thus 

®W t (-q 2n ,q)/f t (-q 2n ,q) = M 6i (C), 

ier(- g 2 ", g )t 

where T(—q 2n , q) t is the set of Young diagrams containing t — 2k > boxes where k G Z + 
appearing in a certain graph T(—q 2n ,q) |We90| Thm. 4.4 (d)]. We obtain the graph 
r(— q 2n ,q) by following |We90l Thm. 4.4]. To obtain T(—q 2n ,q), we firstly define a sub- 
graph r(— q 2n ,q) of the Young lattice |We90) p. 407]. Firstly, let the Young diagram with 
no boxes belong to T(—q 2n , q), then a Young diagram A belongs to T(—q 2n , q) if 

(a) Qx(-q 2n ,q)^0, and 

(b) there is at least one subdiagram of A with |A| — 1 boxes that belongs to T(—q 2n , q). 

From r(— q 2n ,q), we obtain the graph T(—q 2n ,q) using |We90l Thm. 4.4], the relevant 
parts of which we now quote. In this theorem, the concept of an N/2 regular diagram is 
used. We say that a Young diagram A is N/2 regular if its largest hook has fewer than 
N/2 boxes, ie Ai + A; - 1 < N/2 jWe90l Eq. ( 2.5)]. 

Before stating the relevant parts of |We90) Thm. 4.4], we again stress the important 
fact that £8W t {-q 2n i q) / c /t{-q 2n ,q) is semisimple for all t G N. 

Theorem 4.3.1. Theorem 4-4 °f I We9ft/ . Let q 2 be a primitive (N/2) th root of unity, then 

(b) Assume that Y(—q 2n ,q), as defined above, does not contain a hook diagram with 
N/2 — 1 boxes. Then T(—q 2n ,q) = T(—q 2n ,q) with edges inherited from the Young 
lattice and it only contains N/2 regular diagrams. 

(c) If T(—q 2n ,q) contains only one hook diagram \i with N/2 — 1 boxes with, say, fi = 
[N/2 — 2n,l 2n ~ 1 ] and it does not contain its successor [N/2 — 2n,2,l 2n ~ 2 ], then 
r(— q 2n , q) consists of all N/2 regular diagrams in T(—q 2n , q) and, if Q\{—q 2n , q) ^ 0, 
also the diagram X = [N/2 — 2n + 1, l 2 ™ -1 ]. The edges ofT{—q 2n ,q) are exactly those 
inherited from the Young lattice. 

(d) These graphs completely determine the direct sum of matrix rings that is isomorphic 
to 3$W t (-q 2n ,q)/f t (-q 2n ,q). 

The first step is to construct r(— q 2n ,q). Fix the Young diagram with no boxes to 
belong to T(—q 2n ,q). For convenience, we again state Q\(—q 2n ,q) from (|3.45|) : 

-gSn+A^. + -2„-A J+ A; + A 3 +A^2,+l _ A^+2,-1 

Qx(-q ,q) = 



(iJ)eA 



qh(j,j) _ g-h(j,j) 



_ n 2n+d(i,j) , -2n-d(i,j) 



where we recall the meanings of d(i,j) and h(i,j) from Eq. ([3.45)1 . As discussed after Eq. 
([3.45)1 . Q\{—q 2n , q) = if and only if one (or both) of the following conditions is satisfied: 
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(a) g 4n+M (*J) = 1 for some G A where i ^ j, 

(b) g 2„-2A^+2i-l = x Qr g 2n+2A J -2 J +l = _j for SQme J - 

Fix g = exp(2m/N) where N > 4 is an even number. Note the overarching result 
that Qx(-q 2n ,q) = if X[ + A' 2 > 2n + 2 |We9Q[ p. 422]. We firstly determine when 
the numerator of Q\{—q 2n , q) vanishes. Let us determine for which A the first equation in 
condition (b) above is true. Here q 2n ~ 2X j +2 ^>~ 1 = 1 if and only if A^ = rN/2 + n + j — 1/2 for 
some r G Z, but this is not possible as A^ must be an integer. Similarly in relation to the 
second equation in condition (b) we have g 2n + 2A j- 2 i+ 1 ^ i for N = (mod 4). However, 
for N = 2 (mod 4) we have q^+^j-W = -1 if 

Xj = N/4 + rN/2 -n + j - 1/2, for any r G Z, (4.23) 

where we note that the right hand side of (J4.23|) must be an integer. Recall that we have 
fixed N to satisfy the inequality N/4 > n + 1/2 so that ^ 0, then N/4-n+j -1/2 > j. 
Also, we have —N/4 — n + j — 1/2 < — 2n + j — 1 < 0, so the least non- negative value on 
the right hand side of ()4.23j) is obtained by fixing r = 0. Now max{Aj} = Ai, and so the 
numerator of Qx(—q 2n , q) is zero if 

\ l = N/4 - n + 1/2. (4.24) 

We claim that Q\(—q 2n , q) ^ for = 2 (mod 4) if A satisfies 

Ai < N/4-n- 1/2. (4.25) 

It may be observed that (J4.23|) is never satisfied by any A satisfying ([4.25)1 . Furthermore, 
any A satisfying (|4.25|) and X[ + A' 2 < 2n + 1 also satisfies the hook length condition that 
h(l, 1) < N/2-1 as 

maxfWl !))-{ 2 ri+l<N/2-2, if X 1 = 1, 

max { n{L, i)) - | + n _ 3 / 2 < AT/2 - 4, if A x > 1. 

The statement for Ai = 1 comes about from the condition in (|4.24jl that 1 < N/4 — n — 1/2. 
The statement for Ai > 1 comes about from the condition in (|4.24j) that n — 3/2 < 
N/4 - Ai - 2 < A^/4 - 4. 

Now we will show that for N = 2 (mod 4), condition (a) mentioned just after Eq. 
(|4.22|) is never satisfied by any Young diagram A satisfying ()4.25j) and X[ + X' 2 < 2n + 1. 
Fix N = 2 (mod 4). Condition (a) is true if and only if d(i, j) = rN/2 — 2n for some r G Z 
where % ^ j. Recall that 



d(i,j) 



Xi + Xj — i — j + 1, if i < j, 
-X'i- X'j + i + j- 1, ifi>j, 



then for all % 7^ j , 
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• max (d(i, j)) = d(l, 2) = Ai + A 2 — 2, and 



• mm(d(i,j)) = d{2, 1) = -A^ - A 2 + 2. 



It follows that g 4ri+2d ( J J) = 1 for some i ^ j if and only if 

Ai + Xj = rN/2 -2n + i + j-l, 
K + X'i = rN/2 + 2n + i + j - 1, 



if i < j, 
if i > j, 



(4.26) 
(4.27) 



for some r £ Z. 



Let us consider the case where i < j. From the previous condition in ()4.25|) that 
Ai < N/4 -n - 1/2, we have 



Note that for these i and j, we have i < n and j < N/4 — n — 1/2. The right hand 
side of dQSj) with r = -1 is -N/2 - 2n + i + j - 1 < -JV/4 - 2n - 3/2 < 0, and 
thus Ai + Xj > -N/2 - 2n + i + j - 1. The right hand side of (l4~2l)j) with r = 1 is 
N/2 - 2n + i + j - 1 > JV/2 - 2n + 2, but we always have Ai + \ < N/2 -2n + 2 from KM 
and so Ai + Xj < N/2 -2n + i + j-l. Eq. (jQEj) with r = is A* + A^ - i - j + 1 = -2n, 
and as at generic q, this is not true. (Recall the argument from generic q: we have i < 2n, 
Xi - j > and Xj > 0, thus Aj + Xj - i - j + 1 > -2rt + 1.) It follows that (OHjl is not 
true at these roots of unity. 

Let us consider the case where i > j with N again fixed as N = 2 (mod 4). We have 
already imposed the condition X[ + A' 2 < 2n + 1, so A^ + X'j < 2n for all (i, j) ^ (2, 1). As 
A1 + A2 < 2n + l, a necessary condition on the integer r for A^ + A^ = rN/2 + 2n+2 to be true 
is that r < — 1. Setting r = —2 into this equation gives X[ + A' 2 = — iV + 2n + 2, however, it 
is true that -N + 2n + 2 < -2n as N satisfies N > 4n + 2, and thus Ai + A^ > -iV + 2n + 2. 
Fixing then r = —1, the equation is X[ + A' 2 = —N/2 + 2n + 2, and from the conditions on 
N we have X[ + X' 2 = -N/2 + 2n + 2 < 1. Now -N/2 + 2ra + 2 is odd so this condition 
is X[ + X' 2 = —N/2 + 2n + 2 = 1 which is precisely the Young diagram [1]. But this 
Young diagram has already been ruled out for N/2 = 2n + 1 as we have the condition 
Ai < N/4 - n - 1/2 = 0. Thus P~2Tj) is not true for = (2, 1) at these roots of unity. 

Now consider ()4.27|) for i > j where 7^ (2, 1): recall that < A- + A^- < 2n. Here 
2n + 2 > i + j > 4, so rN/2 + 2n + i + j — 1 > rA^/2 + 2n + 3, and then a necessary 
condition on r for Eq. (|4.27|) to be true is that r < — 1. For r < —2 we have 

riV/2 + 2n + z + j - 1 < —N + 2n + i+j -1 < -N + 4n + 1 < -1, 

and so a necessary condition on r for Eq. (J4.27|) to be true is that r = — 1. 

We now show that (|4.27J) is not true with r = — 1 for all i > j where 7^ (2, 1) 

by considering all the possible relevant Young diagrams. Consider the Young diagram [l k ] 
where k £ {3, 4, . . . , 2n + 1}. Here (i, j) = (i, 1) where i £ {3,4, ... ,k} and A- = and 
X[ — k. Eq. (|4.27j) is true here only if 



< Ai + Xj < N/2 -2ri-l, Vz < j. 



(4.28) 



X[-i = -N/2 + 2n. 



(4.29) 
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However, X[ — i > and N/2 > 2n + 3, thus the left hand of ()4.29)) is non-negative and the 
right hand side is strictly negative, thus ()4.29|) is not true. Consider now a Young diagram 
A with more than one column of boxes. Fix i > n+ 1, then j = 1 (note that % < 2n). Then 
f!4.27|) is true here only if 

\' i + \' l -i = -N/2 + 2n. (4.30) 

Now the left hand side of ()4.30|) is non-negative as A^ > and — i > 0, but N/2 > 2n + 3, 
so the right hand side is strictly negative, thus (|4.3U|) is not true. Consider again a Young 
diagram A with more than one column of boxes. Fix i < n, then j < i — 1, and ()4.27j) is 
true only if 

A^ + A;. - % = -N/2 + 2n + j - 1. (4.31) 
Now A^ > and A^- — % > so the left hand side of (|4.31j) is non-negative. Note that 

-N/2 +2n + j - 1 < -N/4 + n- 3/2 < -3, 

as j < N/4 — n — 1/2 and N/2 > 2n + 3, so the right hand side of ()4.31j) is strictly negative, 
thus (|4.31|) is not true. 

It follows from these calculations that for N = 2 (mod 4), Q\{—q 2n ,q) ^ for all the 
Young diagrams A satisfying 

Ai < N/A-n- 1/2, and A' 1 + A^<2n + 1. (4.32) 

We can then write down the Young diagrams that comprise the vertices of T(—q 2n ,q) 
at these roots of unity; these are all the Young diagrams A satisfying ()4.32|) . Note that 
T(— g 2n , q) contains no hook diagrams with exactly N/2 — 1 boxes. 

Now we determine the vertices of T(—q 2n , q) when N satisfies iV = (mod 4); fix such 
an N. As previously mentioned, neither of the equations in condition (b) is true at these 
roots of unity; we now determine whether the equation in condition (a) is true at these 
roots of unity. This condition can be expressed as the two equations ()4.26|) - ()4.27|) . Recall 
the overarching result that Q\{—q 2n ,q) = if X[ + A' 2 > 2n + 2. Let us consider Eqs. 
fl4"2fij) - (l4"T7f) for i < j. 

Firstly, fix = (1,2), then Eq. (jOgp is 

Ai + A 2 = rN/2 -2n + 2, (4.33) 

for some r G Z. Now (J4.33|) can only be true for Young diagrams containing at least one 
box if r > 1, and we have Q\(-q 2n , q) = if A x + A 2 = N/2 -2n + 2. We claim that Eqs. 
(I4.26|) - (j4.27|) are not true for all Young diagrams A satisfying 

Ai + A 2 < A72 -2/2 + 1, and Ai + A' 2 < 2n + 1. (4.34) 

The proof of this claim is very similar to the proof of the corresponding result for N = 2 
(mod 4) for all Young diagrams satisfying (j4.32j) . thus we omit it. 

Then for iV = (mod 4), the vertices of the graph T(—q 2n ,q) are all the Young dia- 
grams A satisfying (|4.34j) . We need to check that all such A also satisfy the hook length 
condition. However this is easy to do and we omit the proof. 
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Now we wish to determine the number of vertices of T(—q 2n ,q) for A = (mod 4) 
that are hook diagrams with exactly N/2 — 1 boxes. As N > 4, we are examining the 
Young diagrams with at least one box. For all of these Young diagrams, Ai > 1 and thus 
N/2 > 2n. 

Consider the case that N/2 = 2n. Here Ai + A 2 < 1 which means that the only non- 
empty Young diagram in T(—q 2n , q) is [1]. This is a hook diagram, but it contains exactly 
N/2 — 1 boxes only if A = 4 and n = 1. 

Consider the case that N/2 = 2n + 2. Here Ai + A2 < 3, and the hook diagrams in 
T(— g 2n , q) with exactly N/2 — 1 boxes are 

• [3], [2,1] and [l 3 ], if n = 1, 

• [l 2n+1 ] and [2, 1 2 ™" 1 ], if n> 2. 

Consider the case that N/2 > 2n + 4. The hook diagrams in T(—q 2n ,q) with exactly 
A^/ 2 — 1 boxes are 

• [A/2 - 1] and [A/2 - 2, 1], if n = 1, 

• [A/2 - 2n, I 2 ™" 1 ], if n>2. 

We can now work out the vertices belonging to the graph T(—q 2n , q) using Theorem 
14.3.11 For A = 2 (mod 4), T(—q 2n ,q) contains no hook diagrams with exactly A/2 — 1 
boxes, and so the vertices of r(— q 2n , q) are all the Young diagrams satisfying 

Ai < A/4-n- 1/2, and \[ + \' 2 < 2n + 1. 

Now for A = (mod 4), we have the following cases. For A/2 = 2n, the Young 
diagram [1] is a hook diagram with A/2 — 1 boxes if A = 4 and n — 1. However, in this 
case Q[2]{— q 2n , q) = and so the hook diagram [2] is not a vertex in the graph T(—q 2n , q). 
Then, for A/2 = 2n and A/2 = 2n + 2, and also A/2 > 2n + 4 where n — 1, the vertices 
of r(— q 2n , q) are all the Young diagrams satisfying 

Ai + A 2 < A/2 - 2n + 1, and X[ + A' 2 < 2n + 1. 

For A/2 > 2n + 4 where n > 2, T(— g 2n ,g) contains one hook diagram with A/2 — 1 
boxes: [A/2 — 2n,l 2n ~ 1 } and it does not contain its successor [A/2 — 2n,2,l 2n ~ 2 ]. In 
addition, the OSp(l\2n) supercharacters of [A/2 — 2n + 1, l 2 ™" 1 ] an d [A/2 — 2n + l] are the 
same up to a sign, so Q[N/2-2n+i,i 2n - 1 }(— q 2n , q) 7^ 0. The vertices of T(—q 2n , q) are then all 
the Young diagrams A in the set 

{A| Ai + A 2 < A/2 - 2n+ 1, X[ + A 2 < 2n + 1} U {[A/2 - 2n+ 1, 1 2 "" 1 ]}. 

Now we can write down the Bratteli diagram for 33Wt{—q 2n ,q) as we did at generic 
q, and then write down the matrix units in SSW t{— q 2n , q)/ ( yft{—£[ 2n ,(l)- For each s = 
0,1, ... ,t, let r(— q 2n , q) s be the set of Young diagrams belonging to T(—q 2n , q) with 



94 



Chapter^ Quantum osp(l\2n) at roots of unity 



s — 2k > boxes, where k ranges over all of Z+. We say that R is a path of length t if R 
is a sequence of t + 1 Young diagrams: i? = ([0], [1], r 2 , . . . , r t ) where r s G r(— q 2n , q) s for 
each s and rj is connected to r J+ i for each j = 0, 1, . . . , t — 1. Let u;(— g 2n , g) 4 be the set of 
pairs (R, S) of paths of length t such that r t = s t . 

We obtain a complete set of matrix units for 33Wt(—q 2n , q)j ^t{—q 2n i q) by taking all 
the matrix units e B s £ t where (R, S) G uj{— q 2n , q) t and fixing q = exp (2m /N) and 
r = — g 2 ™. These are all well-defined and non-zero. 

Let us define SSW t {— q 2n , q) to be the semisimple subalgebra of SSW t {— q 2n , q) spanned 
by the matrix units {e ST e SSW t (-q 2r \ q)\ (S,T) G cu(-q 2n , q) t }. Note that T(e 5T ) = 
Est £ Ct for each (S, T) G uj(—q 2n , q) t , where we recall that T is the algebra homomorphism 
T : & i-> -.Rj. 

Now define a map ip : — > C by 

^(X) = str 9 (X)/(sdim g (y))*, 

then 

^(T(a)) = tr(a), for all a G ^^(-g 2n , g), (4.35) 

which we can prove in the same way that we proved Lemma 13. 9. II Note here that Lemma 
!3.9.2l holds true if we write U q N \g) instead of U q (g) and fix TZyy G End^N) ,JV ® V) to be 

as given in Definition 14.1.11 Furthermore, note that ?p(X) = if and only if str q (X) = 0, 
thus we can regard J t as the annihilator ideal of C t with respect to ip. 

Note that @W t (-q 2n ,q) fl ft{-q 2n ,q) = for the following reasons. Any element 
/ G £%Wt{— q 2n , q) is a linear combination of the matrix units: 

/ = ^2 fsT^ST, fsT G C, 

(S,T)£uj(-q 2 ",q)t 

where fsr ^ for at least one pair (S,T). Fix (A, B) to be such a pair, then Eq. ()4.35j) 
implies that 

tr(e BA f) = str q (f AB E BA E AB ) / (sdim q (V)) = str q (f AB E BB ) / (sdim^V)) 1 ^ 0, 

as str q (E BB ) ^ for all (B, B) G uj(— q 2n , q)t- Thus any non-zero / belonging to SBW t{— q 2n , q) 
does not belong to ^ft{—q 2n ,q), giving the direct sum decomposition 

@W t {-q 2n ,q) = mW t (-q 2n ,q) © ^(V,?)- (4.36) 

Then for all a G t (—q 2n , q) , we have a = a + aj, where a G SSW t {— q 2n ,q) and 

Let us define 

&'t= e TT e^W t (-q 2n ,q), 

(T,T)eu>(-q 2 ^,q) t 
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then we have SPtCt&t = a for all a G £$Wt{—q 2n ,q), which can be seen by regarding 
t{—q 2n -i q) as a matrix algebra. 
Using Eq. (|4.35|) . we can prove that 

T(^(-g 2 ",g)) = J t , (4.37) 

in the same way that we proved Eq. (J3.47|) . The surjectivity of T implies that 

C t = r(^W t (-q 2n ,q)) + J t , 

and we will show that this sum is direct. To see this, assume that there exists some non- 
zero element F of C t belonging to T{SBW t {— q 2n , q)) and also to J t , then str q (XF) = 
for all X G Ct- However, F is the image of a linear combination of matrix units: F = 
J2{s,T)eu,(-q 2 ",q) t Ist^^st), where f S r G C and f ST is non-zero for at least one pair (S,T). 
Assume that (A, B) is such a pair, then by similar reasoning as previously, str q (T{eBA)F) ^ 

contradicting the assumption that F G Jt- Thus Y(33Wt(—q 2n ,q)) D Jt — 0, and we 
have 

Ct = T(<%W t {-q 2n ,q))® Jt- 

We note the important fact that each element of T(&W t (—q 2n ,q)) is a linear com- 
bination of the matrix units {Est £ Ct\ (S,T) G we defined previously. Note that 
the two sets uj(—q 2n , q) t and Q* are identical if we apply the map A i— > A to the Young 
diagrams in the relevant paths if appropriate, where A^ = 2n + 1 — Ai and X'j = Xj for 

j > 2. As Ebb = Y(zbb) for each (B,B) G fi* (where we think of the vertices on each 
path appropriately), this completes the proof. 

□ 

After showing that the projectors in Ct are minimal idempotents, we move back to the 
main track of our argument and define P t , which will be an extremely useful element of C t . 

Lemma 4.3.2. For each t G N, define 

Te ft 

then P t satisfies 

ft) (Pt) 2 = Pt, 
(ii) str q (P t ) = sdim q (V® 1 ), 

(m) str q (l-P t ) =0. 

Note that P t (V®*) = £ TG r' E TT (V^) ® Teft V shp{T) . 
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Proof. The proof of (i) follows from the fact that the set of projections {-Err G Cf| T G T*} 
is a set of mutually orthogonal idempotents. We now inductively show that str q (P t ) = 
sdim q (V m ). 

Firstly Pi = idy and str q {P\) = sdim q (V). Secondly V ®V = V 2ei © V ei+£2 © Vq, where 
each of 2e 1 ,ei + e 2 ,0 are elements of V N ; obviously sdim q (V © V) = Yluevt sc ^ m g(^/J 
where = {2ei, €\ + e 2 , 0}. (Note that for n = 1 we write ei + e 2 to mean ei.) Now if each 
element of V* is an element of A^-, then P 2 = idy^y and str q (P 2 ) = sdim q {y® 2 ) . Now 

any element of that is not in is an element of V^\A~^; denote any such element by 
/1, then sdirriqiy^) = 0. Now 

P2= £ P?[A], 
\£V± nA+ 



and if there is at least one element of that is not in A^, then P 2 7^ idy^y. Let «S ei be 
the subset of {2ei,ei + e 2 ,0} consisting of those elements not in A^-, then str q (j> 2 [X\) = 
for each A G S ei . As 

v ® v = v 2tl © v ei+e2 ®Vo=lp i +'52? i [\]\v®v, 

\ \es n J 

we have 

str q {P 2 ) = str q {P2+YI $N = sdim g{ V ® V )- 

Now we do the inductive step. Assume that str q (Pj) = sdim q {y^) for some j > 2, 
and let V„ C V® J ', // G A+, be a f/ g (Ar) (g)-module defined by = E S s(V® j ) where 5 G CP' 
and E ss is a path projection of length j. As S G T J , we have sdim q {y^) 7^ 0. 

Let us define a useful set: 



{AGP M + nA+| A^A+}. (4.38) 



Recall from Lemma f4. 2 .41 the following result: © V = ® + tt^a where we have the 
important facts that sdim q (V\) 7^ if A G A^ and sdim q (V\) = if A G P^\A^. Then 



sdzm,(V^®V) = £ str q (E SoX> sox) 



«GP+nA+ 



as sdim q {y^) = for all ( G 
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Now this result is true for all [/^ (^-modules V> C V® j defined by V> = ^(V®') 
where i? G T J and Err is a path projection of length j, that is 

sdim q (E IiR V 9i ®V)= str q (ER oi ,Rot). (4.39) 

Summing over all distinct R G T J on both sides of Eq. 1)4.39)1 gives 

sdim q (PjV 9 ' ®V) = str q (P j+1 ) , (4.40) 

as 

/ \ 

and the left hand side of Eq. ()4.4()j) is sdim q (y®v +1 >) by assumption. This completes the 
induction and the proof of (ii), and the proof of (iii) then follows. 

□ 

We now consider a proposition that will be extremely useful in proving the tensor 
product theorems in this chapter: 

Proposition 4.3.1. 

(i) (1 — Pt) generates Jt as a two-sided ideal in Ct, 

(ii) the mapping C t — > PtC t Pt defined by a i— > PtaP t is an algebra homomorphism. 

We now present two technical lemmas that we will use, in addition to Lemma f3.9.2| in 
the proof of Proposition 14.3.11 

Lemma 4.3.3. Each element in Ct can be written as a linear combination of elements 
(a (g> id) and (a <g> id) Rf^b ® id) where a,b G Ct-i- 

Proof. From |BW89) Lem. 3.1], each element of the Birman-Wenzl-Murakami algebra 
3§W t (z, q) can be written as a linear combination of elements a^b where 7 G {gt-i, &t-i, 1} 
and a, b are elements of £§Wt-i(z, q). We complete the proof by applying the algebra 
homomorphism T : 3$W t (—q 2n , q) — > C t to the appropriate equations in g$W t {— q 2n , q). □ 

Lemma 4.3.4. Let B G T'\T* and E BB = p\[\], where p\[\] : V m — > V\ is a well-defined 
projection. Then Ebb £ Jt- 

Proof. Let B G T 4 \T*, then shp(B) = A G V^\A^ and sdim q (V x ) = 0, which implies that 
str q (E BB ) = 0. Now let / G C t be arbitrary, then 

str q (fE B B) = str q (E BB fE BB ) = (3str q (E BB ) = 0, 

for some complex constant (3. □ 
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We now prove Proposition 14.8.11 

Proof. We prove (i). We will firstly show that P t C t Pt C\ J t = 0. Assume that this is not 
true, that is there exists some / G C t such that PtfPt ^ and PtfPt G Ju then 

PtfPt = ^ E S sfE T T = IstEst, fsT G C. 

5,tgT* (5,T)en* 

The fact that PtfPt ^ implies that /st 7^ for at least one pair (S,T) G Q* . Fix (S,T) 
to be such a pair, then 

str q (E TS P t fP t E TT ) = str q E TS ^ f abEabEtt 

\ (A,B)eht 

= str q ^ IsbEtbEtt 

\Beft 
= str q {E TT )f ST 

^ 0, 

as str q (ETr) 7^ for all T G T*. However, the fact that PtfPt G Jt implies that 

str q {E TS P t fP t E TT ) = str q {E TT E TS P t fP t ) = 0, 

which is a contradiction, thus there does not exist any such / G C t and thus PtC t Pt nJ t = 0. 

We define the inclusion a <E C t "-^ Ct+i by a i— > a® id, and we can regard each element of 
J t as an element of J t+1 under this inclusion. From Lemma f4 . 3 . 31 each element in C t+1 can 
be written as a linear combination of elements (a®id) and (a®id)Rf 1 (6®id) where a,b E C t 
and i?^ 1 = id®*-* -1 -* ®TZvy G Ct+i- Let x G Jt, then we claim that str q (aK^ 1 bx) = for all 
a,b G Ct, which we now prove using Lemma f3. 9. 21 which we recall is still valid for U q (g) 
as discussed after Eq. ()4.35j) : 

strf m) (aRf l bx) = strf{id m ® str q ) {bxaRf 1 ) 

= Xv{v Tl )strf{bxa) = X v(v Tl )str®\abx) = 0, 

where str® 1 means that we take the quantum supertrace over V"®*. 
Let T G T*. Under the inclusion Ct Ct+i discussed above we have 



P,ToP, 



which corresponds to the decomposition of ® V" into a direct sum of U q N ^ (g)-submodules 
in Eq. (ftT3j) where [i = shpiT) and = E TT (V m ): 

{E TT V m )®V = V^V = V P = E ToPtToP {V^ t+ ^). (4.41) 
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Using the set denned by ()4.38|) . we can rewrite ()4.41|) as 



Vp ® V = [ Vp ffi V Q 

,P€V+nA+ J \QeS M 



where the quantum superdimension of the module E To q To q (V lg, ( <+1 )) is zero for Q E 
as Q G V~^\A~ff and T o Q is a path belonging to T t+1 \T t+1 . It is very important to note 
that E To q To q belongs to J t+ i from Lemma 14.3.41 and that J^Qes E To q jTo q also belongs 
to J t+1 . 

We will now show that there is some integer r > 2 such that (1 — P s ) belongs to J s for 
each integer s > r. To prove this we firstly note that e\ G and that P\ = idy ^ J\. 
Now A^r is a proper subset of A^ and of V^, thus there is some integer m > 2 such that 
T m contains at least one path that is not in T m . Let us fix r > 2 to be the smallest integer 
such that T r contains at least one path that is not in T r , then 

P(r— i) = idy®(r-i), and P r ^ idy®r. 

Note that Pj = idy®i for all integers i = 1,2, . . . , r — 1. 

Recall the definition ()4.38j) of S s hp(T) for a path T of length r — 1. Under the inclusion 
C r -i <^-> C r we have 

/ \ 

-P(r-1) | — ^ 5^ EtoP,ToP + £} EtoQ.ToQ , 

= £ P TT + £ I £ E ToQtToQ 

= Pr+ E ( E ^toq). (4.42) 

As -P(r-i) = idy®(r-i) and we have P( r -i) ^ P(r-i) ® id under the inclusion C r _i C r , 
()4.42|) equals idy«»-. We reiterate once more that P r ^ idy®r. 
As P( r -i) ® id = idy®r, rewriting (|4.42|) gives us 



1 - P r ) - £ I £ E ToQjToQ 
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and the two summations on the right hand side of this expression can be rewritten as a 
single sum: 

I E T°Q,ToQ J = ^ E DD , 

TeT( r - 1 ) \Q^ S Bh P (T) J DeT r \f r 

and therefore 

(1-P r )= J2 EdD ' 

D&f r \f r 

where each Edd is an element of J r from Lemma f4.8.4[ 
Now for each integer s > r we can similarly show that 

P s - P( s +1) = ^2 E QQ G ^(s+1)) 
Qer s + 1 \r s + 1 

and by expressing (1 — P( s +i)) as the sum: 

(1 - P (s+1) ) = (1 - P r ) + (P r - P (r+1) ) + ... + (P s - P (s+1) ), 

we have (1 — P( s +i)) £ ^O+i) as (1 ~~ Pr) an d (P — P(i+i)) belong to for alH = r, . . . , s 
under the inclusion d This proves that (1 — P,) G Jj for all j G N. 

Note that 

Ct = (P t + (l-Pt))Ct(Pt + (l-Pt)) 

= P t C t P t + (l-P t )C t P t + P t C t (l-P t ) + (l-P t )C t (l-P t ). (4.43) 

Now (1 — P f ) is in J t , and each of (1 — P t )xP t , Ptx(l — P t ) and (1 — Pt)x(l — P t ) are in J t 
for each x E Ct, thus 

((1 - P t )C t P t + PA(1 - P) + (1 - Pt)C t (l - P t )) c J t . 

We previously proved that P t C t Pt H J t = 0, thus any element i G C ( belonging to Jt must 
also belong to ((l-P t )C t P t + P t C t (l-P t ) + (l-P t )C t (l-P t )) from We thus obtain 

c t = p^p © J t . 

We wish to show that (1 — P t ) generates J t as a two-sided ideal. To do this we will prove 
two assertions: 

(a) x(l — P t )y belongs to J t for all x,y G C t , and 

(b) each element of J t belongs to C t (l — Pt)C t . 

The proof of (a) follows easily from the fact that (1 — P t ) G Jt and the properties of the 
quantum supertrace, but the proof of (b) is more involved. Let z be an arbitrary element 
of J t) then 

z = P t zPt + (1 - P t )zP t + P t z(l - P t ) + (1 - P t )z{\ - P t ). 
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As P t zP t G J t , but PtCtPt n J t = 0, we have P t zP t = 0. Then 

z = (1 - P t )*P t + P t *(l - P*) + (1 - P t )*(l - P t ) = z(l - P t ) + (1 - P t )zP t , 

which belongs to C t (l — P t )C t , proving (b). This completes the proof that (1 — P t ) generates 
J t as a two-sided ideal. 

We now prove part (ii) of Proposition 14.3.11 Let a, b £ Ct be arbitrary, then 

P t abP t = P t a(P t + (1 - P t ))bP t = P t aP t bP t = (P t aP t )(P t bP t ), 

as P t a(l - P t )bP t G J t and P t C t P t n J t = 0. □ 

4.3.2 The Tensor Product Theorems 

We now prove the tensor product theorems. 

Theorem 4.3.2. Let n > 2 and N > 4 be even, or let n = 1 and N > 6 satisfy N = 2 
(mod 4). Furthermore, let N be sufficiently large enough so that €\ G A^. TTien /or eac/i 
t G Z + , i/iere zs a decomposition ofV® 1 into a direct sum of Uq N \g)-submodules 

V m = V® Z, (4.44) 

where V is of the form 



en t (A) 



V = (Vx) 



w«£/i n t (X) G Z + feeing t/ie (possibly zero) number of copies of the Uq N \g)-submodule V\ in 
V. Here Z is a possibly vanishing Uq N \g)-submodule with the property that str q (f) = 
for all feCt satisfying f(V m ) C Z. 

Proof. Let P t be as given in Lemma O^l and fix V = P t V m and Z = (1 - P t )V®*. As 
Pt and (1 — Pt) are orthogonal idempotents, the sum on the right hand side of (I4.44J1 is 
direct. To prove that Z has the claimed property, let / G Ct satisfy /(V®*) C Z. Then 
/ = (P t + (1 - P t ))/. Now PtfiV® 1 ) C P t Z = P(l - P)V^ f = 0, thus P/ = and 
/ = (1 - P t )f. Then str ff (/) = str ff ((l - P t )f) = as (1 - P t ) G J t , completing the 
proof. □ 



Lemma 4.3.5. Assume that the given conditions on n and N are the same as in Theorem 
4-t>- 6 4 Let V m = Vt © Z t be the decomposition of V m into Uq N \g)-submodules for each 
t G N given in Eq. UJPft) . Then Z t <g> V C 
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Proof. This is similar to the proof of |TW93| Thm. 5.5.2]. From the definition of Pt and 
the inclusion P t <^-> P t <g> id G Ct+i we have 



Pt ® id = ^ E ss ® id = 



\ 



\s/ip(5)</i 

-P(m) + ^ Ett- 



H6A 



(4.45) 
(4.46) 



T , gT*+ 1 \T*+ 1 



To be certain that ()4.45|) is true, note that is a path projection of length t projecting 



down from V® 1 onto a [/^(j^-submodule V v where v = shp(S) G A^, and recall from 



g~EH) that 



Then ()4.45|) follows from the fact that V* H is the set of all elements £ of A^ where 
v < £, that is, P+H A^- is the set of all the £ connected to z/ in the relevant Bratelli diagram 
where £ is on the level of the Bratteli diagram immediately below the level containing v. 

To see that (|4.46|) is correct, note that each vertex v G A^ on the t th level of the Bratteli 
diagram is connected to vertices on the (t + l) st level of the Bratteli diagram where all of 
these latter vertices are elements of V^. 

Note that the image of E TT is contained in Z t +x- Hence 

Zt ® V = I (1 - Pt+x) - Yl Ett \ V ® (t+1) Q Zt +^ 

T£T t + 1 \T t + 1 



□ 



Theorem 4.3.3. Assume that the given conditions on n and N are the same as in Theorem 
Let s G N and \ G A^ for each 1 < i < s. Let V\. be a Uq N \o) -module defined in 
Definition \4-2.5\ 

p U[ Xi ]:V^^V Xi , i = l,...,s. 

Then there is a decomposition of V\ t <8> • • • ® V\ s into a direct sum of Uq N \o)-submodules: 

V Xl ®---®V Xs =V®Z, (4.47) 

where V is a direct sum of q- admissible submodules and Z is a possibly vanishing submodule 
with the property that str q (f) = for all f G Ct satisfying f{Vx 1 (g> • ■ ■ <8> V\ s ) C Z. 
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Proof. We can write the left hand side of ()4.47j) as 

V M ® • ■ ■ ® V As = e(y® tl ® • • ■ <g> V^ s ) C V s *, 
where t = Xli=i an d 

e = p£[Ai]® •••®p*:[A s ] eCt. 
Then e 2 = e, and we can use Proposition 14.3. ll (ii) to prove that 

(P t eP t ) 2 = P t eP t eP t = P t eP t . (4.48) 

In the same way, we can show that eP t eP t e is an idempotent, and thus so is e — eP t eP t e. 
Clearly these two idempotents are orthogonal to each other. The method we use to prove 
the theorem is to show that ePteP^V®*) is isomorphic to PtePt (V®*), which is a direct 
sum of g-admissible modules, and that (e — eP t eP t e)V m satisfies the given properties of Z 
in (Off) . 

Firstly, we will show that (e-eP t eP t e) G J t . Clearly, (1 - P t )(e-eP t eP t e)(l -P t ) G J t , 
and 

(1 - P t )(e - eP t eP t e)(l - P t ) 

= (e - eP t eP t e)(l - P t ) - (P t e - P t eP t e)(l - P t ) 

= (e - eP t eP t e) - (eP t - eP t eP t ) + (P t eP t e - P t e)(l - P t ). 

Now Pt(ePt — ePtePt) = as Pt and PtePt are idempotents, and so we can write 

(l-P t )(e-eP t eP t e)(l-P t ) 

= (e - eP t eP t e) + (P t eP t e - P t e)(l - P t ) - (1 - P t )(eP t - eP t eP t ), 

which implies that 

(e - eP t eP t e) G J t , 

as both (P t eP t e — Pte)(l — Pt) and (1 — P t )(eP t — eP t eP t ) are elements of J t . Clearly 
str q {f) = for all f eC t satisfying /(V Al ® ■ ■ • ® V Xs ) C (e - eP t ePte)V®*. 

Fix A = ePtePte and P = PtePt, then A and P are Pg (0)-linear idempotents satisfy- 
ing 

APA = A, and PAP = P. (4.49) 

Write 

V4 = A(y® 1 ^ , and V B = P (V®*) , 

then Va — Vb- While this is easy to show, we prove it here for clarity. Clearly A(Vb) C Va, 
so BA(Vb) Q B(Va), and we can rewrite this using ()4.49|) as Vb C B{Va)- In addition, 
B(V A ) C Vb, so AB(Va) C A(Vb), and we can rewrite this using (I09"J) as Va C A(V b ). 
Then 

A(Vb)=V a and P(V4)=V B . 
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The idempotents A and B are U q (jj)-linear intertwiners between Va and Vb, so Va — Vb- 
Now Vb = PteP t (V®*) is a direct sum of g-admissible modules, so Va = eP t eP t e(V® tS ) 
is also a direct sum of g-admissible modules. Fixing V = eP t eP t e(y® 1 ^ and 2 = (e — 
ePtePfe)^®* completes the proof. 

□ 

We say that a Uq N ^ (g)-module is q- admissible if W M = ^(V®*) for some idempotent 
Pn G and if is isomorphic to a Ug N ^ (g)-module Va = i&ri^V®*) for some A G A^. 
Here E TT G End^N) ^ (V®*) is the path projection associated with the path T G T* of 

length £ with shp(T) = A. Each g-admissible [/^(j^-module has non- vanishing quantum 
superdimension. 

We finish off this section by making the following conjecture. 

Conjecture 4.3.1. Assume that the given conditions on n and N are the same as in 
Theorem \^.S.2\ Let s G N and Aj G for each 1 < i < s. Let V\ i be a Uq(g) -module 
defined in Definition \4 . 2. 5\ 

p u [Xi] . v ^^ v ^ i = i f ... >a . 

Let V\ 1 (8> ■ • • <8> Va s C 1/®* where t = Yli=i U } then given any decomposition of V\ 1 ® ■ • • <8> V\ s 
mto a direct sum of Uq N \o) -submodules: 

V Xl ® • • • <8> V As = V © Z, (4.50) 

where V is a direct sum of q- admissible submodules and Z is a possibly vanishing submodule 
with the property that str q (f) = for all f G C t satisfying f(V\ 1 <8> • • ■ <E> Va s ) C 2, f/ien 
V = V and Z = Z where V Xl ® ■ ■ ■ ®V\ s = V ® Z is the decomposition of V\ 1 ® • • • ® V\ s 
mto Uq N \o)- submodules given in Eq. d^.^7| ). 



4.4 The well-definedness of the projection operators 

In this section we present the detailed proof of Lemma l4.2.2l Let \\ = (0, e±, s 2 , S3, ... , Sj_i, A) G 
T*. The projection pl[X] : V'®' — >■ V\ is well defined if for each Sj G A*, 

II {Xs J+1 (v)- X ,(v))^0. (4.51) 

We now write A instead of Sj. From Def. P+ C Vl = {A, A ± G V + \ 1 < j < n). 

Clearly the following equation 

II (Xs J+1 (v)- X ,(v))^0, (4.52) 



The well-definedness of the projection operators 
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implies (J4.51)) . Note that (j4.52)) is true if and only if 

+ 2p, s j+1 ) - (p + 2p,p)) £ (mod iV), (4.53) 

for all Sj + \,fi £ V\ where p ^ Sj+i. Let us write £ instead of Sj+i for convenience. 

In order to show that (J4.53|) is true, we will find the largest and smallest elements of 

S = [\(ji + 2 P ,fi,)-(Z + 2p,Z)\ el | MeP A °, p^}. 

To help with this we note the following inequalities for each A £ V + and each i = 
1,2, ...,n- 1: 

(A + 2p, A) < (A + Cj+i + 2p, A + e i+i ) < (A + e { + 2p, A + e<), 

(A — ej + 2p, A - 6j) < (A - e i+ i + 2p, A - e i+1 ) < (A + 2p, A). 
From these inequalities, the largest element of S is 

(A + ei + 2p, A + ei) - (A - ei + 2p, A - ei) = 4A X + An - 2, 

and the second largest element of S is 

(A + ei + 2p, A + ei) - (A - e 2 + 2p, A - e 2 ) = (2A + 2p, e 1 + e 2 ) = 2A X + 2A 2 + 4n - 4. 

We now determine the smallest element of S. For each A £ V + and i — 1,2, . . . ,n — 1, 
we have 

2 < (A + Q + 2p, A + e<) - (A + e m + 2p, A + e m ), 
2 < (A - e l+1 + 2p, A - e i+ i) - (A - e, + 2p, A - e*), 

and 

2 < (A + e n + 2p, A + e n ) - (A + 2p, A), 
2 < 2A„ < (A + 2p, A) - (A - e n + 2p, A - e n ), 
as A — e n is an integral dominant weight. 

Lemma 4.4.1. T/ie projections from Lemma J^.2.2 (a) are well defined when N = 
(mod 4). 

Proof. The projections are well-defined if for each A £ we have 

|(p + 2p,p)-(£ + 2p,£)|^0 (mod AO, (4.54) 

for all p, £ £ V® where p 7^ £• As before, the smallest value of the left hand side of 1)4.54)1 
is 2 and the largest is 4Ai +4n — 2. From the definition of A^, the components of A satisfy 
< Ai + A 2 < A72 - 2n + 1, thus 

< 4Ai + An - 2 < 2A^ - An + 2, 



and 2N -An + 2 < 2N. As A x £ Z + , we have 4Ai + An - 2 £ AZ + + 2, then it follows that 
4Ai + An — 2^NasN = (mod A). 

To complete the proof, we note that the second largest value of the left hand side of 
(jPH) is 2Ai + 2A 2 + An - A. Now from the inequality Ai + A 2 < A^/2 - 2n + 1 we obtain 
2Ai + 2A 2 + An - A < N - 2, completing the proof. □ 



106 



Chapter^ Quantum osp{l\2n) at roots of unity 



Lemma 4.4.2. The projections from Lemma \4-2.^\ (a) are well defined for N = 2 (mod 4) . 

Proof. For A £ A^, we have < Ai < N/4 — n — 1/2. As previously, the projections are 
well-defined if (|4.54jl is true. The smallest value of the left hand side of (|4.54jl is 2 and the 
largest value is 4Ai + An — 2. Thus 

6 < 4Ai + An - 2 < N - 4, 

and the projections are well-defined. 

□ 

Lemma 4.4.3. For each odd N > 3, the projection p\{\] is well-defined for each \\ £ T l if 

(i) \i<(N- l)/2 - n + 1, or if 

(ii) the components of s t -i = A £ A^ satisfy Ai = (N — l)/2 — n + 1 and A 2 = A i; and 
A is such that A = A + e\ . 

Proof. As previously, the projection is well-defined if (|4.54j) is true for all pairs (p, £) £ 
V\ x V\ where /i^, for each A £ A^. We will show that this is true only when parts (i) or 
(ii) of the lemma are satisfied. As before, the smallest value of the left hand side of (|4.54|) 
is 2, the largest value is 4Ai + An — 2, and the second largest value is 2Ai + 2A 2 + An — 4. 
Consider the largest value. Let A £ A^, then < Ai + A 2 < N — 2n + 1, thus 

< 4Ai + An - 2 < AN. 

Note that 4A X + An - 2 ^ N and that 4A X + An - 2 ^ 3A^ as the left hand sides of each of 
these is even. However, we may have 4Ai + An — 2 = 2N and it transpires that this results 
in part (i) of the lemma. 

Let us consider the second largest value of the left hand side of (|4.54|) . From the 
relations < Ai + A 2 < N — 2n — 1 we have 

4 < 2Ai + 2A 2 + An - A < 2N - 2. 

Thus if we can show that the left hand side of (|4.54j) is always even, the only possible case 
in which (|4.54j) is not satisfied is when 4Ai + An — 2 = 2N. We will now show that the left 
hand side of ()4.54j) is always even. To do this, we consider all the possible cases below, in 
which we let i, j £ {1,2,..., n}. 

(i) Set /i = A+£i and£ = A. Then (A+ej+2p, A+ej)-(A+2p, A) = (2A+2p,ei) + l £ 2Z + . 

(ii) Set /i = Aand£ = A-e^. Then (A+2p, A)-(A-e;+2p, A-q) = (2A+2p,e,)-l £ 2Z + . 

(iii) Set p = A+ej and £ = A— €j where i ^ j. Then (A+ej+2p, A+6j) — (A— €j+2p, X—ej) = 
(2A + 2p,e i + e j ) £ 2Z+. 

(iv) Set p = A— 6i and £ = A— e,j where i ^ j. Then (A— ej+2p, A— e^) — (A— ej+2p, A— ey) = 
(2A + 2p, €j - Cj) £ 2Z. 
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(v) Set p = X+ei and£ = X+€j where i ^ j. Then (A+ej+2p, A+e^) — (X+ej+2p, A+e^) 
(2A + 2p, e t - ej) G 2Z. 

(vi) Set p = A + €i and £ = A — e*. Then (A + 6j + 2p, A + ei) — (A — + 2p, A — e.j) 
(2A + 2/o, 2ei) G 2Z+ and 



(2A + 2p, 2ei) = 2(2Ai + 2n - 2z + 1) < 



4 AT, when i = 1, 
2N, when i > 2. 



The only possible case in which (14.54)) is not satisfied is when p = A + e\ and £ = A — e\, 
and here it may be possible that (£ + 2p, £) — (p + 2p, p) = 2A^ We will show that for each 
odd N > 3 there always exists at least one element A of with the property that 

(A + ^ + 2p, A + - (A - ej + 2p, A - ei) = 2iV. (4.55) 

If (|4.55j) is satisfied, the notionally existing projection P[X + eJ G End (n), AV\ <S> V) that 
would act if it was well-defined as 

P[X + e 1 }:V x ®V-> V x+ei C V\ ® V, 

is only well-defined if A — ei ^ 7^ fl A^. Additionally, if ()4.55|) is satisfied, the notionally 
existing projection P[X — ei] G End an), AV x <S> V) that would act if it was well-defined as 

P[X -e 1 ]:V x ®V^ V x _ ei CV X ®V, 

is only well-defined if A + e x ^ D A%. 

If A — ei and A + €\ are elements of V\ for any given A G A^, then they are elements 
of fl A^. By inspection, both A — e\ and A + e x are elements of V\ if and only if the 
components of A satisfy 

A 2 <Ai-l, and {X x + 1) + A 2 < N - 2n + 2. 

The first condition implies that both A — e± and A + t\ are elements of and the second 
condition is necessary so that A + €\ is an element of A^. 

Let us determine the conditions on the components of A so that (|4.55|) is true. This 
equation states that 4Ai + 4n — 2 = 2N which we rewrite as Ai = N/2 — n + 1/2. Consider 
an integral dominant weight A where Ai = N/2 — n + 1/2 and A 2 < Ai — 1. Then 
Ai + A 2 < N — 2n and A is in A^-. This means that for each A^ there is at least one X G 
where the notional projections P[X + ei] and P[X — e\] are not well- defined. In general 
there are many such elements of A^ for which this is true. This proves (i). 

We now prove (ii). Consider an element A G A^ where Ai = N/2 — n + l/2 and A 2 = A x . 
Then X-e 1 £Vj and (A~i + 1) + A 2 = N -2n + 2, thus we have X + e 1 e A+\A+. Then the 



projection P 



X + e x 



: Vj ® V ->• V J+ei is well-defined as A - e x £ proving (ii). Note 
that sdim q (Vj +e ) = 0. 

□ 
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Chapter 5 



Topological invariants of 3-manifolds 
from Uq (osp(l\2n)) 



The structure of this chapter is as follows. In Section |5~T1 we introduce knots and links and 
the equivalence relations of ambient and regular isotopy generated by the Reidemeister 
moves on planar projections of links. We describe how each closed, connected, orientable 
3- manifold Ml can be obtained by performing surgery on the 3-sphere S 3 along a link 
L C S 3 , and we describe the equivalence relations, called the Kirby moves, on two links L 
and L' embedded in S 3 such that the 3-manifolds they give rise to upon performing surgery 
are homeomorphic. 

In Section 15.21 we introduce directed ribbon tangles and the category of coloured di- 
rected ribbon tangles following Reshetikhin |Re90j and Reshetikhin and Turaev |RT90j . 



as a precursor to constructing isotopy invariants of coloured directed ribbon tangles, and 
thereby regular isotopy invariants of links later in this chapter. 

In Section l5~3*l we state the Reshetikhin- Turaev functor F, a covariant functor from the 
category of coloured directed ribbon tangles to the category of finite dimensional represen- 
tations of a Z 2 -graded ribbon Hopf algebra. This definition follows directly from |Zh95j and 



is a generalisation of the covariant functor from the category of coloured directed ribbon 
tangles to the category of finite dimensional representations of an ungraded ribbon Hopf 
algebra |Re90| IRT90| IRT91j . The functor yields isotopy invariants of coloured directed 
ribbon tangles and thereby regular isotopy invariants of links. 
Sections I5.4H5.8I contain the new results in this chapter. 

In Section 15.41 we generalise the definition of a modular Hopf algebra to the Z 2 -graded 
case. Drawing on this generalisation, we define a new algebra that we call a pseudo- 
modular Hopf algebra. Pseudo-modular Hopf algebras are Z 2 -graded ribbon Hopf algebras 
together with a finite set of finite dimensional representations satisfying slightly weaker 
conditions than those satisfied by modular Hopf algebras. We define these algebras as there 
exist quotients of quantum algebras and quantum superalgebras that are not modular, or 
are not known to be modular, from which topological invariants of 3-manifolds can be 
constructed. Later in this chapter we construct topological invariants of 3-manifolds from 
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pseudo-modular Hopf algebras. 

In Section 15.51 we prove that topological invariants of closed, connected, orientable 
3-manifolds can be constructed using pseudo-modular Hopf algebras. 

In Section l5~o1 we prove that the Z2-graded ribbon Hopf algebra Uq N \osp(l\2n)) , where 
N > 6 satisfies N = 2 (mod 4), together with a set of non- isomorphic finite dimen- 
sional f/g iV ' , (osp(l|2n))-modules {V\\ A G A^} defined in Chapter HI is a pseudo-modular 
Hopf algebra. We also prove that 3-manifold invariants cannot be constructed from 
ui N) (osp(l\2n)) when TV > 4 satisfies N = (mod 4). 

In Section I5~7I we compare the 3-manifold invariants arising from Uq N \osp(l\2n)) when 
N > 6 satisfies N = 2 (mod 4), with the invariants arising from other ribbon Hopf al- 
gebras. This is difficult to do, and for tractability we only compare our invariants with 
those arising from U { q N/2 \so{2n+ 1)) at the same N. We do this as the quantised universal 
enveloping algebras of osp(l\2n) and so{2n + 1) are known to be related at generic q. We 
show that the 3-manifold invariants arising from ui N \osp{l\2n)) and uf ,2 \so{2n + 1)) 
are not the same. 

In Section l5~8l we give some side results. 

5.1 Knots and links 

We take the following definitions from [FtoQOl IHP941 ILic97j . 

Definition 5.1.1. A link L = U™i of m components embedded in S 3 is a subset of S 3 
consisting of m disjoint smooth 1-dimensional submanifolds of S 3 . A knot is a link with 
one component. 

This definition of a link ensures that we do not deal with wild links in this thesis. 

Definition 5.1.2. An oriented link L is a link with an orientation assigned to each con- 
nected component of L. 

Definition 5.1.3. Two oriented links L, V C S 3 are said to be equivalent if there exists 
an orientation preserving diffeomorphism f of S 3 such that f(L) = V and such that f 
takes the orientation of L into that of V . 

Let 5" 3 denote the 3-sphere, then S 3 = M, 3 U {oo}. Let a link L C S 3 be embedded in 
S 3 such that 

(i) L n {oo} = 0, and 

(ii) given the standard projection p : M 3 — > M 2 , p(L) has only transversal crossings where 
in some sufficiently small neighbourhood of each crossing there are projections of at 
most two branches of L. 
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Here we define a branch of L to be a closed proper subset of a single connected component 
of L. We define the planar projection of a link L C K 3 C S 3 to be together with 
information at each crossing in p(L) specifying which of the branches is the overcrossing 
branch. The overcrossing branch is represented by an unbroken line and the undercrossing 
branch is represented by a broken line, the line being broken at the crossing |CP94j . 

We detail the Reidemeister moves in Figure I5~T1 jKau91j . Let L C S 3 be a link such 
that Ln {00} = 0. Each of the Reidemeister moves replaces a configuration of arcs and 
crossings in the intersection of p(L) with a 2-disc D 2 , with another collection of arcs and 
crossings, such that the complement of p(L) is left unchanged |Lic97j . Each Reidemeister 
move is an equivalence relation: two links L, V C S 3 are said to be ambient isotopic if 
their planar projections are elements of the equivalence class of planar projections of links 
generated by the Reidemeister I, II and III moves. Two links L, V C S 3 are said to be 
regularly isotopic if their planar projections are elements of the equivalence class generated 
by the Reidemeister II and III moves. 




< — > 



< — > 





< — > 



< — > 




11 





III 



Figure 5.1: The Reidemeister I, II and III moves 



We associate a linking number +1 or —1 with each crossing of any pair of components 
of an oriented link as given in Figure IB~2l 

Definition 5.1.4. Let Li and Lj be connected components of an oriented link L. The 
linking number lk (Lj, Lj) of Li and Lj is half of the sum of the linking numbers associated 
with each crossing of Li and Lj in a planar projection of L. 

Definition 5.1.5. Let L C S 3 be an unoriented link. The writhing number w(Li) of 
a connected component Li of L is the sum of the linking numbers associated with each 
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+1 -1 



Figure 5.2: Linking numbers 



crossing of Li with itself in a planar projection of L, where L is assigned an arbitrary 
orientation. 

The writhing number of a connected component of a link is independent of the orien- 
tation of the link, thus the writhing number of a connected component of an unoriented 
link is well-defined using the above definition |Kau91j . 

Definition 5.1.6. A framed link L G S 3 is a link L together with an assignment of integers, 
each connected component of L being assigned an integer which we call the framing number 
of that component. 

Let L = [J™L 1 Li C S 3 be a framed unoriented link with m connected components 
where the framing number of the connected component Lj is n,. We can equip Lj with a 
normal vector field as follows: let C/j C S 3 be a small tubular neighbourhood of Li such 
that UiDl/j — if i ^ j . Let Ki C Ui be a connected link such that we can equip Li with 
a normal vector field where the tips of the vectors trace out Ki and such that if we assign 
an orientation to Lj and a parallel orientation to Ki, the linking number of Lj and Ki is rij 
|Kau91j . For each such normal vector field there exists an integer rij, and for each integer 
Hi there exists such a normal vector field. 

A natural normal vector field to use gives the so-called blackboard framing. Set the 
normal vector field to Lj to lie in the planar projection of L. Then the tips of the vectors 
sweep out a link Ki parallel to Lj |Kau91j and the linking number of Lj and Ki is w{LA. 
The normal vector field of a framed link can always be presented in the blackboard framing. 

The blackboard framing allows us to define a convenient notion of 'equivalence' of 
framed links. We say that two framed links are equivalent if the links are regularly isotopic 
when presented in the blackboard framing. 

An important element in the study of 3-manifolds is the notion of surgery |Kau9H p. 
252]: 

Definition 5.1.7. Performing surgery on a 3-manifold M 3 along a link L C M 3 . 

Let M 3 be a 3-manifold and L C M 3 an unoriented link with one component and 
framing number ul- Let a : S 1 x D 2 — > M 3 be an embedding and a(S' 1 x 0) an embedding 
ofL. A longitude of a^S 1 x D 2 ) isa(S 1 xl) C a(d(S 1 xD 2 )) where d(S 1 x D 2 ) denotes the 
boundary of S 1 x D 2 . Let L' C a(^d(S 1 x -D 2 )) be a closed twisted longitude of a(S 1 x D 2 ) 
such that lk(L, V) = where we now fix L and L' to have the same orientation. 
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We perform surgery on M 3 along L by gluing D 2 x S 1 to M 3 — Int^a^S 1 x -D 2 )) along 
the boundary of S 1 x S 1 C M 3 — Int(a(S l x D 2 )) so that the meridian m = S 1 x 1 c D 2 x S 1 
matches the closed twisted longitude L' . We conduct surgery on links with more than one 
component by performing surgery on each component simultaneously. 

The following theorem |Lic62j (see also |Lic97j ) establishes a connection between closed, 
connected, orientable 3-manifolds and links embedded in S 3 that underpins our approach 
to developing topological invariants of such 3-manifolds. 

Theorem 5.1.1. Any closed, connected, orientable 3-manifold Ml can be obtained by 
performing surgery on S 3 along a framed link L C S 3 . 

We refer to |Ro90t Chap. 9] and |Kau9H Part I, Chap. 16] for detailed discussion 
concerning, and examples of, surgery on S 3 along framed links. 

Let L, V C S 3 be two regularly isotopic links with the same framing. Let Ml (resp. 
My) be the closed, connected, orientable 3-manifold obtained by performing surgery on 5* 3 
along L (resp. L'), then there exists an orientation preserving homeomorphism Ml — > My- 

A question which immediately arises is whether there are any other relations between 
framed links such that the 3-manifolds they give rise to upon performing surgery are 
related by an orientation-preserving homeomorphism. Kirby answered that question by 
finding a complete collection of such relations between framed links and proving that closed, 
connected, orientable 3-manifolds Ml and Ml> are related by an orientation-preserving 
homeomorphism if and only if the framed links L and V are related by a certain set of 
transformations |Kirb78j . 

Fenn and Rourke subsequently proved a similar result but with the advantage that 
their transformations were local transformations, that is, their transformations occur on 
some subset of the planar projection of a link |FR79| . These transformations are called 
the Kirby moves and are detailed in Figures I5.3H5.51 Let L, L' C S 3 be two links that 
are regularly isotopic outside of their intersections with a 3-disc D 3 . Each Kirby move in 
Figures f5.3H5.5l relates the intersection of a 2-disc D 2 with p(L) and p(L'), respectively. 

We say that L and V are equivalent under the Kirby moves if the intersection of p(L) 
with D 2 is regularly isotopic to one diagram of a move, and the intersection of p(L') with 
D 2 is regularly isotopic to the other diagram of the move. The relation equivalent under 
the Kirby moves is an equivalence relation. The reader is referred to |Kau9H Part I, Chap. 
16] and |KL94t Chap. 12] for examples of links equivalent under the Kirby moves. 

The k+ and moves are called the special Kirby (+) move, and the special Kirby (-) 
move, respectively. The k + and k_ moves are called the Kirby (+) move, and the Kirby 
(-) move, respectively. 

We now explain the origin of the Kirby moves |Kau91l IKL94[ ILic97j . Let L C S 3 be 
a framed link and V C S 3 an unknot with framing number ±1 such that L U 11 is a split 
link, that is, that LUL' is the disjoint union of links L, V such that L and V are mutually 
unlinked. Surgery on S 3 along V gives rise to a 3-manifold homeomorphic to S 3 |KL94j . 
Let Ml be a closed, connected, orientable 3-manifold obtained by performing surgery on 
S* 3 along the framed link L G S 3 . Let Ml#S 3 denote the connected sum of Ml and S* 3 
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.(0) 



Figure 5.3: The Kirby tffl and k_ moves 





Figure 5.4: The Kirby k + move 



and let = denote an orientation-preserving homeomorphism. Then M^S 3 = Mi, and 
the relations = Ml#Ml> = Ml imply the existence of the and k_ moves. 

The k + and n_ moves arise from an application of the band connected sum move as 
detailed in the following theorem |Kau91j . 

Theorem 5.1.2. Let K, K' C S 3 be two links related by a band connected sum move and let 
Mk,Mk> be the closed, connected, orientable 3-manifolds obtained by performing surgery 
on S 3 along K and K' , respectively. Then Mr = Mr'- 

We now explain the band connected sum move. Let Li and Lj be two disjoint connected 
components of a link L G S 3 . The action of the band connected sum move on Lj is to 
replace Lj with the band connected sum Li^Lj, which we define as follows. Let b be 
the image of a smooth embedding e : [0, 1] x [0, 1] — > S 3 where e([0, 1] x {0}) is glued 
smoothly to Lj and e([0, 1] x {1}) is glued smoothly to Lj such that the linking number of 
e({0, 1} x [0, 1]) is zero, and furthermore, we require that the only part of b that intersects 
Lj (resp. Lj) is e([0,l] x {0}) (resp. e([0, 1] x {1})). We define 



Li# b Lj = (Lj U b U L i )\e((0, 1) x [0, 1] 



We now detail an example of the band connected sum move to be concrete. Let Lj and 
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Figure 5.5: The Kirby k_ move 



Lj be components of a split link in Figure ESI then L^^Lj is the left most component in 
Figure 15.71 



The band connected sum move gives rise to the k + move. In Figure 15.81 we show 
this in the situation that the left hand side of the k + move has one component. The 
multicomponent case is similar. In Figure IS~%1 indicates the band connected sum move, 
indicates the move and the remaining move is regular isotopy. The generation of 
the K- move is similar. 

The existence of the band connected sum move suggests that there may be a large num- 
ber of moves on links that give rise to homeomorphic 3-manifolds. However, a convenient 
result is that the Kirby moves are a sufficient generating set of such moves [FR79, Thm. 



Theorem 5.1.3. Orientation preserving homeomorphism classes of closed, connected, ori- 
entable 3-manifolds correspond bijectively to equivalence classes of framed links in S 3 where 
the equivalence is generated by the Kirby moves. 




Li 



Figure 5.6: Link components Lj and Lj 



p. 1]: 



It transpires that the four Kirby moves are not a minimal generating set of the Kirby 
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Figure 5.7: The links Li^Lj and Lj 




Figure 5.8: The derivation of the k+ move 



calculus: the k ± moves in addition to either of the k + or k„ moves generates the entire 
Kirby calculus |Kau91j . 

We will use all of these facts to create topological invariants of closed, connected, 
orientable 3-manifolds later in this thesis. Let Ml be a closed, connected, orientable 3- 
manifold obtained by performing surgery on S* 3 along a framed link L C S 3 . We will create 
a topological invariant of by taking such sums of regular isotopy invariants of L as are 
unchanged after applying each of the Kirby moves to L. A convenient way to study regular 
isotopy invariants of links is to consider isotopy invariants of ribbon tangles. 

5.2 Tangles and ribbon tangles 

We now examine tangles, directed ribbon tangles and coloured directed ribbon tangles 
before constructing isotopy invariants of directed ribbon tangles. The work in this section 
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is well known: it first appeared in |Re90| and then in |RT90[ IRT91j and it often appears 
and is referenced in the literature. We state it here to be complete. 

5.2.1 The category of directed ribbon tangles 

The basic element in this work is the ribbon. A ribbon is defined to be a square [0, 1] x [0, 1] 
smoothly embedded in M 3 |RT91j . and the images of the segments [0, 1] x {0} and [0, 1] x {1} 
under the embeddings are the bases of the ribbon. We call the image of {1/2} x [0, 1] the 
core of the ribbon. 

We call the image of a cylinder S 1 x [0, 1] smoothly embedded in M 3 an annulus, and 
the image of S 1 x {1/2} the core of the annulus. 

We define the writhe of a ribbon to be the linking number of the image of {0} x [0, 1] 
and the image of {1} x [0, 1] where we assign the edges of the ribbon parallel orientations. 

Ribbons and annuli are orientable surfaces in M 3 and an orientation of a ribbon or 
annulus is equivalent to a choice of one side of the ribbon or annulus. 

We say that a ribbon or annulus is directed if its core is oriented, and we orient the 
core of a ribbon by labelling one of the bases of the ribbon the initial base and the other 
base the final base. Each ribbon and annulus can be directed in two ways and oriented in 
two ways. 

For k, I G Z + we define a (k, /)-ribbon tangle T to be the union of a finite number of 
disjoint oriented ribbons and annuli embedded in M? x [0, 1] such that T satisfies: 



and such that the same side of each ribbon faces the reader at Tfl (1R 2 x {1}) and Tfl (M 2 x 



We define the (k, /)-tangle associated with a particular (k, /)-ribbon tangle T to be the 
union of the cores of all the components of T. This corresponds to our intuitive notion of 
a (k, /)-tangle. 

So far we have not imposed any directions on the (ribbon) tangles. In Reshetikhin and 
Turaev's isotopy invariants of ribbons, one uses oriented and directed ribbon tangles, and 
so we now define a directed (k, /)-ribbon tangle. 

We define a directed (k, I) -ribbon tangle T to be a (k, /)-ribbon tangle where all the 
ribbons and annuli of T are directed. We can intuitively think of this by drawing an arrow 
on each ribbon and annulus parallel to the core of the ribbon or annulus. 

For each directed (k, Z)-ribbon tangle T there are two sequences which specify the di- 
rections of the ribbons of T: 



m(R 2 x {1}) = {[i- l/4,z + l/4] x {0} x {1} I i = 1,2,..., 
m(R 2 x {0}) = {[j- 1/4, j + 1/4] x {0} x {0} I j = 1, 2, . . . 



k}, 
,1}, 



{0})- 



e*(T) 




(ei, e 2 , . . . , ei). 



Here each e l , is either —1 or +1. Intuitively, e l = +1 (resp. e l = —1) if the arrow on the 
jth ribbon from the left at the top of the ribbon tangle is pointing down (resp. up), and 
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6i = +1 (resp. 6i = —1) if the arrow on the i th ribbon from the left at the bottom of the 
ribbon tangle is pointing down (resp. up). Technically, we set e* = +1 if 

[i- l/4,i+l/4] x {0} x {1} 

is an initial base and e % = — 1 if it is a final base. Similarly, we set ej = +1 if 

[j -1/4J+1/4] x {0} x {0} 

is a final base and ej = — 1 if it is an initial base. 

We depict directed ribbon tangles as the disjoint union of ribbons and annuli, the 
directions of the ribbons and annuli denoted by arrows drawn on them. On ribbons we 
point the arrows in the direction of the final base. An example of this is in Figure 15.91 




Figure 5.9: An example of directed ribbons and annuli 



Two directed (k, Z)-ribbon tangles T, V are said to be isotopic if there exists a smooth 
isotopy 

ht : R 2 x [0, 1] ^R 2 x [0, 1], te[0,l], 

of the identity ho = id such that each ht is a diffeomorphism of the strip R 2 x [0,1] fixing 
its boundary M? x {0,1} and hi transforms T into T' preserving the decomposition into 
ribbons and annuli, the directions of cores and the orientations of the ribbons and annuli 
|RT91j . Isotopy is an equivalence relation. 

In referring to a particular directed (k, Z)-ribbon tangle T we are referring to any element 
of the equivalence class of directed (k, /)-ribbon tangles containing T where the equivalence 
is generated by isotopy. 

If T is a directed (k, m)-ribbon tangle and T' is a directed (m, n)-ribbon tangle then we 
can vertically compose them to produce a new directed (k, n)-ribbon tangle T o T' if the 
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directions of T and T' are compatible. By 'compatible' we mean that e*(T) = e*(r'), or 
more intuitively, the 'up, down' sequence of arrows at the bottom of T is the same as the 
'up, down' sequence of arrows at the top of V. 

We technically define T o r' to be the directed (k, n)-ribbon tangle obtained as follows. 
Take the union T U (T' + 1) where t is the vector t = (0, 0,-1) G 1R 3 such that the bases 
of the ribbons are smoothly glued together. Then T o r' is the image of T U (r ; + t) 
under the map (x, y, z) \— > (x, y, (z + l)/2), for all (x, y, z) G 1R 2 x [—1, 1], so that we have 
r o T C I 2 x [0, 1]. Then r o T' is a directed (k, n) -ribbon tangle with two sequences 
encoding the directions of the ribbons: 

e *(ror') = e*(r), 
e*(ror') = e*(r'), 

as expected. We heuristically depict r o V in Figure 15.101 



Figure 5.10: The vertical composition Tor' 



Let T be a directed (k, /)-ribbon tangle and T' a directed (m, n)-ribbon tangle, then the 
horizontal composition r <S> T' is always defined. This r <E> V is a directed (k + m,l + n)- 
ribbon tangle r (g) V depicted by placing V immediately to the right of V such that V and 
T' are mutually unlinked. We heuristically depict r ® V in Figure 15.111 







r 


V 



Figure 5.11: The horizontal composition T ® T' 



Now let Ti, T[, T 2 and T' 2 be directed ribbon tangles where Ti o r' x and T 2 o T' 2 exist, 
then 

(rx o ri) ® (r 2 o r' 2 ) = (r x ® r 2 ) o (r; ® r 2 ). 

Note that (Ti (g) T 2 ) o (r^ (g) T' 2 ) may exist even if Ti o T[ and T 2 o T' 2 do not. 

We now introduce the category of directed ribbon tangles drib |RT91[ ICP94] . The 
objects of drib are finite sequences: 

e = (ei, £2, • • • , Cfe), 
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where 6j G {—1, +1} for each i — 1,2, ... ,k. We can think of an object e of drib as being 
e*(r) or e*(r) for some directed ribbon tangle T. Isotopy equivalence classes of directed 
ribbon tangles are the morphisms of drib. 

If T and T' are two directed ribbon tangles where ToT' exists, and / : e*(T) — > e*(r) and 
/' : e*(r") — > e*(r') are two morphisms of drib, then we define fof : e*(ror') — > e^iToT') 

to be r o r. 

Let 

(Cai i £<i2 i • • • i €a k ) i ^b {^bi j ^62 j • • • ; ) j 

be two objects of drib. The tensor product of e a and e b is an object e a <g> e&: 

Ca ® ^6 V GJ ) *^a2 j ■ ■ ■ j ^aj. ; ^61 ; ^&2 ; • • • ; ^6; ) • 

Now let / : e a — > e' a and p : ej, — > e' b be two morphisms of drib that are the directed 
ribbon tangles T and T', respectively. The tensor product of / and p is a morphism f <S> g: 

f®g:e a ®e b -*e' a ®e' b , 

which is just the directed ribbon tangle V ® V . 

Let /, /', g and g' be morphisms where fof and pop' exist, then 

(/o/')®(3og') = (/^)°(/'®5')- 

Note that (/ ® p) o (/' <g) p') may exist even if each of / o /' and p o p' do not exist. 

A directed ribbon tangle can be expressed as some combination of vertical and hori- 
zontal compositions of the directed ribbon tangles in Figure IH. 121 |RT91j . For convenience 
we call the directed ribbon tangles in Figure EHH the directed ribbon tangle atoms. 

5.2.2 Coloured directed ribbon tangles 

We now introduce coloured directed ribbon tangles, which we can intuitively think of as 
directed ribbon tangles where each component of the ribbon tangle has been 'coloured' 
with an element of some set. 

Let S = {s\, S2, ■ ■ ■ , s t } be a non-empty finite set and let T be a directed (k, /)-ribbon 
tangle with m disjoint directed ribbons: 

m 

r = U r - 

i=l 

We say that r, is coloured with s a . G S if we associate s ai with Tj. Let each ribbon Tj 
be coloured with s ai , then we say that Y is coloured with (s ai , s a2 , . . . , s am ) G S xm . We 
denote any involution * of S by *(s a J = (s a J*- 

Two coloured directed (k, Z)-ribbon tangles T, V are said to be isotopic if they are 
isotopic as directed (k, /)-ribbon tangles and if the isotopy takes the colouring of T into the 
colouring of T' [RT91 . 
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Figure 5.12: The directed ribbon tangle atoms 



To each coloured directed (k, Z)-ribbon tangle T we associate two sequences encoding 
the colourings and directions of its ribbons: 

(X*,6*) r = ((zV),(* 2 ,e 2 ),...,(z fc ,e fc )), 
(X*,e*) r = ((ii,ei),(i 2 ,e 2 ),...,(ii,ei)), 

where i\ ij G S and e J , €j G {— 1,+1} for each j. Intuitively, the sequences e*(r) = 
(e 1 , e 2 , . . . , e k ) and e*(T) = (ei, e 2 , . . . , e{) are just the corresponding sequences if we think 
of T as uncoloured. The sequences 

x*(r) = (*V,...,2 fc ), x 11 .(r) = (i 1 ,i 2 ,...,z I ), 

encode the colourings of the ribbons, such that V (resp. ij) is the element of S that colours 
the component of T with non-empty intersection with [j — 1/4, j + 1/4] x {0} x {1} (resp. 
b'-l/4,j + l/4]x{0}x{0}). 

The vertical composition r o T' of a coloured directed (k, m)-ribbon tangle T and a 
coloured directed (m, n)-ribbon tangle T' exists if the directions and colourings of T and 
T' are compatible, that is if (X*,e*)r = (X*,e*)r>- We technically define r o V to be the 
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coloured directed (k, n)-ribbon tangle with the underlying directed ribbon tangle to be 
the vertical composition of T and V and with two sequences encoding the colouring and 
directions of the ribbons: 

(X*,e*)r r' = {X*,e*)r, (X*, e*)r r' = (X*,e*)r'- 

The horizontal composition T ® T' of a coloured directed (k, /)-ribbon tangle T and 
a coloured directed (m, n)-ribbon tangle T' is always defined to be the coloured directed 
{k + m, / + n)-ribbon tangle depicted by placing V immediately to the right of V such that 
T and r" are mutually unlinked. 

Let Ti, r' 1; T2 and T 2 be coloured directed ribbon tangles where Ti o r[ and r 2 ° V 2 
exist, then 

(r x o ri) ® (r 2 o r' 2 ) = (r\ ® r 2 ) o (r; ® r 2 ). 

Note that (ri ® r 2 ) (T^ (8) Y' 2 ) may exist even if Y\ o and r 2 o Y 2 do not. 

Any coloured directed (k, /)-ribbon tangle, where the ribbon tangle is coloured with 
elements of a set S, can be written down as some combination of vertical and horizon- 
tal compositions of the directed ribbon tangle atoms, where each ribbon tangle atom is 
coloured with an element of S |RT91j . We denote a colouring of the directed ribbon tangle 
atoms as follows: 

(i) if means that J 1 * 1 is coloured with i, 

(ii) Xf- means that X + is coloured so that the ribbon passing from the top right hand 
corner to the bottom left corner is coloured with i and the other ribbon is coloured 
with j, 

(iii) X~- means that X~ is coloured in the same way that Xf- is, 

(iv) Wi means that W is coloured with i, where W is any one of Q + , Q~ , U + and U~ . 

We now introduce the category of coloured directed ribbon tangles cdrib(S) for a finite 
non-empty set S |Re90l IRT911 ICP94] . The objects of cdrib(S) are sequences of pairs 



( x , e ) = e i)> (*2, £2), • • • , (ifc, e fc )) , 

where ij G S and €{ G { — 1, +1} for each i = 1,2, ... ,k. Each object (X, e) of cdrib(S) 
can be thought of as {X*, e*)r or (X*, e*)r for some coloured directed ribbon tangle T. The 
morphisms of cdrib(S) are equivalence classes of coloured directed ribbon tangles coloured 
with elements of S. 

Lemma 5.2.1. All morphisms in cdrib^ can be expressed as vertical and horizontal 
compositions of the coloured directed ribbon tangles If , l~ , Xf-, X~-, Qf, Q~ , Uf and 
Uf, where i,j G S. 

Proof. This follows from |Re90| Prop. 1.4]. □ 
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Let T and T' be two coloured directed ribbon tangles where T o T' exists. Let / : 
(X*,e*) r — > (X*,e*)r and /' : (X*,e*)r> — > (X*,e*)r' be two morphisms. We define the 
morphism / o /' : (X*,e*)r r' — ► (X*, e*)r r' to be the coloured directed ribbon tangle 

roF. 

Let (X a ,e a ) and (X b ,e b ) be two objects of cdrib(S): 

(X 6 ,e 6 ) = {(i b i,e bl ),(i b2 ,e b2 ),...,(i bm ,e bm )). 

The tensor product of (X a , e a ) and (X b , e b ) is an object (X a , e a ) <g> (X b , e b ): 

(X a ,e a ) ® (X 6 ,e 6 ) = ((v,e ai ), (ia 2 ,e a2 ), • • • , (i afc ,e afc ), («6i,e 6l ), («& 2 ,e& 2 ), . . ., (i& m ,e 6m )). 

Let / and g be morphisms of cdrib(S): 

/ : (X a ,e a ) r — > (X Q , e a ) r , # : (X 6 , e &)r' — > P^Or'- 

The tensor product of / and g is a morphism / cg> g which is the coloured directed ribbon 
tangle r (g> V: 

f®g: (X a , e Q ) r ® (X 6 , e 6 ) r , -> (X a , e'Jr ® (X£, e' 6 ) r '. 
Note that if /, /', g and are morphisms of cdrib(S) where f o f and go g' exist, then 

(/°/0®(W) = (/®<7)°(/'®</)- 

Closing a coloured directed ribbon tangle 

Let T be a coloured directed (k, A;)-ribbon tangle with (X*, e*) r = (X*, e*)r- For each j G 
{1, 2, . . . , fc} let Tj be a ribbon that is the image of a smooth embedding e : [0, 1] x [0, 1] — > 
M 3 given as follows. The ribbon rj has disjoint intersection with T: call e([0, 1] x {0}) 
the beginning of the ribbon and e([0, 1] x {1}) the end of the ribbon. Smoothly glue 
the beginning of rj to T at [j — 1/4, j + 1/4] x {0} x {1} and the end of rj to T at 
[j — 1/4, j + 1/4] x {0} x {0} in such a way that rj is unlinked with each component of T, 
and also so that the linking number of the two edges e({0} x [0, 1]) and e({l} x [0, 1]) of 
r,j is zero if they are given parallel orientations. 

Now orient and direct Tj to be consistent with the orientation and direction of the 
components of V to which it is glued, and colour rj with ij G S. After attaching, orienting, 
directing and colouring the k ribbons we obtain from T a coloured directed (0, 0)-ribbon 
tangle T heuristically depicted in Figure 15.131 (here T is a coloured directed (k, /c)-ribbon 
tangle). Sometimes we refer to T as the closure of I\ 

5.2.3 Representing framed links as (0, 0)-ribbon tangles 

Let L = UI!li Li C S 3 be a framed link with m connected components and let the framing 
number of the component Li be rii for each i = 1,2, ... ,m. We can associate L with a 
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Figure 5.13: A coloured directed ribbon tangle T and its closure f 



(0, 0)-ribbon tangle T(L) in a natural way. Recall that each ribbon tangle is a subset of M. 3 
and that S 3 = M 3 U {oo}. Any link L C S 3 can be deformed so that Let 3 and ambient 
isotopic links in S 3 give rise to ambient isotopic links in R 3 |T94j . In the remainder of this 
subsection we consider L as a subset of 1R 3 . 

We obtain the (0, 0)-ribbon tangle T(L) for each framed link L C S 3 as follows. For 
each connected component Li of L fix C/j C M 3 to be a small tubular neighbourhood of Li 
such that UidUj — if i ^ j. Let C d{Ui) be a parallel of Li such that lk(Lj, ifj) = rij, 
then we can equip Li with a normal vector field so that the tips of the vectors sweep out 
Ki. 

The links Li and Ki are the boundary of a (0, 0)-ribbon tangle where each element of 
the normal vector field to Li coincides with some proper subset of the (0, 0)-ribbon tangle. 
Repeating this for each connected component of L defines a (0, 0)-ribbon tangle for L. 



5.3 The Reshetikhin-Turaev functor F 

The Reshetikhin-Turaev functor F is a covariant functor from the category of coloured 
directed ribbon tangles to the category of finite dimensional representations of a Z 2 -graded 
ribbon Hopf algebra. The functor provides the machinery allowing us to construct isotopy 
invariants of ribbon tangles and thereby regular isotopy invariants of links. The functor 
was first defined for ungraded ribbon Hopf algebras and their representations |Re90t IRT901 
IRT91j and extended to Z,2-graded ribbon Hopf algebras and their representations |Zh95j . 

Let A be a Z2-graded ribbon Hopf algebra over C. Recall from Section 12.31 that A 
admits an invertible even element, called the universal i?-matrix, 



R = q t ® b t e A ® A, 
t 



(5.1) 
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satisfying Eqs. (|2.11|) - (|2.13|) . As usual we set 



u = 



(5.2) 



Recall that there exists an invertible even central element 



v G A, 



(5.3) 



with the following properties: 



e(v) = 1, v 2 = uS(u), S(v) 



v, A(v) = (v®v)(R T R) 



where R T = Y,t h t® a t (-l) [at] . 

Let Rep(A) be the category of finite dimensional Z,2-graded left A-modules. The objects 
of Rep(A) are Z 2 -graded left A-modules over C. The morphisms of Rep(A) are A-linear 
homomorphisms of degree 0. Let {Vi\ i G /} be a set of objects of Rep(A) for some index 
set / such that for each i G I, the dual A-module of Vi, which we denote by (Vi)*, is 
isomorphic to Vj for some j G I. Now let 



be an object of cdrib(J), then for each such object n we define the A-module 

where we fix V^ +1 = Vi and Vf 1 = (Vi)*. If rj — then we set V$ — Vq = C, which is the 
one-dimensional A-module. 

We now present the theorem defining the covariant functor F |Re90l IRT901 IRT911 
IZh95j . This theorem is a generalisation of a theorem defining F as a covariant functor 
from the category of coloured directed ribbon tangles to the category of finite dimensional 
representations of an ung raded ribbon Hopf algebra |Re90l IHT901 IRT9T] . The proof of 
Theorem 15.3.11 is similar to the proof of the theorem it generalises. 

Theorem 5.3.1. Let 7i = cdrib(J). Let A be a ^-graded ribbon Hopf algebra over C 
with universal R-matrix R G A ® A stated in \5.1\) . the element u G A stated in and 
the even central element v G A stated in \5.§) . 

Let {Vi\ i G /} be a set of objects of Rep (A) such that for each i G /, (Vi)* is isomorphic 
to Vj for some j G /. There exists a covariant functor F : H — > Rep(A) with the following 
properties: 

(i) F transforms any object n of Ti into the object V v of Rep(A), 

(ii) For any two coloured directed ribbon tangles V ,T' , 



V = ((n,ei),(«2,e 2 ),...,(ifc,e fe )), 



F(r®r') = F(r)®F(r'), 
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(Hi) F is defined by 

F(I+)=id i :V i ^V i ; F(I+)(x) = x, 

F(I-) = idi. : {Vi) m - (Vi)* ; = **, 

F(X+.) = Poi?:Vi®V}— >V}® 

F(X+.)(x ® y) = J2t h tV ® a t x (-1)HM+M(M+M), 

F(Xr-) = iT 1 o P : ® V 3 -> V} ® VJ; 

® y) = ® M (-ljkKM+M 

F(fit) : (Vi)* ® V$ - C; F(Q+)(x* ® j/) = (x*, y>, 

F(fir) : ^ (V,)* -> C; F(fir)(x ® y*) = (-l)MM(y*, (^u) x >, 

: c -> v; ® (v*)* ; *W)(c) = cE, ^ ® <, 

F(£/r) : C -> (Vi)* ® F(E/r )( c ) = c£ r (-l)^< ® (wr 1 ) v pj 

where {v r } and {v*} are dual bases ofVi and (Vi)* , respectively, such that (v*,v s ) = 
5 rs and [v r ] = [v*]. 

Needless to say, if T and T' are coloured directed ribbon tangles where Tor' exists, 
then we have 

F(ror') = F(r) oF(r'). 

Let L be an oriented (k, /)-tangle with m connected components (note that k, I and 
m > 1 can all be different non-negative integers). Given such an oriented (k, Z)-tangle 
L, fix T to be the associated coloured directed (k, Z)-ribbon tangle with m connected 
components, where there are two associated sequences of pairs that encode the directions 
and colourings of all the ribbons of V as given in Subsection 15.2.21 

(X*,e*) r = ((/iVM/AeV-.^V)), 
(X*,e*) r = ((is 1 ,e 1 ),(v 2 ,e 2 ),...,(is h e l )), 

where /x\ G /. The sequence (X*,e*) r uniquely specifies the colourings and directions 
of the ribbon tangles intersecting the top of the ribbon tangle diagram. In particular, the 
jth ribbed tangle from the left at the top of the ribbon tangle diagram is coloured with 
ji l G / and is directed downwards (resp. upwards) if e 1 — +1 (resp. e 1 = —1). 

Similarly, the sequence (X*, e*) r uniquely specifies the colourings and directions of the 
ribbon tangles intersecting the bottom of the ribbon tangle diagram: the j th ribbon tangle 
from the left at the bottom of the ribbon tangle diagram is coloured with Vj G / and is 
directed downwards (resp. upwards) if e 3 - — +1 (resp. Cj = —1). 

For such a T, F(F) is a map 

F(T) : V*l ® V$ ® ■ • • ® Vfi — > V£ ® K; 2 2 ® • ■ • ® V* • (5.4) 

As the functor F maps morphisms of Ti, to A-linear homomorphisms of degree 0, the 
map ()5.4|) must commute with the action of A, that is 

«i S < 2 ® ■ • ■ <8> <* (A (fc - 1} (a)) ) = « ® vr- ® • ■ ■ ® < (A^a))) F(r), 
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for all a E A, where n^ 1 (resp. vr^ -1 ) denotes the representation of A afforded by the 
A-module Vi (resp. the dual A-module (Vj)*). 

To illuminate this fact, we give a direct proof of it. Each coloured directed ribbon 
tangle T can be expressed as some combination of horizontal and vertical compositions of 
the coloured directed ribbon tangle atoms in Figure 15.121 thus the homomorphism F(T) 
of A-modules can be expressed as some appropriate combination of tensor products and 
compositions of the homomorphisms of A-modules obtained by applying the functor F to 
the coloured directed ribbon tangle atoms in Figure 15.121 To prove the theorem it suffices 
to prove it for each case in which T is a coloured directed ribbon tangle atom. 

The theorem is trivially true for F(I^~) and F(I~), and it may be shown to be true for 
F(X^) and F(X~j) by simple calculations using RA(x) = A'(x)R, Wx G A. Now 

F(n+)a(x*®y) = F(fi+)^a (1) x*®a (2) y(-l)^^)] 

(a) 

= ^(x',S(fl (1) ) ffl(2)!/ )(-l)MW 

(a) 

= e(a)F(n+)(x*®y), 
where we have used the fact that e(a) = if [a] = 1. Also, 

aF(Ut){c) = c^a (1) t; r ®a {2) <(-l) W[a ( 2 )] 

(a),r 

= c £ a {1) v r g> (a (2) <,t;>*(-l)WMl 

(a),r,i 
(a),r,i 

= c22 a (i)S(a(2))vi <8>Vj 

(o),i 

= F(Uf)(c)e(a). 



The proofs for F(Q i ) and F(U i ) are similar. 



Corollary 5.3.1. Let T(L, A) be a coloured directed (1, l)-ribbon tangle with m components 
where the ribbon joining M 2 x {0} and M? x {1} is coloured with Aj G / and directed 
downwards at its bases. Then the map F(T(L, A)) : V\ i — > V\ i is an element of EndAiV^). 

Remark 5.3.1. Let T(L, A) be a coloured directed (0,0)-ribbon tangle associated with the 
framed oriented link L. Then from the definition of the functor F, the map F(T(L, A)) : 
C — > C is an invariant of isotopy ofT(L) and thus an invariant of regular isotopy of L 
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5.3.1 Calculations using the functor F 

We now do some calculations using the functor F. These results will be needed in the later 
sections. 

Let A be a Z 2 -graded ribbon Hopf algebra and {Vi\ i G /} a set of non-isomorphic 
irreducible A- modules such that for each j 6 J, (V$)* — Vj for some j G i\ Consider the 
two framed oriented links L, V C S 3 in Figure 15.141 the planar projections of which are 
equivalent with respect to the Kirby move k + . Here T is an arbitrary oriented (m, m)-t angle 
represented by the rectangle, the orientation of which is compatible with the orientations 
of L\T and L'\T. Let the directed ribbon tangles associated with L and V be coloured as 




L V 
Figure 5.14: Two links L, L' related by the Kirby k + move 

follows: let r(Lj) (resp. denote the directed (1, l)-ribbon tangle derived from the 

i th tangle of L\T (resp. L'\T) intersecting the line P from the left. Colour both r(Lj) and 
T(L-) with Aj G /, and colour the unique component of T(L'\T) isotopic to an unknotted 
annulus with \i G /. We denote these coloured directed (m, m)-ribbon tangles, respectively, 
by 

T(L\T, (X 1 , A 2 , . . . , A m )), T(L'\T, (A 1; A 2 , . . . , A m , /i)). 

Lemma 5.3.1. Assume that v acts on as the multiplication by a scalar. Fix m — \, 
then 

F(r(L\T,A)) = v:V x ^V x , (5.5) 

F(T(L'\T,(\,n))) = x^v-^Cp-.Vx^Vx, (5.6) 
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where 

= (id ® str) [(id ® vr^) (id ® ^i^i?] , (5.7) 
zs a central element of A, and Xni v ~ l ) i> s the eigenvalue of v~ l in the A-representation tt^. 

Lemma 5.3.2. For each m > 2, the map 

F(T(L\T, (A x , . . . , A m ))) : V Xl ® ■ • • ® V Xm - V Al ® • ■ • ® ^ Am , 

acts as 

A (m_1) (v) : y Al ® ■ • • ® \/ Am y Al ® • ■ • ® V Xm . 

Proof. Assume that Lemma f5.3.1l is true (we will prove it below), then Fi gure 13 . 1 51 proves 
the lemma for m = 2. Now assume that the inductive hypothesis is true for some m > 2, 
then the proof follows for (m + 1) by using Figure IH. 161 and the representation of A^ m \v) 
in tensor product representations of A. □ 




Figure 5.15: Regularly isotopic (2, 2)-tangles 



Remark 5.3.2. The results of Eq. \5. ,5j) in Lemma \5. S. 1\ and Lemma \5. 3. S\ still hold true 
if the modules are not irreducible. 

We now prove Lemma f5. 3. II 

Proof. We consider the first claim. Theorem 15.3.11 implies that F(T(L\T, A)) : V\ — > V\ is 
given by 

F(T(L\T, A)) = id A o (id A ® o (X~ A ® id A ) o (id A ® U+) o id A . 

Let x be a basis vector of V\ and let {v r }, {v*} be dual bases of V\, (V\)*, respectively, 
such that (v*,v s ) = 5 rs and [v*] = [v r ], where (-, •) : (V\)* x V\ — > C is the dual space 
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m + 1) components 




r 

< — > 




1 component 



m components 
Figure 5.16: Regularly isotopic (m + l,m + l)-t angles 

pairing. We calculate the action of F(T(L\T, A)) on x to be 



(id A ®C/+) ^ 



(id A (g>Q, ) 



^ S^H ® b t x (g> w r *(-l)WW+MW 



l ub t x)S(a t )^ 

t,r 

v~~ S(u)ux = VX, 



as f 2 = S(u)u. 

We now consider the second claim. We will calculate the action of F(T(L'\T, (A,//))) 
on a basis vector x G V\ where the annulus is coloured with \x. Consider the regularly 
isotopic oriented (1, l)-t angles in Figure 15.171 where < — > indicates regular isotopy. As 
U and M' are reg ularly isotopic, F(T(L',u)) = F(T(M',u)), and we will now calculate 
F(T(M',u)Y Consider the coloured directed (1, l)-ribbon tangle F(M", (A, jii)) in Figure 
15.181 note that T[M", (A, //)) is identical to r(M', (A,/i)) 'modulo' a twist. The map 
F(r(M",(A,//))) :F A ^y A is 



f(t(m" , (A, //))) = id A o (id A ® n-) o (x+ ® id M *) o (x+ ® id M *) o (id A ® u+) o id A . 
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Let x be a basis vector of V\, then we calculate F(T(L, (A,/i)))(x) to be 



x 



r 



i — > 



s,t,r 



(id A ®Q M ) 
I > 



= (id g> str) [(id ® vr At )(id ® f ~ 1 m) j R t j R] x = C^x). 

Note that C M is a central element of A |ZG91l Prop. 3] and Xo(C>) = sdim q (V^). 
Adding a twist with framing number +1 into the annulus coloured with \i gives precisely 
T(L'\T, (A, fi)). LemmaEZSl(ii) below implies that F(T(L'\T, (A, //))) = X(v M )* (^^ 1 )F(r(L, (A, /i))) , 
where X(v P )* C^ -1 ) is the scalar action of w _1 on (V^)*. As v is even and S'(f) = v, we have 

Lemma 5.3.3. 

(i) LetT(L, A) 6e t/ie coloured directed (1, l)-ribbon tangle in Fiaure \E.19l then F(T(L, A)) = 
v" 1 : V A - V x . 
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(ii) Let T(L',X) be the coloured directed (1,1) -ribbon tangle obtained by reversing the 
direction ofT(L,X), then F(T(L',X)) = ir 1 : (V x )* -> (Va)*. 




Figure 5.19: The coloured directed (1, l)-ribbon tangle T(L, X) 



Proof. We prove (i). The map F(T(L, X)) :V\—>Vx is 

F(T(L, A)) = id A o (id A <g> o (X+ A ® id A *) o (id A ® o id A . 
Let x be a basis vector of V\, then we calculate F(T(L, X))(x) as follows: 



(id A ®t/+) 



(X+ ®id A *) 



x ® v r <S> v* 

r 

J2 b tVr ® a t x ® Wr *(-1)M+W(M+W) 



(id ^ } £<<,^W)M,(-i) [at] 



J2^%S 2 (a t )u x(-l) 



[at] = v~ l x. 





Figure 5.20: Two regularly isotopic oriented (1, l)-t angles 
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We now prove (ii). Consider the two regularly isotopic oriented (1, l)-t angles V and L" 
in Figure 15". 2 01 As these tangles are regularly isotopic, we can rewrite the map F(T(L', A)) : 

(v x y -> (v x y as 

F(T(L',\)) = F(T(L",\)) 

= id A * o (id A * ® fi A ) o (id A * <8> fi A ® id A ® id a*) ° (id A » <8> id A * ® ® id A *) 
o(id A * g> C/~ ® id A <g> id A ») o (Z7~ <g> id A *) o id A *. (5.8) 

Let x be a basis vector of (V\) , then the action of the right hand side of (|5.8jl on x is 

(vu'^Vr <g> x(-l) [Vr] 

r 

^2 V r ® w p ® (uu -1 )Vp ® (w -1 )u r ® 
r,p 

^ < <8> ^ <8> btvu-\ <8> a t w _1 Vp ® a;(-l)^ ]+[ ^ +[o * ](1+W)+[ ^ 1K1 

r,p,t 

^2{uv- 1 S- 1 (b t )v*, v r )v* r ® ajtm- 1 ^ ® x (-l)MN+K]+W+K](i+M+K]) 

r,p,t 

^mr^-^i)^ <8> a t vu-\ ® (5.9) 



C/ A ig>id A , 

i — > 



id A *®C/ A (g)id A (g)id A * 
I ► 



id>* ®id A * (g)X A A ®id A * 
I > 



id A *®Q+<g>id A ®id A * 



p,t 

id A «®Q A y^ //r 7 ,-i, jn .,„ # -i„ \„,r 1 .^ 1 fl,.^,*f-nW(W+W)+H+N+WW 



^ m r 1 r 1 (6 i )5(a ( )x(-l) 



[atl = iT 1 ^ 



Note that (|5.9j) is obtained by using the fact that (uv 1 S 1 (b t )v*, v r ) vanishes unless [v r ] = 
([vp] + [bt]) (mod 2), allowing us to simplify the sign factors. □ 

Proposition 5.3.1. Let T(L, A) be the coloured directed (1, l)-ribbon tangle in Fiaure \5.21\ 

such that the map F\T(L, A)) : V\ — > V\ acts on V\ as the multiplication by the scalar £. 
Now let T(L, A) be the closure ofT(L, A) in Figure \b~~2~2\ i/ien F(F(L, A)) : C — > C acfo as 
the multiplication by (sdim q (V\) . 

Proof. Explicitly, we have 

F(f(L, A)) = fi A o ((id A ® id A *) o [/+ : C -> C, (5.10) 



134 



Chapter [3| Topological invariants of 3-manifolds 







A 




i 




T 




1 








A 



r(L,/*) 

Figure 5.21: A coloured directed (1, l)-ribbon tangle T(L, A) 
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Figure 5.22: The closure f(L, A) of the ribbon tangle T(L, A) 
and for any c G C, 

C I > C v r ® V r I >• C C 2^ u r ® V r 

r r 

c C$>*, (V^VrX-l) 1 "- 1 = c C«dim ff (y A ). 

r 

□ 

5.4 Pseudo-modular Hopf algebras 
5.4.1 Modular Hopf algebras 

We now introduce the notion of modular Hopf algebras that play a central role in the 
construction of topological invariants of 3-manifolds in |RT91j . We extend the definition 
to the Z 2 -graded case in the obvious way. 

Definition 5.4.1. Let A be a ^-graded ribbon Hopf algebra over C with universal R- 
matrix R G A® A stated in \5. the element u G A stated in \5. and the even central 
element v G A stated in \5.§) . 
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Let I be a finite index set with an involution denoted by *(i) = i* , and let 

there exist a distinguished element G / satisfying *(0) = 0* = 0. Let {Vi\ i G /} be a 
set of A-modules, where Vo is the one- dimensional A-module, and let there exist a set of 
A-linear isomorphisms 

[cOi : (Vi)* — > Vi*\ iel}, 

where Uq = id and (Vi)* is the dual A-module to Vi. 

The Z 2 -graded ribbon Hopf algebra A is called a Z 2 -graded modular Hopf algebra if the 
following axioms are satisfied: 

(i) The A-modules {Vi\ i G /} are irreducible, finite-dimensional, mutually non-isomorphic 
and each Vi has non-vanishing quantum superdimension. 

(ii) For each i G /, let{xj}, {x*} and {x**} be bases ofVi, (Vi)* and ((Vi)*)* , respectively, 
such that ((x**,x* k )) = (x* k ,Xj) = 5 jtk and [x**] = [x*] = [xj], where ((•, •)) : ((Vi)*)* x 
(Vi)* —> C is the dual space pairing. Then the map 

(uiTo^r'-.v^^vA*)*, 

is given by Xj i— > (—l^^uv^x**, Vj. 
(Hi) For any t G N and any sequence 9 = i 2 , . . . , it) G I xt , 




where ng(i) G Z + is the number of copies of the A-module Vi in the direct sum and 
Zg is a possibly vanishing A-module that satisfies axiom (iv). 

(iv) For each 9 = (ii,i 2 , ■ ■ ■ ,^t), t > 2, and all A-linear homomorphisms <p '■ Zg — > Zg, 
str q (4>) = 0. 

(v) Let f = (fx^x^ei be the matrix with complex entries given by 

fxn = (str g> str) [(tt x ® ti^^u ® v _1 m) j R t j R] . 

The matrix f is invertible and there exists a unique set {di G C| % G /} of constants 
satisfying the relations 

Xx(v)sdim q (Vx) = ^d^x^v'^fx^ for all X G I. (5.11) 

Here ir^ is the irreducible A-representation furnished by V^, and Xii( v ) denotes the 
eigenvalue of v in ix^. 
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Using results of Subsection EEH we have 

fx» = sdim q iy x )x\{.C il ), 

where C M is the central element of A defined by Eq. ()5.7|) . 

An additional axiom was included in the original definition of modular Hopf algebras 
|RT91| . This axiom stated that the scalar 



should not vanish. However, this automatically follows from the other axioms |Wa91l Lem 
8.20]. [TW931 Sec. 1]. The proof for the Z 2 -graded case is exactly the same, thus we omit 
it here. However, note that the proof of Lemma 15.6.51 for pseudo-modular Hopf algebras 
bears much similarity to it. 

Lemma 5.4.1. For a 7j 2 -graded modular Hopf algebra A, the complex constant z defined 
by 



is non-zero. 

Another consequence of the axioms of a modular Hopf algebra is that d^* = d^ for all 
/i E I. See |RT91l Sec. 5.2] for a detailed proof. 

Finally, we note for interest that Turaev and Wenzl defined a slightly more general class 
of ribbon Hopf algebras that can be used in constructing 3-manifold invariants. They de- 
fined quasimodular Hopf algebras |TW93t Sec. 2.1] so as to construct 3-manifold invariants 
from the quantum algebras U q (o) associated with the A,B,C and D families of Lie alge- 
bras at even roots of unity without knowing whether the relevant modules were irreducible 
|TW93j . The essential difference between quasimodular and modular Hopf algebras is that 
this irreducibility condition is relaxed for quasimodular Hopf algebras. 

5.4.2 Pseudo-modular Hopf algebras 

We now introduce the notion of pseudo-modular Hopf algebras that play a central role in 
this chapter. A pseudo-modular Hopf algebra is a Z2-graded ribbon Hopf algebra together 
with a collection of finite dimensional representations satisfying slightly weaker conditions 
than those satisfied by modular Hopf algebras. We will prove in Section 1531 that one can 
construct topological invariants of closed, connected, orientable 3-manifolds from pseudo- 
modular Hopf algebras. 

The essential difference between a pseudo-modular Hopf algebra and a modular Hopf 
algebra is that relations f|5. 1 lj) do not necessarily have a unique set of solutions in pseudo- 
modular Hopf algebras, thus the set of constants {d u E C| v E 1} is not necessarily unique. 
Consequently, one must independently prove that the z in (|5.12|) is nonvanishing. Examples 
of algebras for which the constants {d u \ v E 1} are not unique are £/f°(osp(l|2)) at odd 
roots of unity |Zh94j and Uq N \gl 2 ) also at odd roots of unity |Zh95j . 




(5.12) 




(5.13) 
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Definition 5.4.2. Let A be a ^-graded ribbon Hopf algebra over C with universal R- 
matrix R £ A <g> A stated in \5.1)) . the element u £ A stated in A5.ty) . and the even central 
element v £ A stated in \5.':ft ). 

Let I be a finite index set with an involution denoted by *(i) = i* , and let 

there exist a distinguished element £ / satisfying *(0) = 0* = 0. Let {Vi\ i E 1} be a 
set of A-modules, where Vq is the one- dimensional A-module, and let there exist a set of 
A-linear isomorphisms 

{ui-. my^Vi*] iei}, 

where u = id and (Vi)* is the dual A-module to Vi. 

The 7j 2 -graded ribbon Hopf algebra A is said to be a pseudo-modular Hopf algebra if the 
following axioms are satisfied: 

(I) The A-modules {Vi\ i £ /} are finite dimensional, mutually non-isomorphic and 
sdim q (Vi) 7^ for all i £ /. 

(II) Let T(L, A) be a coloured directed (1, l)-ribbon tangle with m components, and let the 
ends of T(L, A) be directed downwards and lie in a component coloured with i £ I. 
Then the corresponding map F(T(L, A)) : Vi — > Vi acts by multiplication by a complex 
scalar. Furthermore, the even central element v £ A acts on each A-module Vi,i £ /, 
as a complex scalar. 

(III) For each i £ I, let{xj}, {x*} and {x**} be bases ofV, (Vi)* and ((Vi)*)* , respectively, 
such that ((x**,x* k )) = (x* k ,Xj) = 5 jik and [x**\ = [x*] = [xj], where ((•, •)) : ((Vi)*)* x 
(Vi)* — > C is the dual space pairing. Then the map 

(ui)*o(uji*)- x :Vi^((Vi)*y, 

is given by Xj i— > (— l)^ x ^uv~ 1 x** , Vj. 

(IV) For any t £ N and any sequence 9 = i 2 , . . . , it) £ I xt , 




where ng(i) £ Z + is the number of copies of the A-module Vi in the direct sum and 
Zq is a possibly vanishing A-module such that str q (a) = for any A-linear map 
a £ EndAiy^ ® V^ <S> • • • <8> Vi t ) obtained by applying the functor F to a directed 
oriented (m, m)-ribbon tangle, where the module map a £ EndA^V^ ®Vi 2 ® ■ ■ ■ ®V H ) 
also satisfies a(V^ ® Vi 2 <S> • • • ® V it ) CZ 9 . 

(V) Let f = (f\ v )\,uei be a matrix with complex elements given by 

f Xv = (str <g> str) [(tt a ® ir^^u ® v~ 1 u)R T R] . 
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Then there exists at least one set {d v G C| v G /} of constants satisfying the relations 

X\{v)sdim q (Vx) = '^2,d u Xv{v~ 1 )f\ v , for all A G /, (5-14) 

where d u * = d u for all v G /. Here tt u is the A-representation furnished by V v , and 
Xu(v) = Kv(v). 

(VI) The scalar z = d\X\(v) sdim q (V\) is non-zero. 

5.5 Reshetikhin-Turaev invariant arising from pseudo- 
modular Hopf algebras 

We will construct a topological invariant of a closed, connected, orientable 3-manifold 
from each pseudo-modular Hopf algebra following the general approach of Reshetikhin and 
Turaev |RT91j and Turaev and Wenzl |TW93j . The main result of this section is Theorem 



E3U 

Let us fix a pseudo-modular Hopf algebra as defined in Definition 15.4.21 Let L C S 3 
be a framed oriented link with m connected components. Let A = (Ax, A2, • • • , A m ), \ G I, 
and fix C(L, I) to be the set of all different A. Define 

m 

E( L )= E rK^(rOM)), (5.15) 

\eC(L,I) i=l 

where {d u \ v G /} is a set of constants satisfying Eq. ([5. 14)1 . Note that XX is a regular 
isotopy invariant of L as each F(T(L, A)) is a regular isotopy invariant of L. 

We now prove that XX-^) = XX L') if L and V are two links that are equivalent with 
respect to the k + move. This XX L) is a core P ar ^ °f Reshetikhin and Turaev's 3-manifold 
invariants. 

Consider the two framed oriented links L, L' C S* 3 presented in the blackboard framing 
in Figure 15.231 The planar projections of L and L' are equivalent with respect to the 
Kirby move k + . In this figure, T is an arbitrary oriented (m, m)-t angle represented by 
the rectangle, where the orientation of T is compatible with the orientations of L\T and 
L'\T . We colour the directed ribbon tangles T(L) and T(L') associated with L and L', 
respectively, as follows. Firstly, let T(Li) (resp. r(LQ) denote the directed (1, l)-ribbon 
tangle obtained from the i th tangle of L\T (resp. L'\T) intersecting the line P from the 
left in both diagrams. Each of r(Lj) and T(L^) is coloured with Aj G /. Lastly, colour the 
unique component of T(L'\T) isotopic to an unknotted annulus with £ G /. We denote 
the resulting coloured directed (m, m)-ribbon tangles as 

T(L\T, (Ax, A 2 , . . . , A m )), T(L'\T, (Ax, A 2 , . . . , A m , £)), 



respectively. We have the following result. 
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< > 




V 



Figure 5.23: Two links L, V that are equivalent with respect to the Kirby k + move 



Proposition 5.5.1. For each m > 1, 

F(T(L\T, (Ai, . . . , A m ))) = A^\v) : V Xl ® • • • ® V Am - V Al • • 
and 

F(T(L'\T, (Ax, . . . , A ro , 0)) = XeC^^A^CQ) : V Al ® ■ • • <g> F Am - V Al ® • • • <g> ^ Am , 
where is defined by \5. 

Proof. The first claim follows from Remark 15.3.21 For m — 1, the second claim follows 
from Eq. (|5.6j) . which is still true as v -1 acts as a scalar in the ^-representation ir^, and 
for m > 2 by induction. □ 

Proposition 5.5.2. Consider the two framed, oriented links L, L' in Figure where 
m > 1 andT is an arbitrary oriented (m,m) -tangle the orientation of which is compatible 
with that of L\T and L'\T , then 



(5.16) 



Proof. By definition, 



(7r Al (v -1 «) ® ^(i;- 1 ^) • • • ® iz Xm {v- l u)) (5.17) 



AeC(L,J) £el t=l 

xF(T(L'\T, (Ai, A 2 , . . . , A m , 0)) o F(V(T, (Ai, A 2 , . . . , A m ))) 
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where in writing str we mean that we take the supertrace over V\ 1 £S> V\ 2 (g) • ■ ■ <8> Vx m . 
Let = (Ai, A2, • • • , A m ) G I xm . From Axiom (IV) of a pseudo-modular Hopf algebra, 

® Va 2 ® • • • <g> 1/ Am = ^0 Sg/ (V^)®" 9 ® J © Z for some non-negative constants ng(g), 

which allows us to rewrite (|5.17j) as 



Y II dx > ( Y n <>(£) str V 5 + str Ze 
xeC(L,i)i=i \£ei 



X 



(v- 1 u)o( Y^dadv-^hc/sdimM) ) oF(r(T,(A l7 A 2 ,...,A m ))) 



(5.18) 



where in writing stry ? we mean that we take the supertrace over the submodule C 
V\ 1 (8> V\ 2 (g) • ■ ■ <8> V\ m , and str^ e has a similar meaning. Axiom (V) allows us to rewrite the 
right hand side of (J5.18j) as 



Y II dx ' ( Y M0stry 5 + str^ 
\eC(L,i)i=i \£ei 



(v- 1 u)o( x ^v))F(T(T,(X u X 2 ,...,X m ))) 



which is equal to ^2{L). In the derivation of this equality, we used Eq. ()5.14|) and Axiom 
(II). Note that Yl(L') — XX relies on the equality of the quantum supertraces of certain 
A-linear maps, not on an equality of the A-linear maps themselves. □ 

Remark 5.5.1. The proof of Proposition ^. 5. 3l is similar to the proof of the corresponding 
theorem for modular Hopf algebras. See \RT91l Par. 7.2] for details. 

Proposition 5.5.3. Let T(L, (Ai, . . . , A m )) be a coloured, directed (0, 0)-ribbon tangle, with 
its i th component coloured by A;. Let T'(L, (Ai, . . . , A m )) be the coloured, directed (0,0)- 
ribbon tangle obtained by changing the direction of the i th component ofT(L(Xi, . . . , A m )). 
Then 

F(p'{L, (Ai, . . . , Aj_i, Aj, A.j + i, . . . , A m ))) = F(T(L, (Ai, . . . , Aj_i, (A»)*, Aj+i, . . . , A m ))). 

Proof. The proof is almost identical to the proof of |RT91[ Lem. 5.1], thus omitted. □ 

We can now define the topological invariant. Let L = |J™ 1 Li C S 3 be an unoriented 
framed link with m connected components, and let Ml be the closed, connected, orientable 
3-manifold obtained by performing surgery on S 3 along L. We introduce some notation by 
writing Al = (a»j)£l- =1 to mean the linking matrix of L, defined by 

(i) an = w(Li), the writhing number of L it for each i, 

(ii) ay = \k(Li,Lj), if i ^ j. 

Note that Al is real and symmetric. We define ct(Al) to be the number of non-positive 
eigenvalues of Al. Following |RT91j we introduce the topological invariant T{Ml). 
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Theorem 5.5.1. Let L be a framed link. Then 

T(M L ) = z~°^ £}(L) 

is a topological invariant of M L , where in calculating ^2(L) we assign an arbitrary orien- 
tation to L. 

Proof. Observe that does not depend on the orientation chosen for L. Let L have 

m components and assign an orientation to each component of L. Then 

m 

$>)= E n^(r(MAi,...,A m ))). 

\eC(L,i) j=i 

Now let L' be the link obtained by reversing the orientation of the i th component of L. By 
using Proposition 15 . 5 . 3l we have 

m 

E^') = E II ^ F (r(A (A l5 . . . , K-u (A,)*, A m , . . . , A m ))) , (5.19) 
i=i 

where the right hand side of ()5.19|) is a m-fold summation over all Aj G J, j / i, and 
(Aj)* € /. Since d\ i = d(\^*, we can rewrite ^2(L') as 

m 

E( L ') = E II <M(A0- ir ( r (A ( A i' • • • ' Ai-i, (A,)*, A m , . . . , A m ))) . (5.20) 

i=i 

On the right hand side, we sum all the A^'s independently over /. Hence the right hand 
side of (|5.2U|) is equal to ^2(L), that is 

We now need to show that J 7 (Ml) = T(Mc) if the links L and £ are equivalent with 
respect to any of the Kirby moves. Each Kirby move can be expressed as some composition 
of the k { °\ k ( ° ] and k + Kirby moves |KT9H Thm. 6.3]; we will show that T(M L ) = F(M C ) 
if L and £ are equivalent with respect to any of these moves. 

We firstly show that J 7 (Ml) = T(My) if the two links L and L' are equivalent with 
respect to the k+ move. Let + \ denote the unknot with framing +1 given in Figure 15.241 
and let V = L U + \ be a split link. 

It immediately follows from the definition (Eq. (|5.15Jl ) that ^2(L') = ^2(L) ^2(0 + i), and 



AG/ 
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Figure 5.24: The unknots C + i and 0-\ 



where we have used the relation / a = sdim q (V\) / sdim q (Vo) = sdim q (V\). As L' is a split 

/ 1 ■•■ \ 


link, A L i is the (m + 1) x (m + 1) matrix A L < = ((1) © A L ) 



A, 



V 







thus 



7 



(7(^0 = <r(A L ) and T{M L ) = T{M V ). 

We now show that T(Ml) = if the two links L and L are equivalent with 

respect to the move. Let denote the unknot with framing —1 given in Figure IB*. 241 
and let L = L U 0-\ be a split link, then 



xei 



( -1 



Now is an (m + 1) x (m + 1) matrix given by A^ = ((— 1) © AA 



A, 



\ 







thus a(A z ) = a(A L ) + 1 and T{M L ) = T{Mj). 

It remains to show that JF(M^) = JF(Ml') if the two links L and V are equivalent with 
respect to the k + move. Let L and L' be the two framed oriented links presented in the 
blackboard framing in Figure lo".23l The planar projections of L and L' are equivalent with 
respect to the k + move. In Figure IB*. 231 T is an arbitrary oriented (m, m)-tangle represented 
by a rectangle, the orientation of which is compatible with the orientations of L\T and 
L'\T. From Proposition I5~5~2l = We now show that <r{Av) = a(A L ): A L is 

an m x m matrix and Ay is an (m + 1) x (m + 1) matrix both of which we give below. In 
these matrices, Ax is the m x m linking matrix of T. We have 



Aj 



( -1 
-1 
-1 



-1 \ 
-1 
-1 



+ An 



V-i -l -l 
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and 



where ((0) © A T ) 



Ar, 



( 




/ 1 


1 


1 ■ ■ 


■ l \ 


1 





■■ 


■ 


1 





•■ 


■ 



A, 



1 ••• 



((0)®A T ), 



is an (m + 1) x (m + l)-matrix. Let 



X 



/ 


1 





■■ 


• °) 






-1 





■■ 


■ 






-1 





■■ 


• 


+ ((0) © I m ) 


V 


-1 





•■ 


■ °J 





then 



XA L ,X T = ((1) © A L ) 



( 1 





.4, 







7 



where X T is the transpose of X and I m is the m x m identity matrix. Now the matrices 
Al> and ((1) © Al) are real and symmetric. As X is invertible, Ay and ((1) © AA are 
congruent. Congruent real symmetric matrices have the same numbers of positive, zero and 
negative eigenvalues jFi66l Thms. 8.7, 8.9], thus a(A L >) = a(A L ) and T{M L ) = T{M V ). 

It follows that J 7 (Ml) = T(Mq) if the two links L and £ are equivalent with respect 
to any of the Kirby moves, and thus J 7 (Ml) is indeed a topological invariant of Ml- □ 

Note from our definition that T(Ml) is normalised to 1 on S 3 . 

Explicitly calculating J 7 (Ml) for a particular closed, connected, orientable 3-manifold 
Ml is quite a difficult problem in general, and this is true for all the Reshetikhin-Turaev 
topological invariants. While topological invariants have been calculated for various classes 
of 3-manifolds (eg for the Lens spaces from quotients of the quantum algebras arising from 
the A, B, C, and D series of Lie algebras |ZC96j and the G2, F±, E$ Lie algebras |Zh97j at 
odd roots of unity), we are only aware of one other collection of invariants that have been 
explicitly calculated for a substantial number of 3-manifolds |KL94l Chap. 14]. These 
invariants were constructed from Uq (sfa) where N = (mod 4). 



5.6 Invariants of 3-manifolds from Uq (osp(l\2n)) 



The following theorem is one of the main results of this thesis. 
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Theorem 5.6.1. Set q = exp(27ri/N), where N > 6 satisfies N = 2 (mod 4). For the 
^-graded ribbon Hopf algebra Uq N \g) = Uq N \osp(l\2n)) , fix the set of non-isomorphic 
Uq N \g) -modules {V\\ A G A^} defined in Definition \4 . 2. 5\ by: 

Vx = fi[\](V* t ), (5.21) 
where t G N is given in Definition \4-2.5\ and p\[X\ G End^N) ^{V m ) is defined in Eq. 
\4-H\) - Fix an involution * : — > A^ by * = id A + and define a set of constants 
{d x G C| A G A+} by 

d\ = d sdim g (V\), (5.22) 

where do = QQ(0) and 

ony-n „n 3 — n/2 



l + i)ViV 



Q(0)= ' ' - g-C«-p)) ' ' ( g CM + g -CM). (5.24) 

Let z = (— i) n q 2n3 ~ n t 2n . Let L G S 3 be a framed unoriented link with m connected com- 
ponents and let Ml be the closed, connected, orientable 3-manifold obtained by performing 
surgery on S 3 along L. Let Ai be the linking matrix of L and let o~(Al) denote the number 
of non-positive eigenvalues of Al . Then 

m 

AGC(L,A^) i=l 

is a topological invariant of Ml. 

Proof. This is an immediate consequence of Theorems 15.5.11 and 15.6.21 □ 

Theorem 5.6.2. Let N > 6 satisfy N = 2 (mod A), then Uq (osp(l\2n)) and the follow- 
ing data give rise to a pseudo-modular Hopf algebra: 

(i) the set {V\\ A G A^} of non-isomorphic Uq N \osp(l\2n)) -modules given in 15.21)) . 

(ii) an involution * : A^ — > A^ defined by * = id, 

(Hi) an isomorphism uo : V* — > V where we fix uo" 1 to be the bijective homogeneous map 
of degree 0, T G End^N) ^{V, V*), defined in Eq. \3. 5)) . 

(iv) a set of constants {d\ G C| A G A^} defined by Eq. \5. 22)) . 

Remark 5.6.1. Unfortunately U q (g) does not have a pseudo-modular Hopf algebra struc- 
ture when N = (mod 4). See Theorem \5. 8. 1\ for details. 

We now prove that all the six axioms of pseudo-modular Hopf algebras are satisfied by 
U { q N \osp(l\2n)) when N > 6 satisfies N = 2 (mod 4). 
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5.6.1 Proof of Axioms (I)-(IV) 

In the proof of this theorem we let N > 6 satisfy N = 2 (mod 4). 

(i) The proof that Axiom (I) is satisfied is contained in Chapter |3J 

(ii) To prove that Axiom (II) is satisfied, we consider all of the [/^(j^-modules V\, 
A G A^r, given in the data above, as being defined by V\ = pl[X](V m ) for some t. 

For each such module, there exists an irreducible U q (g)-modu\e V£ en with integral 
dominant highest weight A, for all non-zero q that are not roots of unity, defined 
by V£ en = p t i [\] 9en (V 9en )® t , where p\[X\ 9en is an element of the algebra Cf en over C 
generated by {71,, G End Uqis) (V 9en ) m \ z = l,...,t-l}. 

Recall from the proof of Lemma r4.2.3l that we obtain the matrix p\[X\ by fixing q to the 
appropriate root of unity in the matrix p\ [A] 9en . We wish to show that the even central 
element v G Uq N \g) acts as a scalar on the Uq (g)-module V\. To do this, recall from 
Lemma IrS . 4 . A\ t hat there exists an invertible even element V\ G U (g) that acts as the 
scalar g~( A+2 />' A ) (here q is generic) on the finite dimensional irreducible ?7 g (g)-module 
V£ en . Furthermore, A^ _1 ^(^) acts as the same scalar on the finite dimensional 
irreducible C/ 9 (g)-module Vf en C V m defined by $[Ap n : (V 9en ) m -> Vf n . 

Consider the matrix ir® 1 (A^ _1 ^(?; )) where v G Uq (g). We can obtain this by 

specialising q to the appropriate root of unity in (vr 9 ^)®* (A^ _1 ^(^a)) , where V\ G 

U„(g). Thus Tr®* (A( t_1 )(w)) also acts as a scalar on Va, and this scalar is precisely 
q-(\+2 P ,X) ^gj-e g = exp (2iri/N). 

Now let T(L, A) be a coloured directed (1, l)-ribbon tangle with m components, and 
let the ends of T(L, A) be directed downwards and lie in a component coloured with 
i G /. We want to show that the map F(T(L, A)) : V% — > K ac ts as the multiplication 
by a scalar. Needless to say, F(r(L, A)) can be expressed in terms of the universal 

i?-matrix of Uq(g). 

We embed V\ in the [/^(g^module V® 1 . As p*[A] belongs to C t , under the embedding 
F(F(L, A)) becomes an element of Cj. 

To determine the action of F(T(L, A)) on VJ C V®*, we take the element / 9en G Cf en 
that corresponds to F(r(L, A)) at all generic q. Note that we obtain F(T(L, A)) by 
specialising q to exp (2m /N) in /^en_ At all generic q, f gen acts as the multiplication 
by a scalar on the irreducible U q (g)-modvie Vf en C (ya 6 ")^*. We then just take the 
limit of f 9en as q goes to exp (2m /N). 

(iii) To prove that Axiom (III) is satisfied, firstly note that V x = Pi[A](V®*) for some £ 
for each A G A^. Also note that A* = A for each A G A^. Thus we need only show 
that Axiom (III) is satisfied for the map u* o uj~ 1 : V — > (V*)*, where u; : V* — > V 
and cj* : V* — > (V*)* are isomorphisms. Note that we fix A* = A as (V\)* = V\ for 
each A G A^, which is proved in Chapter |3J 
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Let {v{\ — n < i < n} be the basis of V given in Lemma f4. 1.11 and let {v*} and {y **} 
be bases of V* and (V*)*, respectively, such that ((v**,v*)) = (v*,Vi) = 5ij and 
[f**] = [v*] = [vi] for each i, where ((•, ■)) : (V*)* x V* ^ C is the dual space pairing. 
We want to show that the map oj* o u~ l : V — » (V*)* has the following action: 

(a/ o ccT 1 )^) = (-l^W 1 ^*, -n < i < n. (5.25) 



For Uq N \o), uv 1 = K 2p , with A' 2p a product of A;'s satisfying A2 P e i A 2p 1 = q^ 2p ^ei, 
Vi, where 2p = ^™ =1 (2n ~ 2z + l)e.j. The isomorphism uj" 1 : V" — > V* is precisely the 
bijective map T G £7nd^ w . JV, V*) defined in Eq. (jHHJ). The map u* : V* -> (V*)* 
is given by 

w*i i — ^ (-l)V n -X*, 1 < i < n. 



Thus 

(c^o^" 1 ) : u< i — > - g 2n - 2i+1 v?*, u i-> <*, i — ► _ g -(2n-2i+i)^« ; 1 < z < n, 
which shows that ()5.25|) is true for all i. 
(iv) Axiom (IV) directly follows from the tensor product theorems: Theorems 14.3.21 and 

eh 



5.6.2 Proof of Axiom (V) 

We now find a set of constants {d\ G C| A G A^-} satisfying the relations (|5.14j) . To do 
this, we need first to compute the for all /x, A G A^. 

Recall Lemma 15.3.11 Because of part (ii) in Subsection 15.6.11 v ~ 1 acts on V\ as the 
multiplication by the scalar Xa(^ _1 ) = q( x+2p,x > and C\ also acts on V p as the multiplication 
by a scalar which we denote by x m (Ca). It immediately follows that 

ffi\ = X^(C x )sdim q (V ll ), V>, A G A+. 

Using calculations similar to those in Subsection 15.3.11 and |ZG91| Lem. 2], we obtain 

Xv(C\) = str(vr A (A 2At+2 p)), 

where ii\ is the representation of Uq N \g) furnished by the module V\. Here A 2At+ 2 P is a 
product of Aj's such that K^^pe-iK^^p = q 2 ^ +p ^ei, Vi 

Now V\ can always be embedded in V® 1 as a direct summand. Let f>\[\] be the projection 
operator mapping V m onto V\. Then 



Xm(Ca) = str v <s>t(K 2 p+2p -P*[A]). 
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As we have argued repeatedly, the right hand side can be obtained by first evaluating the 
corresponding quantity at generic q, then specialising q to a root of unity. This way we ob- 
tain, with the help of the supercharacter formula for irreducible osp(l|2n)-representations, 

*m(3o = Eir>v^k^ +2 ^ w) ' A,/i g a "' (5,26) 

where W is the Weyl group of osp(l\2n). See Appendix ID1 for further information. It is 
important to observe that for all \x G A^, the denominator of the above formula is always 
non-zero. 

For convenience, let us introduce some notation. Recall that X = ®" =1 Ze^ C H*. Let 
S : X x X — > C and Q : X — > C be two mappings defined by 

(A,ai) -> 5 A , M = (-l)[ A ]^ e '(a)g 2 ( A+ ^ t+ ")), (5.27) 

(TgW 

^ i — ► g(/x) = J2 e '(°)<i 2 ^ +P ' a{p)) - ( 5 - 28 ) 

o-ew 

Then we have the following result. 

Lemma 5.6.1. S\ M has the following properties: 

(i) s^x = i-iy^Sx,,, 

(n) Sx, w (n +P )-p = e'(w)S x ,p, w G W. 
Proof. (i) S,,x = £ e V)g 2(M+p ' CT(A+p)) = (-1) W+M ^. 



o-GW 

j(A+p),p+p) 



(ii) S XMtl+P y P = (-1) [A] £ ^(^^Wa+p),.^)) = (-l)W e » £ e'(a)g 2 M 

□ 



Restricting the domain of S to A^ x A^ and the domain of Q to A^ gives mappings 
with non-empty image. We can rewrite ()5.14j) as 

X» = d^xiv" 1 ) (SxjQ{»)) , V/i G A+. (5.29) 



The invertibility of the matrix (Sx^/Qit 1 )) x is unknown. However, Uq(o) may still 

satisfy Axiom (V) of a pseudo-modular Hopf algebra. This is the advantage of working 
with pseudo-modular Hopf algebras. 

We shall now work towards proving Theorem 15.6.21 Fix N = 2 (mod 4) where N > 6, 
and also define S' X(Jt = (—l)^Sx,p- We will solve the following set of linear equations for 
the constants {d' x G C| A G A^} where d' x = (-l) [x] d x : 

QG")X» = E d 'xXx(v^)S'x^ V/i G A+ (5.30) 
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Note that Q(p) ^ for all p G and the set ()5.3()j) of equations is identical to the set 
(I5.29J1 of equations. 

Define = X/NX and let p : X — > X^v be the canonical projection defined by 

n n 

p{y) = ^2 Viti + NX, v = ^2 v i e i e x - 
i=i i=i 

We distinguish between elements of X and X N by writing A G X and A = p(X) G X N . 
Note that g( A > A + 2 ^) makes sense for all A G X. Furthermore, if p(A) = then g( A ' A+2 P) = 
g(M.M+2p) ? thus we can regard g( A ' A + 2 ^) as a function X^v — > C defined by p(X) h- > q( x < x+2 f>\ 
where to evaluate g( A ' A+2 ^) we take any representative A G X of A and calculate q( x ' x+2 ^ . 
Similarly we can regard S' x as a function X N x Xjy — > C. 

We will encounter expressions of the form cr(A), where a G W, in our calculations. To 
be completely clear, we note that in writing <r(A) we actually mean p(a(X)), where A G X 
is any representative of A in X^. 

Following |ZC96j . we introduce the auxiliary equations: 

QmxM = J2 (5.31) 

where Ji varies over all elements of p(A^) and we choose JI to be the representative of p(p) 
in Apf- Note that the sum in the right hand side of (|5.31|) is over all distinct elements of 
X N . 

We would like to solve (|5.31|) for the Xj. Let us try the following solution: xj = cq~( X ' 2p \ 
where c G C is some nonzero constant yet to be determined. Substituting this into ()5.31|) 
gives 

Q(7J)<r^ +2 ") = ^ e'{a)q 2 ^ +p ^ +p) ). (5.32) 

\ex N 

We now aim to obtain an expression for c independent of Ji. To help do this, we apply 
the following mapping to each term on the right hand side of (J5.32j) for each fixed pair 
(ji, a) G p(A+) x W: 

A i— > cr(A) — ct(Jl) G X n . 

Lemma 5.6.2. Let (p, a) G A^ x W be a fixed pair. Then for any X, X' G X , 

p(a(X) — cr(p)) = p(a(X') — cr(p)) if and only if p(X) = p(X'). (5.33) 

Proof. Write A = (Ai, A 2 , . . . , A n ) and A' = (A' 1; A' 2 , . . . , X' n ). Fix a G W and assume that 
p(X) = p(X'), then 

Aj = A^ (mod N), for each i — 1, 2, . . . , n, 

and (o-(A)). = (cr(A')). (mod N) for all % = 1, 2, . . . , n. It follows that (tr(A) - o-(p)). = 
(cr(A') — cr(p)) . (mod N) for alH = 1, 2, . . . , n, and that 

p(o-{X) - a(p)) = p(a(X') - a(p)). 
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Now let us assume that p(cr(A) — cr(/x)) = p(cr(A') — er(/i)), then clearly 

((7(A) = (o-(A') - (mod iV), z = l,2,...,n, 

and 

(a(A)) i = (o-CA')), (mod iV), z = l,2,...,n. (5.34) 
From Eq. ()5.34j) we obtain 

Aj = A- (mod Af), z = 1,2, ...,n, 

and thus p(A) = p(A') as desired. □ 

It follows from Lemma 15 . 6 . 21 that for each fixed pair (/I, a) G p(A^) x W, the following 
component of the right hand side of (|5.32jl is invariant under the mapping A h- > cr(A) — 
a(p) £ X N : 

ce'(a) q^q 2 ^'^^. (5.35) 

Applying this mapping to ()5.35|) gives us 

ce '( a ) E g( fj(I)_<T(JI) ' <T(X)_ ' T(jr) )g 2 ( <T{I) ~ CT(7r)+p ' <T(7I+p) ) 
\ex N 

\eX N 



ce '( a ) E q {X ' X+2p) ~ {liJi+2p) q 2{f - 



which allows us to rewrite (|5.31j) as 

q-(ji,-p+2p) ^ e '( (T )g 2 (p. CT (M+p)) = c ^ g (X ' I+2/9) g~ ( ' I '' 7+2p) ^ e' (a)q 2 ^ a(J1+p) \ 

a&W JeX N crGVV 

for each Jl e p(A^). As Q(/Z) 7^ for each JZ e p(A^), we easily obtain the following 
expression for c" 1 : 

c-i = q^ +2p \ (5.36) 
which satisfies \c~ l \ = (2N) n ^ 2 , as is shown presently. We can rewrite the sum in ()5.36)1 as 



n-l 



(l + i)VN /— 1 x 

e ^ (A>A+2p) = n ^ 2fc + 1) = 1 — n > * = ex p (-/ 2iy )' 

(5.37) 



n 

n-l 
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where G + (N,m) is a Gaussian sum denned in Appendix A. In proving ()5.37j) . we used 
Lemma lA.2.31 and the fact that t( 2fc+1 ) = tq k<yk+l \ By inspection, the modulus of the far 
right hand side of ()5.37|) is (2N) n ^ 2 , and we obtain the well defined expression: 



[l + i)y/N 



(5.31 



Now consider the right hand side of (|5.31j) : 

e x- xq ^sL 



(5.39) 



Ae-Yjv 



Recall that we use N' to mean N/2. We will rewrite ()5.39|) as a sum over all the elements 
of Xn> = X/N'X and then we will use certain results in |ZC96j to express ()5.39j) as a sum 
over all the elements of A^-. We now consider some useful calculations. Let A = A + N'ei 
for some i G {1, 2, ... , n}, then 

^(A',A'+2p) _ yiX+N'eiMN'ei+lp) _ q {X^+2p)+N'(2X i +2n-2i+l+N') 



As N = 2 (mod 4), this equation leads to 



q (X ,X+2p) _ g (A,A+2p)_ 



Thus 



x x' 



'1 + i)v / A 



[l + i)y/N 



-x 



A- 



(5.40) 



(5.41) 



and furthermore 



S T'- 

A ,/i 



E e V)g 



2(A+iY'e i +p, ( r(7I+p)) 



2{X+p,(r{-p,+p))+N'{t i ,a{2Jl+2p)) 



-SL. 

x,p 



(5.42) 



Using Eqs. (J5"1T|) - (J512|) . we obtain 

(a',a'+2p) iS / = x ^M2p) S L . 

A ^ A ,71 A ^ A,^t 

Note that = 2 n |AV|, then (l5~47IJ) and ijCTty allow us to rewrite (lo~39l as 



E ^ (I '" +2p) % = 2n E x-xf^s^ 



X,fj,' 



(5.43) 



(5.44) 



Invariants of 3-manifolds from U q \osp{l\2n)) 



151 



We now aim to write the summation in the right hand side of 1)5.44)1 in terms of a 
summation over the elements of A^, and in doing this we will follow the general approach 
of )ZC96j . which studied a similar problem for ordinary quantum groups at odd roots of 
unity. In particular, we consider the analogous problem for Uq N \so(2n + 1)). Consider the 
affine Weyl group Wj^ of a classical Lie algebra q, where M > 3 is an integer, generated 
by the maps S a ,kM '■ X — > X , a G It 6 Z, where is the set of positive roots of g, 
and where the action of S a ^M on/i 6 H* is defined by 

S a ,kM ■ fJ> ^ v a (n + p) - p + kMa. 
We derive the following from |Jan87) Sec. 6.2]. 

Remark 5.6.2. Set M > 3 to be odd, then the affine Weyl group of a classical Lie 
algebra q acts on the chambers, that is the open connected components of 



transitively, with a fundamental domain 



At e x 



(a, a) y 



Proposition 5.6.1. Set N = 2 (mod A), N > 6. The truncated Weyl alcove C X 
given in Definition \4-2.1 - 



K + N = {\eX 



< 2( ^ + P ' a) < N/2, VaG$ + U$n, 
(a, a) 



is identical to the fundamental domain of X under the action of the affine Weyl group 

jSo(2t 
'n/2 



W™% n+1) stated in SZJty . 



Proof. The set of positive roots $ + of so(2n + 1) is identical to the subset $ U of 
positive roots of osp(l\2n), and the expression for 2p in so(2n + 1) is given by 

n n 
i<j k=l i=l 

which is identical to the expression for 2p in osp(l\2n). The result follows. □ 

Let (3 G H* be arbitrary and let {s a \ a G $ + } be a subset of elements of the Weyl 
group of osp(l\2n). Now s €i {(3) = S2 £i (/3) for each i = 1, . . . ,n, and we identify S2 ei with 
s ti , thus every element of W can be expressed as some ordered product of the elements 
of {s a G W| a G $o U $+}. As $*( 2 rH-i) = $o u ^i~> tne We y! groups of osp(l|2n) and 
so{2n + 1) are identical. 
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We define the action of S a ,kM £ VVj^ on an element of Xm by 

This coincides with the action of the Weyl group W on Xm defined by 
a(p + MX) = a{p) + MX, Vcr G W , G X, 

and we can deduce from this that the image of under the canonical projection p^/2 '■ 
X — > X N / 2 furnishes a fundamental domain for X under the action of the Weyl group W 
[ZC96] . 

There is the following important result |ZC96| : for any A, p G Pn/2(^n) c ^n/2 and 
any a, w G W^ 2 ^ 1 ), 

o"(A + p) — p = w(p + p) — p iff A = p and a = w. (5-47) 

This result also holds for any a,w G W osp(1|2n) as W osp(1|2n) = VV so(2n+1) . 

In order to rewrite the right hand side of ()5.44|) in terms of a summation over the ele- 
ments of A^r we will show that S' x = if A G A^\A^ or if p G A^\A^. The corresponding 

result is easily proved for Uq 2 \so(2n + 1)) |ZC96j but for Uq N \osp(l\2n)) the proof is 
more intricate, principally due to the different properties of e(cr) and e'(<r) where a is an 
element of W osp{1 \ 2n) . Recall that N = 2 (mod 4) and that is defined by 



A+ = {peX 



0< 2 ^ + P [ a) <N>, VaG$ + U$+ 
(a, a) 

which is similar to the definition of A^- in (|5.46|) . 

The following two important properties of S' x are easily proved: for each X, p G X, 

(i) ^a,/i = 

(ii) S s a (\ +P )- P ^ = e '( s a) 5 A, M for an y e W. 
Lemma 5.6.3. If X £ A+\A+ or p G A+\A+ ; = 0. 

Proof. Define hp a = {p G X\ (p,a) = 0} for each a G $g U /ip a is the subset of X 
invariant under the action of s a G W. For an element A G A^\A^, the definitions of 
A+ and A+ imply that 2( ^'" } = kN/2 for some k G Z + and some a G $ U $>f. For 
a = €i ± 6j, where 1 < i < j < n, we have (A + p, a) = kN/2, thus (A + p — kNa/A, a) = 0, 
and A + p — kNa/A G hp a . Consequently, s a (X + p — kNa/A) = X + p — kNa/A, and 
s a (A + p) — p + kNa/2 = A, and it follows that 

•^AjAI = Ss a (\+p)-p+kN'a,n = ^s a (X+p)-p,p = e ( s a)S\^, 

which vanishes identically as e'(s a ) = —1 for each a = q ± ej G 
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Now let A £ A^\A^r and let a = where 1 < % < n, then 2 ^a)^ = kN/2 for some 
k £ Z. Consequently, we have 2(A+p, a) = /ciV/2 which implies that (A+p— kNa/A, a) = 0, 
and also that A + p — kNa/A £ /ip Q . It follows that s a (A + p — kNa/A) = A + p — kNa/A, 
and that 

s a (A + p) - p + kNa/2 = A. 

Consequently, we have 

^A,/U = 'S'L(A+p)-p+fcAf'a,/i = ^(^cO^A+fcTV'a.p, = e ' ( S a) S' x ^ = (~ 1) 5*^, (5.48) 

where we have used the result e'(s a ) = 1 as a £ and we have also used the following 
calculations: 



2(A+fcAT'a+p,o-(/x+p)) 

o-ew 



^ e '( cr ) g 2(A+p,<T( M +p))^(fcJV' a , ( 7(2 At +2p)) ^ , 



Here the last equality arises from the following calculation: 



S' X41 , if k is even, 
S' x „, if is odd. 



-1 if fc is even, 



g = \ -1 if fc is odd. 

If is odd, vanishes identically by ()5.48|) . and this completes the proof of the assertion 

that S' x = if A £ A^\A^. To show that k is indeed odd we note that the equation 
(A + p, a) = kN/A implies that \ + n — 2 + 1/2 = kN/A, and thus we have k ^ 2Z as 
A £ X. It follows then that s a (\ + p) — p + kNa/2 = A for some odd k, and thus 

*Sa,p = — ^A,p = 0- 

To complete the proof, we note that S' x = S' x , and thus S x = if p £ A^\A^. □ 
Corollary 5.6.1. If A or p belongs to ptv/2(A^\A^) C -Xjv/ 2 > #ien = 0. 
Lemma 5.6.4. TTie sei {c?a £ C| A £ A^} of constants defined by 

d x = d sdim q (V x ), d = fiQ(O), (5.49) 

onj.n „n 3 — n/2 

= TTT , (5.50) 



Q(0)= ' ' - ' ' (gM + g-W)^ (5.51) 

«g*o /3e*f 
satisfies the relations \5.14 )- 
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Proof. Using 1)5.47)1 and Corollary 15.6.1) we can rewrite the right hand side of 1)5.44)1 as 

9™ V" r _„(A,A+2p) qi on (a(\+p)-p,a(\+p)+p) ql 

\£X N , AGA+ 

= 2" E E *.(a + p)-p? (A " A+2 M*)^ 



\,fj,i 



AGA+ 



and we consequently obtain from Eqs. (|5.31|) and ()5.30)) the following equation for d' u : 

d'J^S'^ = 2 n J2J2 ^^^ P )- P ^' X+2p) S'x,p, V/x G A+. (5.52) 

^gA+ agA+ ^ew 

Eq. (15.52)1 is obviously satisfied by 

d 'x = 2n J2 e VK(A+ P )- P , 

(TGW 



and we now evaluate d' x : 

d' x = 2 n t\°)q~ ia{x+p) ~ p ' 2p) / v {v ' v+2p) 

o-gW vex N 
= 2 n q^ p) e'(w )J2 e '( a ) ( l~ {W0a{X+p] ' 2p) / ^ V+2P) 

= 2 n q^ 2p ^ Y e '(°') ( l {a{X+p) ' 2p) / Y q (V ' V+2p \ 
where w = s ei s t2 ■ ■ ■ s £n is the longest element of W; note that e'(w ) = 1. Therefore, 



A 



[A1 2"g( 2 ^ g fa,(y A )Q(Q) 
2V 2M ^m g (K A )Q(0) 



A 



(Recall that d A = (— l)f A '<i A .) Evaluating the Gaussian sums gives 



(l + i)V^V 

which is non-zero for each A G A^. Writing 

d A = d sdim q (V\), d = QQ(0), A € A^, 



(5.53) 
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we then have 

2 n q (2 P ,p) t n ? fc(*+l)) 

^ f i " 

2^ng(4n 3 — n)/&jrig{n 3 — n)/3 

(i + i)v^v] n 

2, n t n q n ^~ 

T 1 n • 

(l + i)VN 

In this calculation we used the result (2p, 2p) = (4n 3 — n)/3. □ 

The constants are proportional to sdzm,j(V\) with constant of proportionality <i 7^ 
for each A G A^. A similar phenomenon occurs for all other Reshetikhin-Turaev 3- manifold 
invariants constructed from quotients of quantum algebras and quantum superalgebras at 
even and odd roots of unity jRT9Tl IT W 931 IZn94l IZn95l IZH961 IZn97j . 



5.6.3 Proof of Axiom (VI) 

We now show that z is as claimed. 

Lemma 5.6.5. Set z = ^(L) = d x q~ (x ' x+2p) sdim q (V x ) ■ Then 

AeA+ 

which clearly satisfies \z\ = 1. 
Proof. We calculate as follows: 

z = d x q- {X ' X+2p) sdim q (V x ) 
AeA+ 

= QQ(0) q~ {X ' X+2p) {sdim q {V x )) 2 

AGA+ 

agA+ 

where we have used (I5.49|) and the relation (sdim q (V\)) 2 = (S^o/QW) 2 = (Q(A)/Q(0)) 2 . 

Let us examine g-( A > A + 2 ^) and (Q(A)) 2 under the action of the map A t— > cr(A + p) — p, 
where a G W. It is not difficult to show that for each a G W we have 



9 



- W A + p)-p, CT (A + p)-p+2p) = g -(A ) A + 2p) ; and (g (£r(A + p) _ p) )2 = 
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Now Eq. ((OOj) states that 



^-(A+Af'e i ,A+A r 'e,+2p) _ ^-(A,A+2p) 



Furthermore, by using the fact that q^'^-^^p)) = — 1 for each i G {1, 2, ... , n}, we obtain 

(Q(A + iV'ei)) 2 = (Q(A)) 2 . 

Now Pn/2 (A-tr) i s a fundamental domain for X under the action of the affine Weyl group 
Wn' and Q(X) = if A G A^\A^. The calculations in the previous paragraph imply that 
we can write the sum in ()5.55|) as a sum over the elements of AA//, which considerably 
simplifies the calculations: 

£ g~^(Q(A)) 2 = JL £ ^ I+2rf (W)) 2 , (5.56) 

ASA+ AeX^, 

where we note that |W| = 2 n n! |Hu721 p. 66, Table 1]. By using Eqs. (j5~3T7jl and dQ2j) 
we can further rewrite the sum on the right hand side of ()5.56|) : 

_L_ £ ,-<n + ,) (q( A)) ! = _J_ £ ,-'^*»(Q(A)) 2 , (5.57) 
which we will now evaluate. We firstly rewrite the right hand side of f|5.57j) : 

\ex N 



We wish to disentangle the summation indices in the exponents of q in ()5.58|) so that 
we can factorise the summations into a sum over the elements of W x W and a sum over 
the elements of AA/, both of which we can calculate relatively easily. To do this, for each 
pair (a, w) G W x W in ()5.58|) and each A G Xn we apply the following map: 

A i — > A + a(p) + w(p) G X N . (5.59) 

Now 

p(X + a(p) + w(p)) =p(ii + a(p) +w(p)) iff p(\)=p(p), VA,//GAT, 
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thus the summation in 1)5.58)1 is unchanged under the mapping (J5.59)) . Applying this map 
to the right hand side of ()5.58|) and equating the result with the left hand side of ()5.56)) 
gives 



,(2p,p) 



(5.60) 



It is not difficult to evaluate the right hand side of ()5.60|) : note that 

E eVKM<? 2WpWp)) = |W|Q(0). 

This can be seen in the following way: firstly fix <j\ G W, then 



E e»g 2(CTl(pWp)) = E e '' 



t7i)e , («j)g 3 ^ w ^ = e'(a 1 )Q(0), 



wew 



thus 



E e'{a) E 



2(<7(p),«,(p)) 



E e '( w - 

o-GW ioGW cr,i«GW 

Additionally, Lemma IA.2.51 implies that 

n-l 



'n-\ 



q 



-(A+2p,A) 



jG_(iV,2fc + l)=r (l-z)ViV ] 



where t = exp (jri/2N). By combining these results we obtain 



q 



fc(fc+i) 



vfc=0 



Q(o) 



E^ (A,A+2p) (^)) ; 



AeAl 



n\w\Q(o)q^ p h n (i-i)VN (rifc=o^ (fc+1) ) 

2 n \W\Q(0) 

r 1 n 



q (2p,2p) t 2n 




n {miU k{k+i) ) 2 






n 



= (-i) n q 2n3 - n t 2n , 

and \z\ = 1. 

This completes the proof of Theorem 15.6.21 



□ 
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5.7 Comparing the invariants from Uq (osp(l\2ri)) and 
U { q N/2 \so(2n+l)) 

Our construction of 3-manifold invariants from Uq N \osp(l\2n)) immediately gives rise to 
three important questions: 

1. Are our topological invariants of 3-manifolds obtained from Uq N \osp(l\2n)) new 
invariants? 

2. Are the 3-manifold invariants obtained from Uq (osp(l\2n)) complete invariants, 
that is, do they distinguish non-homeomorphic 3-manifolds as well as telling us when 
two 3-manifolds are homeomorphic? 

3. If the invariants are not complete, are they better than other invariants in distin- 
guishing non-homeomorphic 3-manifolds? 

These are difficult questions to answer. The first requires a comparison between our 
invariants and all other existing invariants, a positive answer to the second would solve the 
classification problem for closed, connected, orientable 3-manifolds and the third requires 
a theoretical investigation of the properties of the various invariants, or the calculation of 
various invariants for numerous 3-manifolds and directly comparing their performance in 
distinguishing non-homeomorphic 3-manifolds with the performance of our invariant. We 
do not know of any theorems that would allow such a theoretical investigation, and the 
numerical work needed to compare the performance of the various invariants is itself a 
non-trivial exercise, similar to that done to compare how well polynomial link invariants 
distinguish links that are not ambient isotopic (eg see |DeW99t Ch. 7]). 

A fact touching on question 2 is that the Reshetikhin-Turaev method for constructing 
3-manifold invariants does not ensure completeness: it does not necessarily distinguish 
non-homeomorphic 3-manifolds. For example, the topological invariants derived from 
U ( q N) (sl 2 ), where A > 4 satisfies N = (mod 4), do not distinguish all non-homeomorphic 
3-manifolds |KB931 ILkM lKL94| . 

Given the difficulty of answering these questions, we consider a more tractable problem. 
We will compare our invariants with the invariants derived from one quantum group at 
odd roots of unity, and ask the following question: are the invariants from Uq N \osp(l\2n)) 
the same as those from Uq N ^ 2 \so(2n + 1)) when A > 6 satisfies A = 2 (mod 4)? By the 
same, we mean that given a closed, connected, orientable 3-manifold Ml, we have 

F(M L ) u( N ){osp{ll2n)) = ^ r (M L ) [/ (iv/ 2 ) (so(2n+1)) . (5.61) 

It is interesting to ask this question as the sets of integral weights in the truncated Weyl 
chambers A+ of U [ q N) {osp{l\2n)) and U [ q N/2) {so{2n + 1)) are the same, thus in calculating 
the topological invariant for any given 3-manifold Ml we sum over the same module labels. 
The reader may ask the obvious question why we are not comparing the invariants from 
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quantum osp(l\2n) and quantum so(2n + 1) at the same roots of unity. The reason is 
that the sets of integral weights in the truncated Weyl alcoves of quantum osp(l\2n) and 
quantum so(2n + 1) are different when N = 2 (mod 4). 
Our topological invariant has an S 3 normalisation: 

^( 53 )c/-W(<wp(i|2»)) = 1= F{S\w*) iao p n+1) y 

and therefore we choose a 3-manifold other than S 3 on which to compare the two families of 
invariants. For calculational ease we will determine the invariants associated with S 2 x S 1 , 
and we recall that we can obtain S 2 x S 1 by performing surgery on an oriented unlink 
L C S 3 with zero framing. We now calculate J-~(S 2 x S 1 ): the linking matrix of L is 
A L = (0), thus cr(A L ) = 1 and 

F(S 2 x s ij = z -i J2(L) = z~ l d x sdim q (V x ), 

AeA+ 

where in calculating T (S 3 ) ( s0 ( 2n +i)) we take the quantum dimension of the irreducible 

C/g iV ' /2 ^(so(2n+l))-module V x with highest weight A instead of the quantum superdimension. 
We firstly calculate ^{S 2 x S 1 )^),,^^,. Let N > 6 satisfy N = 2 (mod 4) and let 

q = exp (2iri/N), then 

J2(L) = dxsdtm q (V x )=QQ(0) £ (sdim q {V x )) 2 

AeA+ AeA+ 



AGA+ \&X n , \£X N 

(5.62) 



2 

Using the expressions for ^2 XgXn (Q(\)) (Lemma l5.7.1j) and for fl and z (Eqs. ()5.5()|1 and 
(|S3i): 



nn„n 3 —n/2-i'i 

1 q 



z = (-i) n q 2n3 - n t 2n , t = exp (ni/2N), 



[l + i)VN 



we have 

^(S 2 x S v 



1 (N/2) n ^ 2 e - nvi / 4 q n3 - n / 4 

U^\osp(l\2n)) = Z q(0) 

H)~ n (N/2) U/2 e -W4g-3(p,p) 



We now calculate JF^ 2 x S 1 ) u (N/2)^ 2n+1 ^y With iV as given in the calculation of 
F(S 2 x 5 1 ) c/ (iv) (osp(1|2n)) above, fix N = N/2 and g = q 2 . From [ZH961 p. 635], we 
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immediately have 

(_l)|*i(an+i)|(^-(i+(jv'+i)/2)(2 ft p) (Gi(g)) n 



F{S x 5 )^) WW) 



t2 w ol> 

Q'.(0) 

.'2 



where Gfc(g) is a Gaussian sum: G^{q) = ^^(?) fcj2 , and 

j=0 



QW = E ^)W) (CT(2At+2p) ' p; '■ 

(Compare this to Q(/i) = E CTe vv e V)<? W2p+2p),p) -) Fr om [KL941 p. 150], we have 

n _f (iV) 1 / 2 if¥=l (mod 4), 
lW ~ \ i^W) 1 ^ if TV = 3 (mod 4). 

As ®t o( 2n+i) = i e ^ e i ±£k\l<i<n, 1 < j < k < n}, we have (-l)r»<an+i)l = 



so(2n+l) L c «5 C J 

which leads to the following expression for ^(S 2 x S 1 



U^ N/2) (so(2n+l)Y 



2 x ( _l)n ( _ z) ( 2 p,2p) (iV/2r /2 r 3( p , p) f ^ if ^= ! (mod4); 

1 ^r /2) M2n+i)) " n ae $+ u3> + W (a ' p) - <?~ (a ' p) ) l if AT = 3 (mod 4). 

Elementary algebra shows that T{S 2 x S%W (osp(1 | 2n)) = -T^S 2 X Sl )u^ N/2 \so(2n+i)) if and 
only if 

niri/4 _ -(2p,2p) 3(p,p) TT ( (a,p) , -(a,p)\ TT / _ „-{P,p)\ x J lf N = 1 ( m ° d 

e z « 11 I? +9 j 11 (9 9 jxj jf]v = 3 (mod 

(5.63) 

Eq. ()5.63|) is never true for n = 1, and for all odd n > 3 a necessary (and not sufficient) 
condition for it to be true is that (n 3 — n/4) G Z(fc 2 + + 1/4) where iV = 2(2k + 1). For 
each odd n > 3 we can easily choose a sufficiently large enough N so that (n 3 — n/4) ^ 
Z(fc 2 + k + 1/4), and this relation then holds true for all N = 2(2k' + 1) where k' > k. 
Thus the invariants from Uq N \osp{l\2ri)) and Uq N ^ 2 \so(2n + 1)) are not the same. 

Let us now prove the following result which has been used in the derivation of 
T{S 2 x S%(iv) (osp(1 | 2ri)) . 

Lemma 5.7.1. £ IeXjy (Q(A)) 2 = (2iV)"n! 

Proof. Recall that Q(A) is defined by Q(A) = £ ffeW d (tr)^*®^ for each Iel w Now 
we claim (i) and (ii) below, where ex, w G W: 
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(i) E q 2iaip)+w[p) ' J+p) = 0, if <r(p) + w(p) ^ 0, 



(ii) e'(a)e'(w;) £ g2(<r(p)+»to,X+p) = if ^ + ^ = Q 

We will prove these results momentarily. Using these results we calculate that: 
E (^W) 2 = EE eV)^)^^^ 



]T ^ e'(a)e'(^ 



" ff (p)+«,(p)#0 



2( ( r(p)+^(p),A+p) 



+ E E e WH<z 

^ e'(a)e'(w) q 2(a{p)+w{p) ' x+p) (5.64) 



\ " 



w=—a 



= \W\N n = (2N) n n\ (5.65) 

where we obtain (|5.64j) from the fact that a(p) + w(p) = if and only if w = —a, and we 
obtain ()5.65|) from the fact that the order of W is 2 n n\ 

Now we prove the claimed results (i) and (ii) above. We prove (i). Assume that 
cr, w G W are such that <r(p) + u>(p) ^ 0, and let us write <r(p) + u>(p) = Y^=i^ e i- The 
properties of the reflections generated by the elements of W mean that pi G Z for each i. 

By assumption, pi ^ for some i = 1, . . . ,n. Fix such an i, then by considering the 
action of a, w G W on p, we have 

2 < |2/ii| < An - 2. (5.66) 

Now the assumption that is non-empty means that N > 4n + 2. To see this, recall that 
is defined when N = 2 (mod 4) by A^ = {A G V + \ < Ai < N/4 -n - 1/2}. Then 
q2fii y from Eq. ()5.66|) . To complete the proof of (i), all we need is the following trivial 
calculation: 

N-l N-l 
q(a(p)+w(p),2\) __ ^2/iiAi+-+2 W _ 1 Ai_i+2 W+ iA i+ i+-+2A(„An ^/^Ai 

AgX]v Ai,...,Aj_i,Aj+i,...,A n =0 Ai=0 

= 0. 

We now prove (ii). Assume that a, u; G W are such that cr(p) + u>(p) = 0, then 
w = —a = w a where w = a tl a e2 - ■ ■ a en is the longest element of W, and we have 
e'{w) = e'(w )e'(a) = e'(a). Finally, 

e'(a)e'(w) ^ q ^( P )+ w ( P ),x +P ) = ^ 1 = N n . 

□ 
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5.8 Some side results 
5.8.1 An observation 

We now discuss an observation of Turaev and Wenzl |TW93j , who showed that in certain 
circumstances the Reshetikhin- Turaev 3-manifold invariants could be calculated by taking 
a weighted sum of the F(F(L, A) J where the link is cabled and each component of the 
cabled link is only ever coloured with the same module. Their observations equally apply 
to the 3-manifold invariants constructed from pseudo-modular Hopf algebras in this thesis. 
We briefly discuss this here and refer the reader to |TW93| for details and a proof. 

Let A be a modular or pseudo-modular Hopf algebra with universal .R-matrix R, and 
let { Va | A G /} be the collection of A-modules used to construct the 3-manifold invariants. 
For each let CtiV^) be the algebra over C generated by the elements 

{Rf 1 G EndAiV^f 1 1 1 < i < t- 1} , where 

nf 1 (v h ® • • ■ ® v jt ) = v h ® • • • ® v k _ x ® P o (if 1 *^-. ® v ji+1 )) ® v ji+2 ® • • ■ ® Uj- t . 

If each Va is isomorphic to Pa(V^)®' for some idempotent p\ G Ct(V^), for some fi in J, 
we say that is a generating module. For Uq N \osp{l\2n)) at even roots of unity, the 
fundamental module V is generating. Turaev and Wenzl's observations only apply if the 
algebra has a generating module; we only consider such algebras below and denote the 
generating A-module by V. 

The module V\ is isomorphic to pxiV® 1 ) for some idempotent p\ G C t where we can 
write p\ = Y7j=i c j^ji c j £ ^- Here each ^ is an ordered product in the TZf 1 . 

Now in calculating the 3-manifold invariants, one takes a weighted sum of the F(T(L, A)) 
where the sum is over all different possible colourings A of T(L). The fact that V\ is 
isomorphic to pxiV® 1 ) means that we can express F(T(L, A)) differently: we can write 
F(r(L,\)) = Yl T j=i c i-^(r(-^j, V)) where L'j is a link obtained from cabling L and V 
means that each component of T(L) is coloured with the generating A-module V. 

To see this, we consider a framed oriented knot L; the multicomponent case follows. 
Regard T(L) as being coloured with A G /. For each j — 1, . . . , r, let L • be a framed oriented 
link with t components obtained by cabling L. By referring to &j we construct a new link 
L'j. Of course, ^ = ■ • ■ ^™ , where G {-1, +1} and ki G {1, 2, . . . , t - 1}. 

Now let 6j = Ofcjtffcj • • ■ 0"^™ be an element of B t , the Braid group on t strings, where 
cr +1 and cr -1 are the elements of B 2 in Figure 15.251 and a^ 1 G -B^ acts as cr ±1 on the /c th 
and (k + l) s< components of the (t,t)-tangle (from the left) and leaves all other compo- 
nents unchanged. Now we construct the new t-component link L'j by doing the following. 

Consider the intersection of Lj with a 3-disk D 3 in such a way that all the components 

of L'j in the intersection are parallel and oriented downwards. We obtain L'j by replacing 
the oriented (t, t)-tangle in the intersection with an oriented (t, t)-tangle given by applying 
bj G B t to the t parallel components. We do this by firstly applying to the top of the 
t components, and then inductively applying below a e k r r for each r = 1, . . . , m — 1. 
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a +1 a' 1 



Figure 5.25: The elements a + \ a- 1 of B 2 



After obtaining each L'-, we have 

F(T(L,\))=j2c J F{T(L>,V)) 1 
i=i 

which follows from the properties of F. 
5.8.2 A further result 

Theorem 5.8.1. The algebra Uq N \osp(l\2n)) and the set {V\\ A £ A^} of modules is not 
a pseudo-modular Hopf algebra when N > 4 satisfies N = (mod 4). 

Proof. We will show that Uq N \osp(l\2n)) and the set of modules do not satisfy Axiom 
(V) of a pseudo-modular Hopf algebra. To do this, we will show that the set ()5.29j) of 
equations is inconsistent if N = (mod 4), N > 4. 

We will show that for each p £ A^ there exists some // £ A^, where // ^ fi, such that 

(i) ? -(//,m'+2p) = _ g -(M,^+2p) ; and 

(ii) Sx^i/Qip') = S x ,n/Q(n), and 

we have the following pair of inconsistent equations: 

q -(^ + 2 P ) = J- dxXxiv^SxJQ^), (5.67) 

AGA+, 

q -M+up) = J- dxXxiv-^Sx^/QW). (5.68) 

AGA+ 

Let A > 4 satisfy A = (mod 4). Let /x £ A^ and fix s ei £ W to be the element of 
W that reflects if* in the subspace hp ei = {x £ (x, ei) = 0}. The element s ei acts on 
v = YJLi u i e i e H* via 

n 

s ei : v h-> -viei + ^ z^e*. 

Define the map er eij jv : A — > A by 

a euN > : /i i-> s €l (fj, + p) - p + A'ei. 
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In the foregoing we will use Proposition 15.8. 1\ to which the reader is temporarily referred. 
Set // = o" ei> AT'(/i): the next two calculations will show that ,At +2p ) = — g~(^ +2 P). Now 

q-(H+N'e 1 , f i+N'e 1 +2p) = q -((p,p+2p)+N(p,e 1 )+N' (2p,e 1 )+(N') 2 ) 
= q -((w+2p)+N' , (2p,e 1 )) 



-(p,p+2p) 



and for any w G W we have 



q-(w(p+p)-p,w(p+p)-p+2p) _ q-(w(p+p),w(p+p))+(p,p) _ q -(p,,n+2p) 

thus q-^''V-'+ 2 P) — _g-(M.M+2p) _ 

The equality S\y/Q(n') = S\ j(l /Q(n) results from the following properties of S\ >At , 
which derive from direct calculations and from Lemma f5. 6. II 

S x ,s ei fa+p)-p/Q(s ei (v + p) ~ p) = s \,p/Q(p)i 
Sx,v+N'eJQ{p + Wei) = S x ,p/Q{n). 

The second relation follows from the equality Sx^+N'a = ~S\,p,- 

It follows that for each \x G there exists some fjf G where // ^ fi, such that 
we have an inconsistent pair of equations (Eqs. (|5.67|) and (|5.68jl ). As ji' = c t i,N'(p) and 
P — ^ei^'ip'), there are |A^-|/2 such pairs. □ 

Proposition 5.8.1. Let u ei ^i : X — > X be a map given in Theorem \5 . 8 . 1\ and let fi G A^, 

then cr ei A r/(/i) = (N' — fii — 2n + l)e! + Ym=2 P* ei - Furthermore, 

(i) 0- ei ,N'((7ei,N>(p)) = At, 
(U) <T ei ,N'(p) ^ P, 

(Hi) <J ei ,N>{p) G A+. 

Proof. The action of er ei) jv' on /i is shown by trivial calculations. The proofs of (i)-(iii) are: 

(i) a tuN >(a euN >(fi)) = a euN >((N' - jit - 2n + l)e 1 + YJi=2pi e i) = P- 

(ii) Assume that a ei ^i(n) = /i, then (N' — Hi — 2n + l)ei = /iiei, which implies that 
2/i! = N' — 2n + 1 and /xi € Z + 1/2. However, this is not possible as /i G ®" =1 Ze, 
and therefore a tlt N'(n) ^ 

(iii) The definition of A^ implies that fi' G A^ if and only if < fi^ + fi' 2 < N' — 2n + 2. 
Now as /i G A^-, the components of fi satisfy — 1 < fii — ii 2 < N' — 2n + 1 which we 
can rewrite as 

< N' - /ii - 2n + 1 + fi 2 < N' - 2n + 2. (5.69) 

The statement of the proposition tells us that <T ei Ar/(/i) = (N 1 — Hi — 2n + l)ei + 
Y^i=2 Pi e i> that is = N' — fi 1 — 2n + l and /i' 2 = /i 2 - This allows us to rewrite ()5.69|) 
as < [/,[ + fi' 2 < N' — 2n + 2, which is precisely the condition under which a ei Ar/(/i) 
is an element of A^. 

□ 



Appendix A 

Gaussian binomial identities and 
Gaussian sums 



In this Appendix we give certain identities involving the Gaussian binomial coefficients 
and we also investigate Gaussian sums. The pseudo- Gaussian binomial coefficients are 



closely related to the Gaussian binomial coefficients by (n) q 
separately to aid comprehension. 



n 



but we consider them 



A.l Gaussian binomial identities 

In this section we give certain identities involving the Gaussian and pseudo-Gaussian bino- 
mial coefficients. Lemmas IA. 1 . II and IA. 1 .21 are given without proof; they are easily proved 
by induction. 

Lemma A. 1.1. The Gaussian binomial coefficients satisfy the following relations, where 
i,n G Z + and i < n: 



(i) 
(ii) 



' n+ 1 " 


g 


i 




' n+ 1 " 


q 


i 





n 
i 



+ q 



n+l—i 



n 
i - 1 



n 
i - 1 



q 



n 
% 



Lemma A. 1.2. The pseudo-Gaussian binomial coefficients satisfy the following relations, 
where i,n G Z + and i < n: 



(i) 
(ii) 



n + 1 
% 

n + 1 

% 



n 



l J +("?)' 



n 

i - 1 
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A. 2 Gaussian sums 

In this section we consider some properties of Gaussian sums. Here we fix q = exp (2-jri/N) 
where N > 3 is some integer, and we fix G + (N,m) and G-(N,m) to mean the following 
Gaussian sums: 



JV-l N-l 



-n(n+m) 



G + (N,m) = Yl > G4N,m) = J2 

n=0 ra=0 

Lemma A. 2.1. Let N = 2 (mod 4) where N £ Z + , £/ien G+(JV, 0) = 0. 

Proo/. As gO' +Ar / 2 ) 2 = g i 2 +^ 2 /4 = _ g i 2 ; for each j = 0, 1, . . . , A/2 - 1, we have G+(N, 0) = 

Ei£oV 2 = o. □ 

Lemma A. 2. 2. Let A = (mod 4) wnere A £ Z +; then G+(N, 0) = (1 + i)y/N . 

Proof. See jKLM Sect. 12.8]. □ 

Lemma A. 2.3. Let m > 1 be an odd integer, A = 2 (mod 4) where A £ Z + , and let 

t = exp (iri/2N), then 

Proof. Observe that 

N-l , 2JV-1 



n=0 ^ ra=0 

and that = ^n+m) 2 /^ then 

2JV-1 

G + (N, m) = t( 2 ™+-) 2 = _L + *( 2 +™) 2 + t( 4 +-) 2 + . . . + t (W-2+m)^ 

+ v ' ; 2t m ^ 2t m V / 



n=0 



^ (V 2 + t 32 + t 52 + ■ • • + t^" 1 ) 2 ) = ^(G + (4iV, 0) - 2G + (N, 0)) 



2* 

(l+^V^V 
t m2 

which follows from the observation that G + (N, 0) = as A = 2 (mod 4). □ 

Lemmas IA.2.41 and I A . 2 . 5| are proved by noting that G-(N, m) is the complex conjugate 
of G+(N,m). 

Lemma A. 2. 4. 

(i) Let N = 2 (mod 4) where A £ Z +; then G-{N, 0) = 0, 

(%%) Let A = (mod 4) where A £ Z+, then G-(N, 0) = (1 - i)<s/N. 
Lemma A. 2. 5. Let m > 1 ie on odd integer, let A = 2 (mod 4) where A £ Z + , and Ze£ 



t = exp (iri/2N), then G_(A,m) = t m (1 - z)VA 



Appendix B 

The g-binomial theorem and 
generalisations 



The g-binomial theorem is given in Lemmas IB.0.61 and IB. 0.71 without proof; each of these 
lemmas is easily proved. The lemmas are identical in the sense that applying the map 
q i — > —q to Lemma IB.0.61 gives Lemma IB.0.71 We state both lemmas as their properties 
differ when q is a primitive root of unity. 

Lemma B.0.6. Let a and b be elements of an associative algebra over C satisfying the 



relation ba = qab, where ^ q E C. Then (a + b) n = 



i=Q 



n 
i 



Lemma B.0.7. Let a and b be elements of an associative algebra over C satisfying the 



relation ba 



-qab where ^ q E C. Then (a + b) n = ^ ( U \ aV -i for all n E N 

i=o ^ ' q 



Now we investigate these lemmas when q is a primitive root of unity. Set q = exp (2m /N) 
for some integer N > 3 and let a and b be elements of an associative algebra over C satis- 
fying ab = q 2 ba, then we have 



( a+b r = Y: 



i=0 



N 1 

i 



-q 2 



i„N'-i 



b l a 



•N' 



as 



N' 

i 



1, iE{0,N'}, 
0, otherwise, 



which follows from the fact that [i] q2 = if and only if i = kN' for some k E Z. 

Now let a and b be elements of an associative algebra over C satisfying ab = —qba, then 



N 



i=0 



N 
i 



i„N—i 



Ua 



a N + b 



N 
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as 

N \ J 1, i e {0,iV}, 



i / 10, otherwise, 

which follows from the fact that (i) q = if and only if % = kN for some k G Z. 

We give two further generalisations of Pascal's binomial theorem below, each of which 
is a generalisation of the g-binomial theorem. We are unaware of these generalisations 
appearing in the literature, so we present them with the relevant proofs. Note that we 
obtain the g-binomial theorem in Lemma IB. 0.81 if we fix c = 0, and we obtain the q- 
multinomial theorem if we artificially fix £ = in Lemma fB. 0.91 

Lemma B.0.8. Let a, b and c be elements of an associative algebra over C satisfying 

ab = —qba + c, ac = q 2 ca, cb = q 2 bc, 
where ^ q G C and q 2 ^ 1, then 

a+2/3+7=n 

Proof. By using the algebra relations we can inductively prove that 

a n b = {-q) n ba n + {-q) n - l {n) q ca n -\ n£ff, 

which we can use to obtain the following relations, where we use ■ to denote the algebra 
multiplication and let a,f3, 7 be non-negative integers: 

b a c p a<-a = b a c p a 1+1 , 

&"cV ■ b = {-q) 1+W 6 a+1 cV + {-qy~\l) q b a c p+1 a?-\ 
We can prove that a + 2/3 + 7 = n if 6 a c^a 7 is a component in (a + b) n , thus we have 

(a + b) n = d(a,f3,^) b a c l3 a / , n G N, (B.l) 

a+2^+7=n 

for some set of coefficients {6*(a,/5,7) G C| 7 G Z + }. 

From (jB.l|) and the algebra relations, the coefficients 8(a,/3,'~y) satisfy the recursion 
relation 

9(a, P, 7) = 9(a, (3,j-l) + (-g) 7+2 ^(« - 1, ft 7) + (~<?) 7 (7 + 0-1,7 + 1) (B.2) 



and the boundary conditions 0(1, 0, 0) = 6(0, 0, 1) = 1. In (JB.2j) we fix 6(a, ft 7) = if any 
of a, (3 or 7 are negative. To complete the proof we just need to show that the 

m a \ (a + 2,8 + 7),! 
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furnish a solution to the recurrence relation that also satisfy the boundary conditions. It 
is easy to see that the 9(a,(3, r y) satisfy the boundary conditions, and substituting them 
into the right hand side of (jB.2|) gives 



(a + 2(3 + 7-1),! if p ( a + 2 (3 + 1 -l) q \ 



+ (-9)' 



(a),!( 7 - l) ff !(2) fl (4), • • • (2/3), * *' (a- l) g !( 7 ) g !(2),(4) 9 • • • (2(3) q 

(a + 2(3 + 7-l) ff ! 



+ (- 9 )T( 7 +l) 



v a) g !( 7 + lV(2) g (4) (? ---(2/3-2) 9 
^j^l^ 1 ^^ ((7), + (-«) 7+2 », + ("9) 7 (2/3),) 
(a + 2/5 + 7 ) 9 ! 



(aV( 7 V(2) g (4) g ---(2/?) g ' 
as required. □ 
Lemma B.0.9. Let a, 6 and c be elements of an associative algebra over C satisfying 

ac = q 2 ca + £b 2 , ab = q 2 ba, bc = q 2 cb, 
where ^ q G C, q 2 ^ 1 and £ = —(1 + q) 2 /(q — q~ l ), then 



( a + b + c ) n = Y — My^_ - c °foV, neff, 
v y ^ \a]i 2 \ \8}i 2 \ h]i 2 \ 

a+/3+7=n 

where ^ G C is recursively defined by 

0o = l, 0i = l, 0^0^ + e^-l] 92 0/3-2, 0eN\{l}. 

Proof. By using the algebra relations we can inductively prove that 

a" c = q 2n ca n + £g 2(n " 1} [ra^&V -1 , n E N, 

and by using this we obtain the following relations, where we use ■ to denote the algebra 
multiplication, and let a,/?, 7 be non-negative integers: 

eWo^-a = c a b^a^ +1 
(TbPcF-b = q 2l c a b p+l a^ 

c^a^-c = q 2 ^c a+1 b^a^ + iq 2 ^- 1 \ 1 fc a b f3+2 a?- 1 . 
We can prove that a + (3 + 7 = n if c a b^a 1 is a component in (a + 6 + c) n , thus 

(a + 6 + c) n = ^ e(«,/5,7)c a l)V, nGN, (B.4) 

a,/3,7£Z + 

a+/3+7=n 
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for some collection of coefficients {6(a, (3, 7) G C| a, /3, 7 G Z + }. 

From (jB.4|) and the algebra relations, the coefficients #(a, /?, 7) satisfy the recursion 
relation 

+^h + lfO(a,P-2, 1 + l) (B.5) 

and the boundary conditions 0(1, 0, 0) = 6(0, 1, 0) = 6(0, 0, 1) = 1. Here we fix 6 (a, (3, 7) = 
if any of a, (3, 7 are negative. To complete the proof all we need do is show that 

^' 7) = TaFWWT' (R6) 

solves the recurrence relation and satisfies the boundary conditions, where 0/3 is itself re- 
cursively defined (as stated in the lemma). Clearly, (|B.6J) satisfies the boundary conditions, 
and substituting (|B.6|) into the right hand side of (jB.5|) gives 



[a + /3 + 7 -l]" 2 ! 0/3 + ^ [a + (3 + 1 -lf\ 



[a]#\\p]*\[>y-l]*\ [a]9 2 ![/5-l]9 2 ![ 7 ]<? 2 ! 

, n 2^ b + /3 + 7-l] g2 '0/3 27 , 1 1q2 [a + /3 + 7-l] g2 !0/ j -2 
q [a- l}« 2 l[j3}i 2 l[j}i 2 \ J [a]<? 2 ![/?-2]* 2 ![7 + lK! 



[a + /? + 7 -l]n 
[a]5 2 ![/?]? 2 ![ 7 ]9 2 ! 

[a + /3 + 7 — 1] ?2 ! 



[ifh + <? 2 W 2 0/3-i + g 27+2/3 [«] 92 0/3 + ^[(3f[(3 - 

W f/2 0/3 + ^H 9 ^ + q 2l [(3f [0/3-1 + t\P ~ if ^-2} ) (B.7) 



By writing 0^ = 4>p-\ + £[5 — l] 92 0/3-2 for each /? G N\{1}, we can rewrite ()B.7|) as 

[« + /? + 7-l] ?2 ! , o 7+2/3u . „2 T r/9l<7 2 J. \ [<* + P + if ' 0/3 



[7] <?2 0/3 + g 27+2/3 N <?2 / 3 + g 27 [/?] g2 0/3) 



[a]3 2 ![/3]« 2 ![ 7 ]« 2 ! V L,J ^ p * L J ^ p ' * L ^ J ^7 [a]^\[/3\i 2 \[j}^\ ' 
which proves the lemma. □ 

We obtain an explicit expression for the cj)p appearing in Lemma fB.0.91 below. 
Lemma B.0.10. Let 7^ q G C satisfy q 2 7^ 1 and let ^ G C fe recursively defined by 

00 = 1, 01 = 1, 0/3 = 0/3-1 - 1]^ 0/3-2, /? G N\{1}, 

where £ = —(1 + g) 2 / (g — g -1 ). Then (ftp is given by 

00 = 1, 01 = 1, 2 i = (1 - g) _< *M, 02i+l = [2i + l] 9 02i, 

/or eac/i « G N, where 

^ = S[3] 9 S[5rS[7r---[^-ir" 



[2]<? L J [4]? L J [6]« L J L J [2i]«' 
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Proof. We firstly calculate <p2 '■ 

<P 2 = 1 + {[if = (1 + ? 2 )/(l " q) = (1 " qVW/W, 

thus the claimed solution for 0^ is true for /? = 0, 1, 2. Assume that 02i is as given in the 
lemma for some «6N, then we calculate that 

q - q- 1 

= (l- g )-i[2z-l]^[2z + l]^- 2 



[2i]«' 
[2i + l]V2i, 



as required, and we have 



W 2 = [2i + l]^ 2i - &±^W l] 9 V 2i 

g - q 



>2i 



[2i + i]?_il±ii[4i + 2] 9 j (B.8) 



g-g- 

-n-i /-g" 1 (l + 9)[2? + l] 9 [4i + 4] £ 



[2z + lp[4z + 4p 

— w+w — 02? " 



Here we used (1 + g) [2z + l] 9 = [4i + 2] 9 to obtain flR8 



□ 



We now examine the two generalisations of the binomial theorem when q is a primitive 
root of unity. Set q = exp(2iri / N) where N > 3 is an integer, and let a, b and c be elements 
of an associative algebra over C satisfying 

ab = —qba + c, ac = q 2 ca, cb = q 2 bc. 

Then Lemma fB.0.81 implies that 

( a 2N + b 2N + (l) ff (3),(5), ■■■(2N- l) q c N , N = l,3 (mod 4), 
(a + bf={ a N + b N + {l) q (3) q {5) q ---{N-l) q c N / 2 , N = (mod 4), 
[ a N l 2 + b N ' 2 , N = 2 (mod 4). 

Now redefine a, b and c to be elements of an associative algebra over C satisfying 

ac = q 2 ca + £b 2 , ab = q 2 ba, bc = q 2 cb, 
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where £ = —(1 + q) 2 /(q — q x ). Then Lemmas IB . . 9MB . . 1 01 imply that 

(0 + 6 + 0)^ = 0^ + ^/6^ + ^, 

where 

( (1 -q)- {N - 1)/2 [N] q ^ N ^ = 0, if iV = 1,3 (mod 4), 

<j) N , = } {l-q)- N /^ N/2 = 0, if iV = (mod 4), 

[ (1 -q)-W 2 ' 1 ^ 2 [N/2]^ N/2 _ 1 ^ 0, UN = 2 (mod 4). 

Using this result for <p N i we have 

a N + c N , if iV = 1, 3 (mod 4), 

(a + b + cf = { a N l 2 + c N ' 2 , ifiV = (mod 4), 

a N/2 + (j>N/2b N/2 + c N ' 2 , UN = 2 (mod 4). 



Appendix C 

The Weyl supercharacter formula 



In this appendix we recall the Weyl supercharacter of a finite dimensional irreducible 
[7(osp(l|2n))-module with integral dominant highest weight |Kac78a[ IKac78b] . 
For each A G H* let D(A) C H* be defined by 



D(A) = \A- 



n„ G Zj 



Let E be the algebra of functions on H* that vanish outside the union of finitely many 
sets of the form D(A). The convolution of two elements /, g G E is defined by / ■ g(X) = 
Y^ueH* /(^ — /-O^KaO- This sum is well-defined as only a finite number of terms in the sum 
are non-zero. The algebra E is a commutative algebra with respect to convolution. 
Let e A G E be a function defined by 

e» = 

The convolution of two such functions e A , e M G -E is 

e A • e» = £ e A (v - 7)^(7) = £ = E ^ = e " + »- 

The element e° is the unit of E. Any function / G E can be expressed as a sum / = 

Let W be the Weyl group of the Lie (super) algebra g and let $ g be the set of roots 
of 0. The Weyl group W is generated by the elements {s a \ a G $ }, where s a is the map 
s a : H* —> H* defined by 

So (A) = A - 

(a, a) 

where (■, ■) : if* x if* — > C is the non-degenerate bilinear form defined by (e*, e,) = <5y. 

Let £" be the set of rational expressions in the elements of E. By definition, the Weyl 
supercharacter of a finite dimensional irreducible U(osp(l\2n))-modu\e V\ with integral 
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dominant highest weight A £ H* is 

sc h A = ^(-l)[ A lm(A)e A , 

A 

where the sum is over all weight spaces of V\, [A] is the grading of the vectors of V\ in the 
weight space A, and m(A) is the multiplicity of the weight space A. Define a homomorphism 
e' :W^{-1,+1} by: 

—1, if the number of reflections in the expression of a with respect to 

e '{ a ) = { the elements of $q is odd, 

■fl, otherwise. 

(Recall that $^ is the set of roots ± ej\ 1 < i < j < n}.) Then the supercharacter of 
Va is jKac78bj : 

sch A = (-i)^(Lr l J2 e '^ ea(A+p ^ 

o-GW 

where we write [A] to mean the grading of the highest weight vector of V\, and 

The expression for sch\ dramatically simplifies for U(osp(l\2n)). From the root system 
of osp(l\2n), we have 

L'= H (e a ' 2 -e- a ' 2 ) J] (e^ 2 + e-^ 2 ). 

Now the supercharacter of the trivial (one-dimensional) L r (osp(l|2n))-module Vq is e ° ( as 
the grading of the highest weight vector of Vq is even), thus 



which yields a variant of Weyl's denominator formula for U(osp(l\2n)): 

£ e'(aK (p) = J] ^ ~ II ^ + 

ae¥+ 



We thus obtain the following expression for sch\. 



sch A = (-1) 



e U a)e a(A+p) 



Appendix D 

Hopf ideal of U q (osp(l\2n)) at roots of 
unity 



In this appendix we prove that the left ideal X C U q (osp(l\2n)) given in Chapter HJ where 
q = exp (2iri/N) and N > 3 is an integer, is a two-sided Hopf ideal. We have not seen the 
results in this appendix appearing in the literature, and we present them in full, together 
with all relevant proofs, for completeness. 

The calculations in this appendix are often quite involved. In particular, the calcula- 
tions showing that X is a two-sided co-ideal in which we obtain expressions for powers of 
the co-multiplication of each root vector in U q (osp(l\2n)) , are very intricate. We do these 
particular calculations by using the generalisations of the binomial theorem in Appendix 
iBl Note that in this appendix we always fix q = exp (2iri/N) where N > 3 is an integer, 
and we use q to denote osp{l\2n). 

D . 1 Preliminaries 

Recall that the g-bracket [•, -} q is defined for homogeneous 1,1/6 U q (o) with weights wt(x), 
wt(y) respectively, by 

[ X} y] 9 =xy- (_i)HM g MWMy)) p . 

We obtain the graded commutator if we formally fix q = 1 in the g-bracket. The g-bracket 
satisfies the following useful identities: 

[x,yz] a = [xMaZ+i-tf'W^'^hfazl, (D.l) 



[xy,z] q = x\y,z] q + (-l)W%WM'»[x,z] q y, (D.2) 

n-1 

foy% = X)(- 1 ) iWM 9 i( " t( " ),,rt(lf)) i' i [*,y] g i/ B " 1 " i , ^^N, (d.3) 

i=0 
n-1 

[x n ,y] q = ^(-l)WMqW x Wv»x n - 1 - i [x,y] q x i , n G N. (D.4) 



i=0 
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Note that we can obtain ()D.2|) (resp. (jD.4jl ) from (jD.lj) (resp. (|D.3jl ) by using the obvious 
symmetry properties of the g-bracket. We will extensively use Eqs. ()D.1|) - ()D.4|) in this 
appendix. 



D.2 Root vectors in U q (osp(l\2n)) 

We will extensively use the following theorem due to Khoroshkin and Tolstoy in this ap- 
pendix |KT91| Prop. 3.3], which we will refer to as Khoroshkin and Tolstoy's proposition. 



Theorem D.2.1. Let Af ((f)) be a normal order of the elements of <f> and let the root vectors 
e 7 G Ug(g), 7 G 0, be constructed with respect to Af(<f>) following Subsection \3. 3. 6 A Let 
a,/3 G 4> satisfy a -< (3 with respect to Af ((/>), then 



^on e P\q~ ^ ] C(7i,fci,...,7i,fc t )( e 7i) 1 ( & 



fc 2 . . . ( p \kt 

72 1 y^it) i 



where 71,..., 74 G 4>, $2i=i ^*7« = a + (3 and the coefficients C(7i J fci,...,7t,fct) are complex 
constants. 

An important consequence of this theorem is that [e a , ep\ q = if there does not exist any 

set of elements 71, . . . , j t G (f> satisfying a -< 71 -< . . . -< 7 t -< f3 and Y^i=i kfli = ct + (3 for 
any set of constants ki G N. A further useful result is that e 1 ] q = if [e 7 , = 0. 

Henceforth in this Appendix we fix the normal order Af(4>) and the root vectors in 
U q (g) to be as we defined in Subsection 14.1.11 

We now prove some very useful identities. 

Proposition D.2.1. 

(%) For all I <i < j <n, [e h e ai+1+ ... +aj ] q = e ai+ ... +ay 

(11) For eachi = l,...,n-2, [e h e ai+1+ ... +2ctn ] q = e ai+ ... +2ctn . 
(Hi) For each i — 1, . . . , n — 2 and each j — i + 2, . . . , n — 1, 

Proof. We prove (i). Firstly, for each i = 1, . . . , n — 2, 

[e» e Qi+1+Qi+2 ] q = [ei, e i+1 ] q e i+2 + q~ X e i+1 [e h e i+2 } q - q' 1 [e h e i+2 \ q e i+1 - q~ x e i+2 [e u e i+1 ] q 

Keeping i fixed, assume that [ei, e ai+1+ ... +aj \ = e ai+ ... +aj for some j = i + 2, . . . , n — 1, 
then 

[ e i; e a i+ lH hctj+ijg = [ e i; e ai+iH bey ] q e j+l + 9 e c?i+iH haj [ e i; e j+l]g 

— g 1 [ej, ej+i] q e ai+1+ ... +aj — q 1 e j+1 [e^, e ai+1+ ... +aj j q 

= e ctH bay e i+l — Q e j+l e ctH \-OLj = CctiH bctj+u 
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as [ej, e j+1 ] q = 0. 

We now prove (ii). A simple calculation shows that [e n _ 2 , Ca n _ 1 +2a n ] — e « n _2+an-i+2a„- 
Assume that [ei, e Qi+1+ ... +2 aJ = e Qi+ ... +2c(n for some z = 2, . . . , n - 2, then 



[cj-i, e Q , i+ ... +2Q „] (? 

= [fij— 1) Co?iH ha n ]g e n + 9 e aH h"™ [ e i-li e n] g + [Ci— lj e n] q e OiA h"n "I" e " [ e i— 1> e «H ho„]g 

— e «i-iH h«n e n ' e n e Qi_iH h«„ — e cti-iH h2a n ? 

as [ei_i,e„] 9 = 0. 

We now prove (hi). A simple calculation shows that [ej, e ai+1 -| — h2a n _i+2a„] — Cq 4 h — h2a n _ 
for each i = 1, . . . , n-3. Assume that [e i; e a . +1+ ... +2a , | . + ... + 2 C J ? = e Qi+ ... +2aj+ ... +2an for some 
i = 1, . . . , n — 3 and some j = i + 3, . . . , n — 1, then 



[ei, e ai+1+ ... +2c(i _ 1+ ... +2c(r J g 
= [ei,e ai+1+ ... + 2 aj +-+2a n ] q ej-i +q 1 e ai+1 +-+2a j +-+2a„ [ei,ej-i] q 
—q 1 [ei,ej-i] e ai+1+ ... + 2 aj +-+2a n — q [ej, e Q!j+1+ ... +2Q!j+ ... +2Q! „] 



— ^a i +-+2a j +-+2a n e j-l ~ Q le j-l e a i +-+2a j + -+2a n ~ ^a i + -+2a j . 1 + -+2a n i 

as [e i ,e j ^ 1 ] q = 0. □ 

D.3 The left ideal 1 C U q (psp(l\2n)) 

From Chapter HI X C U q (osp(l\2n)) is the left ideal generated by the elements of the set 
/ = {(e 7 r , (e p f, (e,) N ', (e,f, (f 7 ) N \ (f p f, (JJ N ', (f p f, (J^ N - 1| 1 < i < n 



(D.5) 

where 7 (resp. (3) ranges over all the even (resp. odd) elements of 0. Recall that the 
even (resp. odd) elements of (ft are {ej ± €k\ 1 < j < k < n} (resp. 1 < z < n}). It is 
convenient to introduce a convention in this section and in Sections ID.4HD.5l that 7 (resp. 
j3) means an even (resp. odd) element of 0, and 77 means any element of <fi. 

We now define a graded antiautomorphism uj : U q (g) — ► t/ 9 (g) to map between and 
/,,. Slightly generalising the definition of a similar map in |Zh92aj . we define uj by 

w : e { ^ fi, fi ^ e h Kf 1 h-> if? 1 , c h-> c, 

where c is the complex conjugate of c £ C. By definition, 

u>{xy) = {-l)WMu(y)u>(x), Vx,y G (D.6) 

and it is easy to see that [u(x)] = [x] for each x G U q (g). 

Proposition D.3.1. The graded antiautomorphism uj is an involution. 
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Proof. Firstly u 2 (x) = x for each generator x G U q (g). Now assume that w 2 (y) = y and 
uj 2 (z) = z for two elements y and z of U q (g), then 

u) 2 (yz) = (— iy y ^uj(u(z)uj(y)) = u 2 (y)uj 2 (z) = yz, and we also have 
lu 2 (ciy + c 2 z) = u(piu(y) + c 2 uj(z)) = c±y + c 2 z, Vci, c 2 G C. 

□ 

Proposition D.3.2. The graded antiautomorphism uj commutes with the antipode, ie 

S o uj = to o S. 

Proof. Recall that the action of the antipode on the generators of U q (g) is 

S-.e^ -tiK-\ -Kifi, Kf l ^ Kf\ 

and that = [x] for each x G U q (g). A direct calculation shows that S(u(x) > j = 

uj(S(x)^ for each generator x G U q (g). Now assume that there exist elements y and 
z in U q (g) such that S(u(y)) = uj(S(y)) and 5'(o;(2;)) = ^(S^z)), then an elementary 
calculation shows that S(ui(yz)) = u>(S(yz)) and that S(cu(ciy + c 2 z)) = uj{S{ciy + c 2 zy\ 
for all complex constants C\ and c 2 . 

□ 

Proposition D.3.3. The graded antiautomorphism uj satisfies the relation 

(w®u)oA' = Aou. (D.7) 

Proof. A direct calculation shows that (jD.7|) is true for each generator of U q (g), and the 
result then follows by a straightforward calculation. □ 

Recall that if is defined by e M = [e v , e*] , then / M is defined by / M = [/$, /r^-i- The 
graded antiautomorphism maps between e M and as follows. 

Proposition D.3.4. For all 1 < i < j < n, we have 

(i) k>(e ai+ .„ +cy ) = f ai +:.+a j > 

(ii) uj(e a . i+ ... +2aj+ ... +2an ) = —f ai+ ... +2oij+ ... +2an , 
(in) oj(e ai+ ,„ +aj ) = f ai+ ... +a ., 
(iv) uj(e ai+ ... +2a . + ... +2an ) = —f a . + ... +2aj+ .„ + 2a„- 
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Proof. By definition, u(ei) = fi for each simple root ct^. We now prove (i): assume that 
u(e ai+ ... +aj ) = ./'„ „ for some j = i, . . . , n - 1, then 

^( e c»iH hQ!j+i) fj+lfai-\ hQj Q-fotiA hoijfj+l /a»H hay+1' 

We now prove (ii): for each z = 1, . . . , n — 1, 

u) ( e a i +-+2a n ) = ~ (/n/a,+-+«„ + fa l +-+a n fn) = ~ fa, + - -+2a n ■ 

Now assume that cj(e Q . + ... +2ai+ -+2a„) = -/a i +-+2 % -+-+2a n for some j = « + 2, . . . , n, then 

w ( e ai+-»+2cy_i+-»+2a!n) = ~~ (fj-lfa i +-+2a j +-+2a n ~ Qfa i +- +2a j + -+2a n fj-l) 

= /ajH h2«j_iH h2a n - 

The proof of (hi) (resp. (iv)) is almost identical to the proof of (i) (resp. (ii)). □ 

Proposition D.3.5. The action of the antipode on e v , for each rj G 0, is S(e v ) = c v e v K~ 1 
for some scalar c v ^ 0. 

Proof. Fixing e>j = ej, the proposition is trivially true for all simple roots aj with c ai = — 1. 
Assume now that the proposition is true for some 77 G and define e M = [e^, ej] 9 where 
/x = 77 + aij G 0, then e M = [e^ e^] 9 , and 

S(e^ = S{e v ei) - (-l)^q^ S(e ieri ) 

where c M = — (— l^lNg-fa^i)^. This formula determines c M recursively. □ 

Proposition D.3.6. The action of the antipode one v , for each rj G 0, is S(e v ) = d^e^K' 1 
for some scalar d v ^ 0. 

Proof. The proposition is trivially true for all simple roots ctj with d Qj = — 1. Assume now 
that the proposition is true for some 77 G and define e M = [e^e^jg where fi = 77 + ccj G 0, 
then e M = [e„, e^, and 

5(e M ) = 5(e,e,) - (-l)WWgMs(^) 
= d e K~ l 

where = — (— l)^ er >^ e ^q~^ n ' ai 'd v . This formula determines d M recursively. 

□ 

Proposition D.3.7. The action of the antipode on f v , for each rj G 0, is S(f v ) = c v K ri f r] 
for some scalar c v ^ 0. 
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Proof. As the antipode commutes with the graded antiautomorphism uo, for each 1 < i < 
j < n we have 

S{fa i +~+a j ) — S( UJ (. e a i + -+a J )) = W { c a i +---+a^a i +---+a j K a ^ + ... +a ^} = C ai+ ... +aj K ai+ ... +a . f a . + ,„ +a . , 

where c ai+ ... +olj ^ is a scalar, and we have used Proposition 113.3.51 An almost identical 
calculation proves the corresponding result when r] = oti H — ■ + a.j-\ + 2a j + • • • + 2a n . □ 

Proposition D.3.8. The action of the antipode on f ; for each rj G <fi, is S(f„) = d ri K n f Tj 
for some scalar d v ^ 0. 

Proof. The fact that the antipode commutes with the graded antiautomorphism u means 
that for each 1 < i < j < n we have 

$U ai+-+aj) — S{uj(e ai+ ... +aj )) = uj(d ai+ ... +aj e ai+ ... +aj K a ^ + ... +a] ) = d ai+ ... +aj K ai+ ... +aj f ai+ ... +aj , 

where d ai ^ ^ is a scalar, and we have used Proposition ID.3.61 An almost identical 

calculation proves the corresponding result when r] = on + ■ • ■ + + 2a j + ■ ■ ■ + 2a n . □ 



D.4 The left ideal X is a two-sided ideal 

In this section we prove that X is a two-sided ideal of U q (osp(l\2n)) . To do this, we show 
that each element of the set I from (jD.5|) commutes or anticommutes with each generator 
of U q (g). We firstly show that (e 7 ) Ar and {ep) N have this property for each 7,/? G 0, then 
it is not difficult to show that (e 7 ) Ar ', (e / g) JV (/ 7 ) 7V ', {fp) N , (f y ) N ' and (fp) N also have this 
property using the antipode and uj. 

Trivially, (Ki) ±N is central in U q (o) and thus so is ( Ji) ±N — 1. We now show that (ej)^ 
and (e n ) N commute or anticommute with each generator of U g ($) for each i — 1, . . . , n — 1. 

D.4.1 (e t ) N ' and (e n ) W 

Set 1 < % < n — 1 and 1 < j < n, then trivially (ei) N> and Kp 1 (anti)commute. We 
now show that (ei) N> fj = fj(ei) N '. The U q (g) relations state that ej and fi commute for 
all j 7^ i, thus we need only consider the relations between and fi. The quadruple 
{ej, fi, Kf 1 } generates a U q (sl 2 ) subalgebra of U q (osp(l\2ri)), and for each t G N, 



(ei)Vi = fi^Y 
1 

+ 



(1 + q- 2 + ■ ■ ■ + g- 2( *- 1} )^ - (1 + q 2 + ■ ■ ■ + g^AT 1 



(e, 



\t-i 



As [A"K = 0, (e,) r /i = /i(e,)'*' 
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We now compute the relations between (ei) N and Cj for all i ^ j. If \i — j\ > 1, the 
relevant Serre relation tells us that ej and Cj commute, so assume that j — i±l. The Serre 
relation is 

{ei) 2 e i± i - (q + q~ v )eiei±\ti + e i±1 (ei) 2 = 0. (D.8) 



By repeatedly using (|D.8|) . we have 

(e i ) t e i ±i = (q + q~ 1 )(ei) t ~ 1 ei± 1 e i - (eiy~ 2 ei ±1 (ei) 2 

= [(q + q- 1 ) 2 - 1] {e l ) t ~ 2 e l±1 {e l ) 2 ~ (? + q^iT^i^if 
= a^Y-^e^) 1 ^ + 6 r (e,)'- 2 - r e, ±1 (e 4 ) 2+r , 

for all < r < t — 2, where a r , b r G C satisfy the recurrence relations 

a r+ i = (q + g _1 )a r + b r , 

where a = q + q~ l and b = —1. The solution for a r and b r is 

\ — 1— r / — 1 \ l+r / 

a r \ q ( q \ q ( q 



q 1 — q \ ~ 1 / q — q 1 



and by setting r = t — 2, we obtain 



Setting t = N', we have 



(e^-^ejii = ey-i^)-^, if AMs odd, 
O^etti = -e^e^ 2 , if N is even. 



We now consider (e n ) N : fix 1 < i < n. Trivially, (e n ) N and Kf x (anti)commute. The 
U q (g) relations state that e n and commute for all i < n, thus we consider the relations 
between e n and f n . The quadruple {e n ,f n ,K^ 1 } generates a U q (osp(l\2)) subalgebra of 
U q (osp(l\2n)), and for each t G N, 



(en)Vn = (-l)*/(e»)* 

"(1 - q + ■ ■ ■ + {-q) n - l )K n 



q-q 1 



= (-iy f (e n y + {e n y-\n) 

As (A), = 0, (e n ff n = (-lff n (e n f. 



(1 - q- X + ■ ■ ■ + {-qY^K- 1 
K n -{-qf~ n K^ 



i \ -i 

q-q 
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We now compute the relations between (e n ) N and for all z < n. If n — % > 1, the 
relevant Serre relation tells us that e n and ej commute, so fix i — n — 1. The Serre relation 
is 

(e n ) 3 e„_i - (g - 1 + g _1 )(e n ) 2 e n _ie n - (g - 1 + g _1 )e„e n _i(e n ) 2 + e n ,_i(e„) 3 = 0. (D.9) 
By repeatedly using (jD.9|) . we have 

(^n) Cn— 1 ^r(^n) &n—l(&n) ~l" ^r(^n) ^n— l(^ri) "I - C r (6 n ) e n _x(e n ) , 

(D.10) 

for each < r < t — 3, where a r ,b r ,c r G C satisfy the recurrence relations 

°r = (<? - 1 + q^a-r-i + b r -i, 
K = (q — 1 + g _1 )a r _i + c r _i, 

where a = &o — (<7 — 1 + an d c o — — 1- The solution for a r , 6 r , c r is 

a r \ / -q~ l \ ( 1 \ / g 

6r I = ^ig" r I 1 - g _1 I + d 2 {-l) r \-q-q 1 j+ d 3 q r I q-1 

where 

"1 — l~^> TT7 TTT 5 a 2 — 7 , : N9 , «3 



(g 2 -l)(g+l)' (g+1) 2 ' ° ( g 2_ 1)(g+1 y 

By setting r = £ — 3, we obtain 

-g 2 "*(l + q) + (-l)W - 1) + q t+1 (q + 1) 



Ot-3 
Q-3 



( g 2_ 1)(l + g) 2 

g 3 ~ f (l - g-^l + q) + (-l)^g(g + g~W ~ 1) + g'(<7 ~ jXg + 1) 

(g 2 -l)(l + g) 2 
g 3 -'(l + g) + (-l)'g(g 2 - 1) - g*(l + g) 



(g 2 -l)(l + g) 2 

Fixing t = N, we have 077-3 = 0' = anc ^ °3v-3 = ( — 1)^' thus 

(e re ) F e n _a = (-lfe n ^(e n f. 



D.4.2 Relations between (e 7 ) iV , (ep) N and e$ 

We now prove that (e 7 ) 7V ' and (e^)^ (anti)commute with each generator of U q (q) for each 
non-simple root 7, /3 G 0. These calculations are simplified by noting that if we can 
show that [e 7 , ei\ = or that [e 7 , ei\ q = 0, then (e^) N automatically (anti) commutes with 
ej, and if we can show that [ep, e»] = or that [ep, ei\ q = 0, then (ep) automatically 
(anti)commutes with e^. In the following we write /1 to mean any element of (p. 

We will determine the relations between and (e 7 ) JV , (ep) N , for a fixed z, by breaking 
the problem into 4 sub-problems: 
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(i) a i+2 -< (A, 

(ii) on -< fi -< a i+ i, 

(iii) a i+ i -< fi -< a i+2l 

(iv) 11 -< oii. 
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Case 1: oti +2 -< yU- 

Here /i = a i+2 + ■ ■ ■ + ct/ or \i — a i+2 + ■ ■ ■ + ct/_i + 2a j + ■ ■ ■ + 2a n for some j = i + 3, . . . , n. 
From Khoroshkin and Tolstoy's proposition, [e^e^ = 0, which also follows from the 
following Serre relation: CiCj = ejCi if \i — j\ > 1. 

Case 2: aj -< \i -< a^i. 

Here fi = ai + • — h atj or fi = ati + • • • + otj-i + 2<x,- + • • • + 2a n for some j = i + 1, . . . , n. 
From Khoroshkin and Tolstoy's proposition, we have 

[e i ,e at+ ... +aj ] q = 0, i<j<n, 
[e h e ai+ ... +2aj+ ...+2a n ] q = 0, i + 2 < j < n, and 

: j; e ai+2a 4+ iH h2a n ] ? 

ra— i— 1 

fc=l 

The first two identities dispose of much of this case. To deal with the remaining problem, 
we claim that the right hand side of Eq. (jD.ll|) below vanishes identically: 

I \ N '~ 

e^, {e ai + 2 a i+1 +-+2a n ) 
L J q 

N'-l 

— /] (eai+2ai + i+-+2a n ) [^i, e ai+2oii+1+ ... +2an ] g [e ai+2ai+1+ ... +2an ) .(D.ll) 

m=0 

To show this, we use the identities: 

[e ai+ ... +ak ,e ai+2ai+1+ ... + 2a n \ q = 0, i + 1 < k < n, 

[e ai +...+2a k +-+2anT e a i +2a i+ i+-+2a n \ q = 0, i + 2 < k < U, 

which can be rewritten, respectively, as 

e aH hafc e «i+2«i+iH \-2a„ = Q^ai+2a i+1 A h2a„GaH hctfc i 

e a i +-+2a k +-+2a„ e a i +2a i+1 +-+2a n = ( l^a i +2a i+1 +-+2a„^a i + -+2a k +-+2a„- 
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Using these, we rewrite the right hand side of ()D.11JI as 



N'-l 



Q 2m [ e i> e ai+2a i+1 +-+2a„] q (e ai +2a i+ i+-+2a„ ) 



N'-l 



m=0 



as 



Ylm=d 1 2m = 0. Thus (e Qi+ 2a i+1 +-+2a„) JV (anti)commutes with e 



A" 



a;H hay > c-ai+iH ha,- 



1=0, far 



Case 3: c^+i -< // -< «j+2- 

This is the most difficult of the four cases. The identity: [e 
j < n, will be useful here. Note that we can rewrite this identity as e ai+ ... +a .e ai+1+ ... +a . = 
Qe ai+1+ ... +a .e ai+ ... +a .. To prove this case we break it into a number of sub-cases, each of 
which we consider in the following proposition. 



Proposition D.4.1. We have 



(i) ej, {e ai+1 -\ — [_ Qj .j 
(ii) (e. ai+1 -\ — \-a n ) 



JV 



N 



0, for each j — i + 2, . . . , n — 1, 



0, 



(Hi) e u (e Qi+1+ ... + 2Q J+ ... +2 Q n ) Ar = 0, for each j = i + 1, ... ,n. 

L J q 

Proof. We use Eqs. ()D.3|) - ()D.4|) in this proof. We firstly prove (i): 



N'-l 

£ 



( e a i+ i+-+a j ) 



N'-l 



0. 



fe=0 



,N-l-k 



e i; ( e o i+ iH haj) 

We prove (ii): 

( V* 

e i; \ e « i+ iH han J 

JV-1 

= ^ ] 9 ' ( e a i+1 A ha„) e «iH hQ„ ( e a i+ iH hct™) 

_ JV-1 

*n { e a i+1 A h«n) "I" ^ ] 9 ( e Qi+iH \-Otn) e «iH ha„ { e a i+1 A ha») 

fc=l 

_ JV-1 

*n { e a i+1 A h«„) "I" ^ ] (~?) e QiH hctn ( e «i+iH h«„) 

k=l 

+ ^] 9 1 2k (k) q [e Qi _| — (_o, n , e Qi+1+ ... +Q , n ] (e ai+1 +... +Qn ) 



k=0 



"Ot\-\ \-a r , 



'Ui-\ Voir, 



N-l 



N-l-k 



,JV-2 



.JV-1 



(D.12) 



fc=i 
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where we have used the following calculation: 



e «iH Votn ( e a i+ iH hct») ( 1) ( e a i+ iH ha™) e aH ha„ 



n 1 

( 

e a; + iH ha 



a;H (-<*«> \ c a i+ iH ha 

^ ( e a i+ iH ha n ) [ e "iH ha„; e a i+ H ha„] g ( e a i+ H ha n ) " 

m=0 
fc-1 



^(— l) m q m [e ai+ ... +an , e Qi+1+ ... +Qli ] 9 (e Qi+1+ ... +Qn ) 

m=0 

(~ <?) [ e ai+---+a„, e aj+1+ ... +Qn ] (e aj+1+ ... +Qn ) 



Here we used the following calculation: from Khoroshkin and Tolstoy's proposition, we 
have 



[ e aH ha n ; e a i+ iH ha n _ 



g 

n 



Ci+l e a I +2a i+ i+---+2a n + 2^ Cp e a i +-+2a p +---+2a n ^a t+1 +---+a p - 1 , Cp G C, (D.13) 

p=i+2 



and we also have 



[ e a; + iH ha p _D e a i+ iH ha n ] = 0, = Z + 2, . . . , 71, 

[e Qi +---+2ap+-+2a n) ^a i+1 +-+a„] q = 0, p = 1 + 2,..., 71, 
[Cai+2a i+ iH \-2a n i &a i+1 -\ ha n ] = 0. 



We can now re- write jEE)) as 

(-qY~ N (N) q e ai+ ... +an (e ai+1+ ... +an ) N ~ 1 

N-l _ 

+ ^q 1 ' 2k (k) q [e ai+ ... +an ,e a . i+l+ ... +an ] g (e at+1+ ... +an ) " 2 (D.14) 



k=l 

7V-2 



q 3 (2N-l) q [N}' 1 [e a , + ... +an) e ai+1+ ... +Qn ] ? (e ai+1+ ... +Qn ) _ , 7V = 1,3 (mod 4), 

g 3 (iV-l) f/ [iV/2] 92 [e Qi+ ... +Qn ,e Qi+1+ ... +a J a (e ai+1+ ... +an ) Ar - 2 , TV = (mod 4), 



' g 

q\N/2) q [{N-2)/Af [e Qi+ ... +an ,e Qi+1+ ... +an ] 9 (e Qi+1+ ... +an ) Ar - 2 , TV = 2 (mod 4), 
= 0, (D.15) 

as the first term in (|D.14|) vanishes from (N) q = 0, and the second term in (|D.14j) vanishes 
from Proposition EO as [TV] 9 ' = for an odd integer N, [N/2} q2 = if /V = (mod 4), 
and (N/2) q = if /V = 2 (mod 4). 
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We prove (iii): for each j — % + 1, . . . , n, 



N> 



6j, (e ai+1+ ... + 2 aj + ---+2a n ) 
N'-l 

— ^ Q k (ea i+1 +...+2c«j+-+2Q!„) <W 



■+2a 3 +-+2a n (e ai+ i+...+2a J -+-+2a n ) 



N'-l-k 



k=0 
N'-l 



E-2k ( \N'-1 _ „ 



fc=0 



where we have used the identity [e ai+ ... +2Qi +-+2a n , e aj+1+ ... +2 a ;( +-+2a„] = 0. 



□ 



Case 4: // -< cKj. 

We deal with this case by breaking it into a number of subcases in the following proposition. 
Proposition D.4.2. We have 



ft) [< 



ttjH ha fc j 



] = 0, for all I <j < k <i- 2, 



fti) (e Q! j+-+a i _i) 



N 



0, for each j = 1, . . . , i — 2, 



(iii) [e aj+ ... +ai , ej =0, for alll <j <i<n - I, 



(iv) (e a . + ... +an ) 



N 



0, for each j — 1, . . . , n — 1, 



J </ 



(ty [e aj+ ... +afc , ej g = 0, for all 1 < j < i < k < n, 
(vi) [e a .+... + 2a k +...+2a n ,ei] q = 0, for all 1 < j < k < i < n, 



(vii) (e a 



■+2a i+1 + -+2a n ) i^i 



A" 



; /or eac/i j = 1, . . . , i — 1, 



( via ) [« 



•+2a n , 6j] = 0, /or all 1 < j < i < k — 2, where k < 



n. 



Proof. The proof of (i) follows from the Serre relation stating that e r and et commute if 
|r — 1\ > 1. We prove (ii): 



N'-l 



( \ N ' ST^ N'—l—2k ( \N'—1 „ 

[e aj+ ... +ai _ 1 ) ,3i = y j q < „, ,,. [t ,, „. . J = U. 



A;=0 



A trivial calculation proves (iii), and we now prove (iv): 



N-l 



(e aj+ ... +an ) N ,ej =y2(-l) k q N 1 k e aj+ ... +2an (e 



tvH ha 



.)"- = o. 



k=0 
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The proofs of (v), (vi) and (viii) are trivial, and to complete the proof we prove (vii): 

N'-l 

'( \ N ' 
\e aj+ ... + 2a i+1 +-+2a n ) , &i 

k=0 

□ 

D.4.3 The relations between (e 7 ) 7V ', (ep) N and fa 

To complete the proof that (e^) N> and {ep) N (anti)commute with each generator of U g (g), 
we now prove that (e 7 ) 7V ' and (ep) N each (anti)commute with fa for each i = l,...,n. 
By writing fi = ^™ =1 /iiCtj and examining the definition of and the U q (g) relations, it is 
apparent that e M commutes with fj if \ij = 0, which gives a partial solution to the problem. 
To complete the consideration of this problem, we prove Propositions ID. 4. 31 and ID. 4.41 

Proposition D.4.3. We have 





f -+ aj , fi] = -q~ 1 Kr 1 e ai+1+ ... +aj , for all 1 < % < j < n, 




(H) [ e *i 


+••••+%> fj] = K j e ai+ ... +aj _ 1 , for all I <i < j <n, 




(Hi) [e ai 


+-+aj, fk] = 0, for all 1 < i < k < j < n. 




M [e Qr 


b ... +2ak+ .„ +2an , fj] = 0, for all 1 < i < j < k < n, 






_ 1+ 2a„,/n-i] = + g" 1 )/C^ 1 (e„) 2 ; 




(vi) [e ai - 


i--+2a„, fn] = -K n e at+ ... +an , for each i = 1, . . . , n - 2, 




(vii) [e ai 


+ -+2aj + -+2a n , fj] = KjG ai +-+2a j+1 + -+2a n , for each j = i + 1, 


...,n-l, 


(viii) [e ai 


+ ... +2aj +...+2a n , fn] = 0, for each j = i + 1, . . . , n - 1, 




(ix) [e a . 


+ ... +2aj+ ...+2a n , fk] = 0, for each k = i + 2, . . . , n - 1, and j = 


i + l,...,k — l, 


( x ) [e ai 


+-•• •+2ay+~+2a n j fi] = ~ Q^^i 1 e a i+1 + -+2 aj +-+2a„ , for each j = 


i + 2, ... ,n, 


(xi) [e ai+ 2a i+1 +-+2a n , fi] ~ ~Q ± K { 1 G ai+1 +2a i+ 2+-+2a n e i+l+Q 3 K i 1 ^i+l^a i+1 +2a i+ 2+-+2a 

for each i — 1, . . . , n — 2, 



Proof. We prove (i): firstly, for each i = 1, . . . ,n — 1, 

[6ctj+Q;j_|_i j fi] Q &i+Y&i) fi] 

= Ci [e i+ x, fi] + [e,, fi] e i+ i - g _1 e i+ i [e h fi] - q^ 1 [e i+1 , f] e, = -q~ 1 Kr 1 e i+1 . 



2k, 



-2a i+ i+-+2a r , 
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Now for each j — i + 2, . . . , n, 

[c«iH \-ctji fi\ = [GiC Qi+1 -| q e Qi+1 _| \-ctjZ-i-, fi] 

e i [ e « i+ iH \-ajifi] [ e i; fi] e a i+ iH hey 

~Q Cq 4+ iH hay [ e i; /i] — 9 [ e ai + iH hay > /«] e i = 9 -^j e «i+i + - 



as [e Qi+lH — |_ aj ., /j] — 0. 

We prove (ii) using a similar approach to the proof of (i). Firstly, for each j = 2, . . . , n, 

[Zaj-i+a-j , fj] — [ e j-l e j ~ Q e j e j-li /j] 

= ej-t [ej, fj] + (-1)^ [ ej _i, /j] ej - g -1 ^- [&,-_!, £■] - g" 1 [e j5 £•] 



For each z = 1, . . . , j — 2, 



[ e aH hcyj/j] ~~ [ e aH \-aj-i e j Q e j e aiA hay-ij /j] 

= e aH hey-i [ e j' /?] + ( — 1)^ [e Qi _| hay-i > /j] e j 

— q 6j [e ai _| \-ctj-n fj] ~~ Q [ e jifj] e ai-\ hctj-i ~~ Kj£on-\ hay-D 



[e ai+ ... +ai _ 1 , /j] = 0. We now prove (hi) using (ii) and induction. For each k 



as 



2,. 



\ e a k _ 1 +a k +a k+1 j /fc] [Cafc.i+afcCfc+l 9 e fc+l e o fc _i+a fc 5 /fc] 

= e « fe _i+a fc [ e fc+i ; /ft] + [e Qfc _ 1+Qfe , / fc ] e fc +i 

— g efe+i [e Q - fc _ 1 + Qfe , /fc] — g 1 [efc+i, /fc] e Q , fc _ 1+afe 
= K k e k _ie k+ i — K k e k+ ie k ^i = 0. 

Keeping k fixed, assume that [e ai +....f afc+1 , f k ] = for some % = 2, . . . , k — 1, then 

[ e ai_iH \-a k+1 i fk] = [ci-lCa 4 H ha fe+1 — Q e aH hctfc+i > /ft] 

= ej_i [e Qi+ ... +Q , fc+1 , /fc] + [ej_i, / fc ] e ai+ ... +olk+1 

le ai + -+a k+1 /fe] — g [e aj+ ... +Q , fc+1 , /fc] ej_i = 0, 

as [e Qi+ ... +Qfc+1 ,/J = [ej_i,/ fc ] = 0. Now assume that [e ai+ ... +aj , f k ] = for some 
1, . . . , k — 1, and some j = fc + 1, . . . , n — 1, then 

\_ e cH+-+a j+1 i fk] = [e tti +-+aii e j+l — 9 le i+l e Q i +-- +a j) /ft] =0, 

as [e aj+ ... +cy , / fc ] = [e i+ i, / fc ] = 0, which completes the proof of (iii). 
We now prove (iv). For each j = i + 1, . . . , n — 1, 

[ e aH h2a»> /j] = [ e aH hct»i e »i "I" e n e aH hctn .) /j] = 0; 
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as [e a%+ ... +ctn , fj] = from (iii) and [e n , fj] = 0. Keeping j fixed, assume that [e at+ ... +2ak +-+2a n , 

for some k = j + 2, . . . , n, then 

[ e ai+~+2a k -i+-+2a n , fj] = [e ai +---+2a k +---+2a n e k-l ~ Q 1 &k-l^a l +---+2a k +---+2a n i fj] = 0, 
as [e ai+ ... + 2a k+ ...+2a n , fj] = [&k-U fj] = 0- 

We prove (v) using (i): 

[Co„_i+2o„ j fn-l] = [Ca n _i+a n Cn + CnC« n _i+a n 5 /n-l] 

e o n _i+a n [ e ni fn—l] + [ e cr n _i+a„5 fn— l] e n 
+Cn [Ga n _i+a n ; fn— l] + [ e n ; fn—l] e a n _i+Q n 

= - ? - 1 (l + 9 - 1 )K-i 1 (e n ) 2 . 

We prove (vi) using (ii): 

[ e «iH \-2a. n i fn] [ e »H han e « e n e c*H ha n ) /n] 

^«iH ho« [^wi /n] [^OiH han> /«] e " 

+Cn [ e «iH hon; /n] [ e ni /n] e «H h"n 

K n G ai ^ \~a n -i^n H~ 9 f^-n^n^aiA \-a n -i -^n^a^H h«„) 

as [e n ,/ n ] commutes with e ai+ ... +Qn . 

We prove (vii) using (iv). For each j = i + 1, . . . , n — 1, 

[e a< +-+2aj+-+2a n > /j] = [ea l +...+2a J+1 +-+2a n e J f — q 1 eje ai+ ... + 2a :j+1 +-+2a n , fj] 

= e ai+ ... +2Qj+1 +...+2a n [&31 fj] + [e ai+ ... +2aj+1+ ... + 2a„ , fj] £j 

~q ej [e CH+ ... + 2a j+1 +-+2a n , fj] - q [fy, fj] e 0[i +...+2ay +1 +-+2at B 
= Kje ai+ ... + 2a j+1 +-+2a n - 

We now prove (viii) using (vi). Firstly, for each i — 1, . . . , n — 2, 

[e Qi +...+2a n _ 1 +2a„, fn] = [e ai+ ...+2a n e n-l ~ Q ^ Zn-lZa i +~+2a n , fn] 

— e «iH h2a„ [e n -lj /n] + [ e aH h2a„ 5 /n] e n-l 

e n _i [e ai+ ... + 2a n , fn] — q 1 [e n -i, /n] e Qi +...+2a„ 

Knifin— l^aH h"n ^a;H ha n ^re- 1) 0, 

as e n _i commutes with e ai+ ... +oln . Assume that [e ai +...+2a J -+-+2a n > f n ] = for some j = 

1 + 2, . . . , n — 1, then 

[e ai+ ... + 2a j _ 1 +-+2a n , fn] = [e ai+ ... + 2a j +-+2a n Gj-l — <? 1 ej-ie Qi+ ... + 2a j +...+2a n , fn] =0, 



as [e a . + ... + 2a j +...+2a», /n] = fa-i, fn] = 0, which proves (viii). 
We now prove (ix). Recall from (vii) that 

[ecti+"'+2a k +-+2a n , fk] = Kk e ai+-+2a k+1 +-+2a n , 
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for each k — i + 1, . . . , n — 1. Now for each k — i + 2, . . . , n — 1, 

[e Qi +...+2a fc _ 1 +-+2a n , /fe] = [e ai +-+2a fe +-+2a n efe_i — g 1 efc-ie Qi+ ... +2Qfe +...+2a n , Jk 

= e ai+ ... + 2a k +-+2a n [^k-1, fk] + [e ai +---+2a k +---+2a„ , fk] &k-\ 

—Q efe_i [e ai+ ... + 2a k+ ... + 2a n , fk]~q 1 [^k-1, fk] e ai +-+2a k +-+2a n 
= Kke ai+ ... + 2a k+1 +--+2a„ek-l — K k ek-ie ai+ ... + 2a k+1 +-+2a n = 0, 

as Ck-i commutes with e ai ^ ^2a k+1 ^ h2«„- We now do the inductive step: assume that 

[ e a l +---+2a j +---+2a n , fk] =0, 

for some j — i + 2, . . . , k — 1, then 

[e Qi +--+2o!j_i+--+2Q!„) fk] — [ e a i +-+2a j +-+2a n e j-1 ~ Q l ^j-l&a i +---+2a j + ---+2a n ^fk] =0, 

as [e ai+ ... + 2a j +.-+2 an , fk] = [e-j-ijk] = 0, which proves (ix). 

We now prove (x). Firstly, for each i = 1, . . . , n — 2 (the i = n — 1 case is dealt with in 
(v)), we have 

[ e ctH Y2a n i fi] [ e «H ho„ e n "I" e n e aH haul fi] 

e «H \-a n [ e n.; fi] H~ [ e aH ha n .) /«] e n "I" e n [ e ctH ha„i fi] "I" [ e n; /i] e «H \-a„ 

— —q 1 K i 1 (e ai+1+ ... +an e n + e n e ai+1+ ... +OCn ) = —q l K i 1 e ai+1+ ... + 2 a „. 

If i < n - 2, 

[ e aH h2a„-i+2a„) /i] 

= [e Q!i +...+2a„e n _i — g 1 e n -xe ai+ ... +2oin , /»] 

= e Qi+ ... + 2a n [e n _i, /j] + [e Q , i+ ... + 2a n , /J e n _i — q 1 e„_i [e a<+ ... + 2a n > /J — q 1 [e n _i, /j] e ai+ ... + 2a n 
— —q K{ 1 {^a i+1 +-+2a„e n -i — q 1 e n -ie ai+1 +-+2a n ) = —q 1 K i 1 e Qi+1+ ... + 2 Qn _ 1 +2« n - 

Let us assume that [e a . + ... +2a . + ... +2an , fi] = -q~ 1 K- l e ai+1+ ... +2aj+ ... + 2a n for some j = i + 
3, . . . , n — 1, then 

[ e ai + ---+2a J _ 1 +---+2a„, /j] = [e ai +...+2a i +-+2a„ e i-l — 9 1 e j-l e a i +-+2a j +-+2a n , fi] 

= e ai+ ... + 2 aj +-+2a n [Sj-l,fi] + [e ai+ ... + 2 aj +-+2a„, fi] 

—q 1 e J _i [e 0ii+ ... + 2 aj +...+2a n , fi] —q 1 [ e i-l? fi] e a i +-+2a :j +-+2a n 
— —q 1 (ea i+1 +-+2a j +-+2a n e-j-l ~ <? 1 e J '-ie ai+1+ ... + 2a J +--+2a n ) 

= ~q K{ e Q , i+1+ ... + 2a J „ 1 +-+2a, l , 

which proves (x). 

We now prove (xi). For each i — 1, . . . , n — 2, 

[Co i +2a i+ iH h2a„i fi] = [Coi+ai + i+2a i+ 2H h2a n Cj+l <7 e i+l e «i+ai + i+2a i+2 H h2a„;/i] 

= Coi+a i+ i+2a i+ 2H h2a n [ e i+lj /i] + \_&ai+a i+1 +2ai + 2-\ f-2a n j fi] &i+l 

—q [^ai+a i+1 +2ai + 2+-+2a n i fi] ~ <? 1 [ e i+l 5 /j] e ai+a 4+ i+2a i+2 +---+2a n 

— — q l K i l e ai+1+ 2a i+ 2 + -+2u n &i+l + q 3 &i 1 Zi+l&a i+1 +2a i+2 + -+2a n - 

□ 
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The following proposition completes the proof that (e 7 ) 7V ' and {e.p) N (anti) commute 
with fi for all 7, (3 G <f). 

Proposition D.4.4. There are the identities: 

(i) (e ai+ ... +a .) N ,fi = 0, for all 1 < i < j < n - 1, 

(ii) (e ai+ ... +an ) N ,fi = 0, for each i = 1, . . . ,n - 1, 

= 0, for all 1 < i < j < n — 1, 
0, for each i — 1, . . . , n — 1, 

= 0, 



(Hi) 


(e a . + ... +otjJ 


N ' f] 


(iv) 


( e aiH \-a n , 


N r ' 
) In 


(v) 


( e a„_i+2a„ 


)"",/. 


(vi) 


(e ai + ...+2a n 


f',f. 


(vii) 


( e «i+--+2aj 


+-+2a, 


( viii ) 




+--+2a r 


(ix) 


( e ai+2o i+ i4 


— +2a„, 



t ) N ' fi = °> f° r each J = i + 1, ■ ■ . ,n - 1, 
= 0, for each j — % + 2, . . . , n, 

0, for each i — 1, . . . ,n — 2. 
Proof. We prove (i): for all 1 < % < j < n — 1, 



A" 



JV'-l 



-«iH h«7 



JV'-l 



0. 



t=0 



We prove (ii) . For each i — 1, . . . , 71 — 1 



■'OiH ha n / > J« 



_ n N-2 K -l ( 



-Qj+lH h«n 



JV-l 



AT-2 7^-1 -* S \N-l-t 1 ^ 

Q A i 2-^/1 \ e ai+-+a n ) e ai+1+ ... +Qn {e CH+ ... +an/ 

t=l 
N-l 

t=0 
N-l 



,N-1 

■+a n ) e Qi+lH \-ctn 



viV-2 



l°aH ha„ 



--Qi+iH \-a„ u ) 



t=l 
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which vanishes for the same reasons that ()D . 1 5J) vanishes. Here we used the following 
result: 



l e aH \-a„) e o 4+ iH \~a n 



1) e o i+ iH Van ( e «iH \-a r , 

[( e aH Ya n ) , e a i+ i-\ ho„] g 

t-1 

e r 





) Q ( e »H \~a„) [ e «iH hcini e «i+iH 

— ( — Q.) 1 t (t) q (e cti+ ... +ctn ) t 1 [e ai+ ... +an , e oti+1+ ... +an \ (] , 
in which we have used Eq. flD.13|) and the following results: 



[ e c*H h«n' e ai+2a 4+ iH h2a n ] ( 



[ e aH ha n ^ e i 



+a n ) c ai + iH h% 



-J, 



o, 

0, p = z + 2 
0, p = z + 2 



. ,71. 



We prove (iii). For all 1 < i < j < n — 1, 



(eo-i+.-.+Qy) j/j — ^ 9 ^ +1+2< (ea i +-+a j ) 



N'-l 



N'-l 



-*cti-{ hctj-i 



0. 



i=0 



We prove (iv): for each i = 1, . . . ,n — 1, 

77-1 

We prove (v): 

(e^^+saj^' , fn-i] = -g -1 (l + <T 1 )/C\ ^ g" 2 * (e^^^J^'" 1 (e n ) 2 = 0. 



i=0 



N'-l 



t=0 



We prove (vi): for each % = 1, . . . , n — 2, 

AT'-l 



3q 4 H h2a n J 5 



-AT'+l+2t 



, AT'-l 



-«iH han 



0. 



We prove (vii): for each j — i + 1, . . . , n — 1 

, AT' 



(e Q - i + ...+2a i +- +2a, l ) , /j 
AT'-l 

js ST^ -AT'+l+2i / \JV'-1 _ „ 

— n j 2_^i $ V e a i +- +2a J + -+2a„ / ) e Q , i+ ...+2 Qj+1 + ...+2a: n — U. 



t=0 
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We prove (viii): for each j — i + 2, . . . , n, 

( e ai+---+2o,+---+2a„) , fi 



AT'-l 



~Q 1 Q N 1 21 { e a i +---+2a j +--+2a n ) e ai+1+ ... + 2a j +-+2a n ~ 0. 

t=0 



We prove (ix): for each i — 1, . . . , n — 2, 

(Ca 4 +2Q i+ iH h2a n ) j /i 



AT'-l 

_1 tj--\ _2t / \ AT'-l 

— —<1 K i 2-^1 $ { e cti+2a %+1 +-+2a n ) Ga i+1 +2a l+2 +-+2cx n Gi+l 
t=0 
Af'-l 

—Sry—l ST^ -2t ( \ AT'-l 

+Q K i 2-^ ^ \ e a l +2a l+1 +-+2a n ) e i+ ie ai+1+2 Q i _ l 

t=0 

where we have used [e ai+2 a l+1 +-+2a n , e i+1 ] = [e Qi+2ai+1 +...+2a n , e ai+1+2a , +2 +-+2 an ] = 0. 

□ 

D.4.4 The remaining elements of / 

We have proved that (e 7 ) N and {ep) N (anti) commute with each generator of U q (g) for 
each positive root j,/3 G <fi. In this subsection we use the antipode S and the graded 
antiautomorphism uj to prove that each of (/ 7 ) JV , (fp) N , (e-y) N , (^3)^, {f 7 ) N an d {f p) N 
also (anti)commute with each generator of £/ g (fl) for each positive root 7, /3 G 0. 

As cl> is a graded antiautomorphism, a;(x m ) = (— l) m ^ m ~ 1 '^- x ^ 2 (u(x)) for each m G N. 
Now for each generator x G we have 

l \ N ' _ _i_ / 

^ e »;H hojj ^ V e «iH hajj ) 

and applying u; to this equation shows that (f ai+ ,„ +olj ) N also (anti) commutes with x. Using 

almost identical arguments, we can show that each of (f ai+ ... +an ) N and (/ Q , !+ ... +2ai + --+2a„) ^ 
also (anti)commute with each generator of U q (g) for each j — i + 1, . . . , n. 

Recall that S is a graded antiautomorphism, that S(e v ) = c^e^K' 1 where 7^ c v G C, 
and that S(f v ) = c v K v j ' where / c, 6 C, for each rj G <p. It is then almost trivial to 
prove that the remaining elements of I (anti) commute with each generator of U q (g). This 
completes the proof that the left ideal I C U q (g) is a two-sided ideal. 



D.5 The co-multiplication of e«, /i G 



We now prove that the two-sided ideal X is a two-sided co-ideal, that is, that 
A(x) el® U q (g) + U q (g) <g> J, Vx G J. 
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To prove that X is a two-sided co-ideal, it suffices to show that 



A(x) el® U q (g) + Ug(g) <8> I, 



Vx G /, 



which we will show in a straightforward way. We will firstly prove that 



A(e/eI®[/,(g) + [/ ? ( )®I, 



(D.16) 



A(e/Gl®[/,(g) + [/,(g)®I, 



(D.17) 



for each 7, /? G 0, and then by using the antipode S", the graded antiautomorphism u;, the 
relations 

Ao S = (S <S) S) o A\ Aouj = (w ® w) o A', 

and Propositions ID.3~4kD.3.8l we will prove the appropriate results for all other elements 
of I except (J?* - 1): trivially, A( jf N -I) el® U q (g) + U q (g) ® J. 

We now explicitly determine the components of A(e At ) before calculating powers of 
A(e M ) for each \i G 0. In succeeding sections, we will calculate the commutation relations 
between the components of A(e M ), and then by using these commutation relations, the 
g-binomial theorem and the two generalisations of the binomial theorem in Appendix B, 
we will prove relations (|D.16j) - ([D.17j) for all 7 and (3 in 0. 

The co- multiplication of e ai for each simple root oti is given in the definition of U q (g) 
and will not be further considered. 

It is not a trivial matter to calculate the co-multiplication of e M for each non-simple root 
H G 0, as the method for constructing e M does not 'commute' with the co-multiplication. (A 
similar situation occurs for quantum algebras |CP94j .) We will directly calculate A(e M ): it 

is not difficult to calculate A(e Qi _| Voi .) for all 1 < % < j < n, nor is it difficult to calculate 

A(e aj +... + 2o n ). However, it is much more difficult to calculate A{e ai+ ... + 2a j +-+2a n ) for each 
j = z + l,...,n- 1. 

After calculating A(e M ), we can calculate A(e M ), A(/ At ) and A(/„) by applying the 
antipode S 1 and the graded antiautomorphism u; to A(e M ) as in the following equations. In 
these equations the proportionality sign means that the left hand side is proportional to 
the right hand side with a non-zero scalar constant of proportionality: 



A{f^) oc A(ou(e„)) oc (u ® uo) o A'(e M ), 

A(e M ) oc A(S(e M ))A(i^) oc [(^S)oA'(e,)]A(^), 

A(/ M ) oc A(w(e M )) oc (w ® w) o A'(e M ). 



D.5.1 




Lemma D.5.1. For eac/i j = % + 1, . . . , n, the co-multiplication of |_ a . zs 

A(e aj+ ... +Qj ) = e Qi+ ... +Q , j <g> -K" Qi+ ... +Qj + 1 <8> e ai+ ... +aj 



j 



+{q-q x ) Yl 

e a*H h«j +«j e ciiH — 



(D.18) 



fc=i+l 
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Proof. Obviously, A(e ai+ ... +aj ) = A(e ai+ ... +aj _ 1 )A(e j ) - q 1 A(e j )A(e ai+ ... +aj _ 1 ). We will 
prove the lemma inductively. Firstly, we calculate A(e ai+ai+1 ) for each i — 1, . . . , n — 1: 

A(e ai+a%+1 ) = (e* <g> Ki + 1 ® e,) (e i+ i <g> K i+1 + 1 ® e» + i) 

-g _1 (e i+1 i^j+i + 1 <g> e i+1 )(ei ® K { + 1 (g) d) 
= eie i+ i <g> KiK i+1 - q~ l e i+ iei <g> K i+1 Ki + 1 <g) - g -1 (1 <g> e^ie*) 

+e; ® i^jei+i - g" 1 (e i+1 <g> i^+ie;) + e m ® ej.fQ+1 - g -1 (e* ® e i+ iiiQ) 
= e a , +Qi+1 (8) + 1 ® e ai+ai+1 +(q- g" 1 ) (e i+i ® K i+l ei) . 

Now assume that (ITXT8|) is true for some j > % + 1, then we need to calculate 

A(e ai+ ... +a . +1 ) = A(e ai+ ... +ai )A(e i+ i) - g~ 1 A(e i+ i) A(e a .+... +a .). 

Firstly, 

(e ai+ ... +Q . ® /\'„ ,. + 1 <E> e Qi+ ... +ai ) (ej+i <8> K j+1 + 1 ® e i+ i) 

-g _1 (e j+ i ® + 1 <S> e j+1 ) (e 

a»H ha,' 

= e ai+ ... +aj+1 ® if ai+ ... +aj+1 + 1 <8> e Qi+ ... +Q , j+1 + (g — g )ej+i <8> Kj +1 e ai+ 



and to determine the remaining components of A(e ai+ ... +(Xj+1 ) we calculate that 

(e ak+ ... +a . ® K OCk+ ... +OCj e a . + ... +ak _ 1 ) (e j+ i <g> Kj +1 + 1 (g> e j+ i) 

-g" 1 (e i+ i <g> + 1 ® e j+ i) (e afe+ ... +Qj ® if Qfe+ ... +Qj e ai+ ... +Qfe _ 1 ) 

= e » fe H hOj+i ® Ka k -\ hQj+i e QjH hctfe-i- 



□ 



D.5.2 A(e aj+ ... +2a J, i = 1, . . . , n - 1 

Lemma D.5.2. For each % = 1, 2, . . . , n — 1, the co-multiplication of e ai+ ... + 2a n is 

A(e ai+ ... + 2a n ) = e ai + -+2a n <S> K ai + ... + 2a n + 1 <E> e ai+ ... + 2a n 

n-1 

+{Q - Q X ) ^2 e ak+ ... +2an <8> K olk+ ... +2an e ai+ ... +ak _ 1 

k=i+l 

+ (g-g- 1 )((l + g)(e ri ) 2 ®(^n) 2 \-a n -i 

+ e n ® K n e OjH ha„ / • 

Proof Recall that e a . + ... +20n = e ai+ ... +Q! „e n + e n e aj+ ... +Q!n . Now from Lemma EEU 
A(e Qi+ ... +Q , n ) = e ai+ ... +an ® i^Q. i+ ... +Q . n + 1 <8> e a ^ + ... +Q , n 

n 

+ (<?-<T 1 ) e ak+ ... +an ®K ak+ ... +an e ai+ ... +ak _ 1 , (D.19) 



fe=i+l 
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and we determine A(e ai -\ \-2a n ) from the following calculations. Firstly, 

( e ai+-+a„ ® Kai+-+a n + 1 <8> e a . + ... +an ) A(e n ) + A(e n ) (e aj+ ... +Q!n <g) lf Q , < +...+ Q , n + 1 <8> e aj+ ... +an ) 

— e Qi _| ha n e n ® -^aH h2a n + 6n e aiH y an ® K ai ^ |_2 a „ + 1 ® ha„ e n + 1 <8> C n e ai _| (- an 

= e ai+ ... + 2a n <S> K ai+ ... +2 a n + 1 <8> e Qi + ... +2 a n , 

and furthermore, 

n 

^ [ e a )k +-+a„ ® -^a fe +--+a n e ai+ ... +Q , fe _ 1 A(e„) + A(e n )ea, fe+ ... +Q , n <S> K ak+ ... +an e ai+ ... +olk _ 1 

k=i+l 

= q{e n ) 2 ® (i^n) 2 e Qi+ ... +an _ 1 + (e n ) 2 ® (K n ) 2 e CH+ ... +cen _ 1 

~\~C n ® K n & ai -\ \-a n -i &n Q G-n ® K n C n C ai -\ |-a n _i 

n-X 

+ ^ ^ Qfe +... +Q „e n <g> K afc+ ... +2Q , n e ai+ ... +Q , fe _ 1 + e n e ak+ ... +an (g) if afc+ ... + 2a„e ai +...+ Qfe _ 1 

fe=i+l 

+ e « fc H ha n ® -^a*H han e ctiH hafc-i e n — e c*tH ha„ ® ^a k -\ ha n e aiH hafc-i e ™ 

n-1 

= e afc+ ... + 2o!„e n (g) i ; r Q , fc+ ... + 2 a „e Q ,^ + ... +Q , fc _ 1 

fc=i+l 

+ (l + q){e n f ® {K n ) 2 

CaijH h«n-l a<H h«n ■ 

□ 

D.5.3 A(e aj+ ... +2aj . + ... + 2a n ) ? I <i < j <n 

Lemma D.5.3. For all 1 < i < j < n, the co-multiplication of e QiH \-2aj-\ \-2a n is 

n n— 1 

A{e ai+ ... +2aj+ ... +2an ) =D + (q- q- 1 ) ^ D k + (q - q- x )D + (q - g" 1 ) ^ + i^, 

fc=i+l i=j 
-Do = e ai+ ... + 2 aj -+...+2a n ® -^OiH— •+2a^+-+2a n > 

-Dfc — e a k +-+2a ] +-+2a n ® Ka k +-+2aj+-+2a n e a i +~+a k _ 1 , k — % + 1, . . . , j — 1, 

-D = (ge Qj+2Qj+1+ ... +2Qn ej — g~ 1 e J e Qj+2Qj+1+ ... + 2 Q , n ) 

®{K r ■ ■ K n ) 2 e ai+ ... +aj _ 1 , 

Dk = e aj+ ... + 2a k+1 +-+2a n ® K aj+ ... + 2a k+1 +--+2a n ^a t +-+a k) K — j, . . . , 71 — 1, 

-Dn = e QjH ha„ ® ^Ocj-\ ha n e "iH hcc n j 

Fp = Gaj+-+a p ® -K"Qj+---+ap e ai+---f2a p+ iH---+2a n , P = j, • • • , Tl ~ 1, 

= 1 ® e ai+ ... + 2a 3 -+-+2an- 
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Proof. Firstly, recall that 



'«iH h2a,H \-2a n e »i 



■+2a j+1 +---+2a n ej - q eje ai+ ... + 2a j+1 +-+2a n , j — i + 1, . . . , 71 — 1. 



In proving this lemma, we firstly determine A(e Qi+ ... + 2 Qn _ 1 +2«„), and then prove the re- 
maining cases by induction. 

We now obtain two very useful results. Set k — i + 1, . . . ,n — 2 and k < j < n, and in 

writing e a ^ \-ak-i m the calculations below we will always consider this to be identically 

equal to 1 if k — 1 < i. Furthermore, if k — 1 = i, then in writing + • • • + oik-i we will 
always take this to mean The first useful result is 



{ e a k +-+2a j+1 +-+2a n ® K ak+ ... +2 a j+1 +-+2 an e ai+-+a k -i) A( e j) 

— q A(ej) (eQ, fc+ ... + 2a j+1 +...+2a n ® Ka k +-+2a j+1 +-+2a n e a ^ 
— e-a k +-+2a j+1 +-+2a n ej ® Ka k +-+2a j +-+2a n e ai +-+a k _ 1 

—q 1 eje ak+ ... +2 a :j+1 +-+2a n <8> -K" afc+ ... +2 Q J +...+2Q n e Q , I+ ... +Qfc _ 1 
+e Qfe+ ... + 2Q, i+1+ ...+2a n <8> K ak+ ... + 2a j+1 +-+2a n ea i +-+a k _ i ej 

— e ak+ ... + 2a j+1 +---+2a n <8> -ft' Qfc+ ... + 2a i+1 +---+2a n eje ai+ ... +Q , fe _ 1 
= e a fc +---+2a., + ---+2a n ® ^a fc +-+2a,-+» •+2o! n e a i +-+a fc _i > 



-a k 



;d.2o) 



as ej commutes with e ai+ ... +Qfe _ 1 . The second useful result is as follows: set % < j < n, then 



(1 ® e a . + ... +2Q3 . +1+ ... +2Qn ) A(e y ) - g ^(e,-) (l ® e ai+ ... +2£y+1 +...+2a n ) 



(9-9 X ) ( e i ® ^je Qi+ ... +2Qj+1+ ...+2a n ) + 1 ® e Qi+ ... 



+2a,-+-+2a T , 



:d.2i^ 



These results imply that 



e Qi +...+2a n ® /f ai 4—+2a„ + 1 <8> e ai+ ... + 2a„ 



n-2 



+ (q - Q X ) ^ e afc+ ... +2 Q„ ® Ka k +-+2a n e ai+ - + a k _ 1 
k=i+l 



A(e„_i) 



-g ^(e^) [e Qi+ ... +2a „ <g> i^ i+ ... +2an + 1 ® e a . + ... +2a „ 

n-2 

+ (<? - <T 1 ) X] e "fc+-+2an ® ^a fe +-+2a„e Qi +-+a fe _ 1 



fe=i+l 

e ai +---+2a n _ 2 +2a n <8> -K" ai +...+2a n _ 2 +2a n + 1 <8> e ai+ ... +2 a n _ 2 +2c 
n-2 



e afcH h2a n _i+2a n 



H h2a n _i+2a n CaiH h«fe_i 



fc=i+l 



+ l ){e n _i® K n _ l e ai+ ... +2an ) ■ 
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To complete the proof, we need only simplify 



e «„_i+2o„ ® K an _ 1 J r 2a n e. ai -\ |-a„-2 

+ (l + g)(e n ) 2 ® (K n ) 2 

e QiH hQn-1 aiH han °n— 1 y 



-g^A^) 



e o n _l+2a n ® -^"a n _i+2a n e a 4 H Ya. n -i 

2 <r> / is \2. 



+(l + q)(e n y®(K n ye ai+ ... +an _ 1 + e n ^K n e ai+ ... +an . (D.22) 
To simplify ()D.22jl we perform the following calculations: 

( e a„-i+2a n <8> K an _ 1+ 2a n e ai+ ... +an _ 2 J A(e n _i) 

-g~ A(e„_i) (e an _ 1+2a „ ® i^ Qn _ 1+2 Q n e Qi+ ... +Qn _ 2 ) 
= ( ( ?e Q , n _ 1+2Q , n e n _i — q 1 e n _ie Q , n _ 1+2 a„) ® (-K"a n _i+a„) 2 e ai +...+ a „_ 2 

_ t _e Qri-l+2Q:„ ® ^a„_i+2a„CaiH hO!»_l> 



and 



(e n ) 2 ® (K re ) 2 e Qi+ ... +Qn _ 1 jA(e re _i) - g 1 A(e n ^) ((e n ) 2 ® (ii: n ) 2 e ai+ ... +Qn _ 1 
= g _1 (e n ) 2 e„-i ® K n _i(i^ n ) 2 e ai+ . .. +Q „_i - g _1 e n _i(e ra ) 2 <g> i^ n _i(i^ n ) 2 e Qi+ .. 

e aH ho n -i e n-l 

g(e n ) 2 (if n )' 

e n.-l e aH ha n -i 



g _i (( e n) 2 e„-i - e n _i(e N 



Kn-i^Kn) e ai -\ |-o„_i) 



where we have used the fact that [e at+ ... +an _ 1 , e n _i] g = 0. Furthermore, 

e aiH \-a n 

)A(e n _i)-g A(e n _i) (e„ ® if n e 

OiH hCKn^ 

= e n e n -i ® i^ n _ii^ n e ai+ ... +a „ - g _1 e n _ie„ ® i^ n _ii^„e Qi+ ... +Qn 

^QiH han e "-l g e " ® 6n-lK n e ai -\ ha„ 

= e o n _i+Q„ ® K n -\K n e ai -\ |_ Qn , 

where we have used the fact that [e ai+ ... +an , e n _i] 9 = 0. 
Combining these results, we can rewrite (jD.22J) as 



(ge Qn _ 1+2Qn e n _i - g ^le^+^J ® (l<C n _i) 2 (l<r n ) 2 e Qi 



H ha„-2 



+ 



,„_ 1+ 2 ari + (l + g" 1 ) ((e„) ; 



£-n— 1 &n—l 



K, 



a„_i+2a„CciH ha-n-l 



+e Qn „ 1 + Qn ® A n _ii^ n e ai -j (- a „ 

— (g e a„-i+2a n e n _i — g 1 e n _ie Q , n _ 1+2a , n ) ® (if„_i) 2 (if„) 2 e Q!i+ ... +Q!n _ 2 

+e an _ 1+2a „ <8> ^a„_i+2an e ai+-+an-l + 6 a „_ 1 +a n <8> K n -i K n e ai+ ,„ +0ln , 

where we have used the elementary result that 

e an _ 1+ 2a n = e an _ 1+2an + (1 + g" 1 ) [(e„,) 2 'e n -x - e n _!(e n ) 2 ] . 
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Combining these calculations gives us 
A(e 

a-H h2a„_i+2a n ) 





••+2a n _i 


" n-2 


h2a n _i+2a„ 






+(q 






■+2a n _i+2a n 


®K ak+ 


■■■+2a n _i+2a n e Q ,._| \-a k _± 


+{q 




(? e a„-l+2a< 


,e n _! - g" 1 




_i+2a„) ® (K n _iK n ) 2 e a 


+{q 


-q' 1 ) 






°OLi-\ hO 






+(q 




e a„-i+a!„ <S> 




H \-a„ 






+(q 




e n _i ® 










+1(5 


5 e ai+-+2a„-i+2a n , 











H h«n-2 



which proves the lemma for A(e ai+ ... +2Q . n _ 1+2c( „). 

Now assume that the lemma is true for A(e aj+ ... + 2ey+-+2a») for some j = i+2, . . . ,n — l, 
then Eqs. (|IX20|, - (jIX2T|, allow us to write 



3-2 



3-2 



fe=i+l J L fc=i+l 

e ai + ...+2a J _ 1 + ---+2a„ ® ^«iH— •+2e«j_ 1 H— •+2a„ 

+ (? ~~ q 1 ) I ^ ea k +-+2a j - 1 +-+2a„ <S> -^a fc +--+2Q j _i+--+2a n e Q , i+ ... +afe _ 1 
\fc=i+l 

+ (? - <T 1 ) ® K"j I'.,, LV, ; 2« . ) 

+ 1 (g> e aj+ ... +2ai _i+-+2an- 



We now perform another calculation that will greatly assist the proof of this lemma. 
Let cp be any element of satisfying aj z< <p -< <x, + i with respect to M{4>), then 

(e^ <g) ir ¥ ,e( ai+ ... +2c(i +-+2Qf„- ¥ >)) A(ej_i) - g _1 A(e.,_i) (e v ® iC v ,e( ai+ ... +2 a i +-+2a„- v .)) 

= e^Cj-i ® K^e^a^ \-2aj-\ \-2a n -tp)Kj-l + e <p ® -^Cp e (e*H |-2eyH h2a n -^) e j-l 

— g _1 e J _ie ¥ , <g> i^„ii^e( ai+ ... + 2 Qj +...+2a„- v )e ? _i — g^ 1 ^ ® e J -_iii£r ¥ ,e( aj+ ... + 2aj+-+2a n -v) 
= [e v , e j _ 1 ] q <S> Kj_ 1 K tp e( ai+ ... +2aj+ ... + 2an-<p) 

-\-e v ® KfpB^a^ \-2aj-\ \-2a n -tp) e j-l ~ e >p ® K<p e j-l e (cti-\ |-2eyH \-2a n -tp) 

= e 



where we have used the fact that [e( ct4+ ... + 2 Qj +...+2a n - v >), e j-i] — (note that this can be 
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rewritten as e (ai+ ... +2Qj+ ... + 2a n - ¥ >)e J -i = e j - 1 e iai+ ... +2a]+ ... + 2a n - v ))- This allows us to write 



n-l 



(q- q -i)J2D k + (q-q- l )Y,Fi 



k=j 



1=3 



A( ei _i) 



n-l 



(? - T 1 ) J> fc + (? - T 1 ) J> 



fc=j 



'n-l 



(<7 — ? X ) ^ egj_i+-+2a fc+ i+-+2a„ ® ^a,--i+-+2a fc+ i+-+2a n egi+-+« fc 



-1\ 



+ {9 - Q ( e a J -i+-+2a„ ® ^a,_i+-+a» e Q! i +-+2a, 



J 



n-l 



+ (? ~~ 9 *) ^ ( e a J _i+--+a i ® -^a J _ 1 + -+Q i e ai+ ...+2Q i+1 +--+2Q„) , 
1=3 

and to complete the proof of the lemma we need only calculate 



(D + Dj-i) A(e J _ 1 ) - q-'Aie^) (D + D^) 



Now 



— (e Qj _ 1 + 2Qj +...+2a n ® -^a i _i+2a i +-+2a n ea i +---+a i _ 2 ) A(e,-_i) 

— g 1 A(ej_i) (e Qj _ 1+ 2a J +-+2a„ <8> iCa j _ 1 +2a i +...+2a„e ai +...+a i _ a ) 



(D.23) 



a, -2 



Q' e a : ,_i+2a J +---+2a n ej-l <2> (K £ y_ 1 +...+ an ) 2 e ai+ ... +l 

— g 1 e J _ie Q , j _ 1+ 2 Q , J+ ... + 2a n ej_i <g> (K a .^ 1+ ... +an ) 2 e a . + ... +a ._ 2 

+e Qi _i+2a J + ---+2a„ ® ^a i _ 1 +2a< J +---+2a„ e ai+---+aj_2 e .J-l 



"9 e a,_i+2a, + ---+2a n ® -K"o;,_i+2aj+-+2Q; Il e j-l e Q! j +-+a 



J-2 



(? e a j _i+2Q ;( +-+2a n ej_i — g 1 e J _ie Q , j _ 1+ 2 Q!j +...+2o! n ) <8> (-K"a 3 _ 1 +...+a n ) 2 e ai+ ... +aj ._ 2 



+e Qi _ 1 +2a J + ---+2a„ ® ^ay_i+2a< i +».+2a„ e ai+-+aj_i > 



(D.24) 



and 



DA( ej -_i) - g- 1 A(e,_ 1 ) J D 

-2 

e a j +2a J+1 +--+2an e j e i-l ~~ 9 e j e «j+2a., + i+---+2a n ej-l 

, -2 

— ej-ie aj +2a j+ i+-+2a n ej + 9 e J -_ieje Qj+ 2Q j+1 + ... + 2a rl 

®-^"a 7 _i+2a, + ---+2a n e a4 +. -+a j - 1 - 



(D.25) 
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e aj . 1 +2a j +-+2a n + ^a J +2a J+l +---+2a rl e j e j-l ~ &j-l&a j +2a j+1 +-+2a n &j 
—2 —2 

—q eje aj+ 2a j+1 +-+2a n ej-i + q ej-ieje aj+ 2 aj+1 +-+2a n 

= —q e a j+2a j+1 +-+2a n e j-l e j ~ Q e j e j-l e a j +2a 3+1 + -+2a n 

i i - 2 

-Te. a . + 2a j+1 +...+2a n e 3 e 3-^ + Q e j-l e j e a j +2a j+1 + -+2a„ 

&a.j+2a.jj t \-\ y-2a n ^aj-\ J t-aj Q &aj-i+aj&oij+2aj+-i_-{ \~2a n 

[ e Qj+2ctj + iH \-2a n i e aj_i+aj]g 

= e aj_i+2ajH Y2a n y 

where the last equality arises from Proposition ID.9.81 It follows that 
(D + A( ei _i) - g^ 1 Afe-x) (D + Z^-i) 

= (q , e Q , j _ 1+2a;) .+...+2a n ej_l — g 1 ej„ie a:( _ 1+ 2a J + ...+2a n ) <8> (-^'a J _i+---+a„) 2e a 1 + ---+« 
+e Qi _ 1 +2a i + ---+2a„ ® -^« J _ 1 +2a j +---+2«„e Q , i+ ... +aj _ 1 . 



j -2 



□ 



D.6 The commutation relations between the compo- 
nents of A(e /i ) 

The commutation relations between the components of A(e (U ) are, in general, quite com- 
plicated, and the algebraic structures they give rise to come in three families depending on 
the nature of \i. 

In this section we prove the following results. The algebra underlying the components 
of A(ej), where % = 1, . . . ,n, is the g-binomial theorem. The algebra underlying the com- 
ponents of A(e Qj -|....+ a .), where i < j < n, is the g-multinomial theorem. The algebra 
underlying the components of A(e ai+ ... +an ) is more complicated: it is a combination of the 
g-binomial theorem and the associative algebra given in Lemma TB .0.81 The algebra under- 
lying the components of A(e ai+ ... + 2a j +---+a n ) is a combination of the g-binomial theorem 
and the associative algebra given in Lemma IB.0.91 

The g-binomial theorem and the two generalisations of the binomial theorem given in 
Appendix B allow us to compute any desired power of A(e /i ). 

D.6.1 A(ej), i = 1, . . . , n 

Here A(ej) = e; ® K { + 1 ® e iy and elementary calculations show that 

(e; (g) Ki)(l ® d) = g 2 (l ® e,)(ej ® ifj), i < n, 
(e n <g> i^ n )(l ® e„) = -g(l ® e n )(e n ® K n ). 
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D.6.2 A( e a .-\ — ha,-) ? 1 < i < j < n 
For each j = i + 1, . . . ,n — 1, we write 

i 

A(e ai+ ... +Qj ) = A + (g - A + Ao, where 

k=i+l 

D{ = e ai _] — \- aj ®K a ._\ — ^ a ., 

Dk = &a k -\ ha,- ® Ka k -\ |-ay e c*iH haifc-i; 

Doo = 1 <8> e a{ _| h"j • 

We will show that the commutation relations between the components of A(e oti+ ,„ +a .) are 

D r D s = q 2 D s D r , Vr < s. 

For each k — % + 1 , . . . , j , the relations between A and A are 

AA = qe ak+ ... +ctj e ai+ ... +ctj (g) K ai+ ... +aj K 0lk+ ... +aj e ai+ ... +ak _ 1 

= q 2e a k +---+a j e ai +~-+a j ® K ah+ ... +aj e 0li+ ... +ak _ 1 K ai+ .„ +aj = q 2 D k Di, 

where we have used [e ai+ ... +aj , e ak+ ... +olj ~\ ^ = 0. The relation between A and D^ is 

A-D oo — q &cti-\ Vcij ® ^cii-\ \-ajKaiA \-ctj — Q Ajo-A- 

Now for each k — i + 1, . . . ,j — 1, and each / satisfying k < I < j, the relation between A 
and A is 

D k Di = qe ai+ ... +a .e ak ^ — \. aj ® K ak+ ... +a .e ai+ ... +ak _ 1 K ai+ ... +a .e ai+ ... +ai _ 1 

— q &ai-{ haj e a k A hay ® ^aiA haj^a k -\ ha.; e «H ha;_i e aH hafc_i 

= q 2 DiD k . 

Finally, the relation between A and D^, for each k — i + 1, . . . , j, is 



DkDoQ ^ctfeH hay ® K ak -\ hay^'aiiH hOfe — l^Ctj 



^ — Ltfcn TLtj-Ltzn r<-tfe — 1 ' u n hoy 

3y e a;H hafc- 



g 2 ea fc +...+a, ® e ai+ ... +a .K ak+ ... +aj e ai+ ... + a k _ 1 — q 2 D 00 Dk- 



These calculations give the flavour of many of the calculations in this section. 

D.6.3 A(e ai+ ... +an ), i = 1,. ..,n- 1 

This case is more difficult than the previous one. We write 

n 

A(e ai+ ... +a J = Di + ^ D k + D °oi where 

k=i+l 
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Di = e ai +-+a n ® K ai+ ... +an , 

Dk = {q — 1 l ) (e afe + ...+ a „ ® -^"a fe +---+«„ e «i + ---+a fe _i) i k — 1 + 1, . . . ,71, 

Doo — 1 <8> e Qi _| — \- an . 

We will show that the commutation relations between the components of A(e Q , i _| han ) 

are (jD.26|) - (|D.32|) below, where we fix i < p, r, s, t < n throughout these equations, r < t 
in r < s <tin (JD~29|) . and p < r < t in (fCT^ - tjTT^ : 

(D.26) 
(D.27) 
(D.28) 
(D.29) 
(D.30) 
(D.31) 
(D.32) 

Note that relations ()D.26|) - (jD.28|) imply the following relations 

D p E r , t - q 2 E r , t D p = E p , r D t - q 2 D t E p ^ p < r < t, (D.33) 



D r D t 


= -qD t D r + E rit , 


D r E rt 


= q 2 E r)t D r , 


E rjt D t 


= q 2 D t E r , tl 


D s E rjt 


— E r! tD s , 


D p E r j 


= q 2 E r jD p + F Pjr> t, 





= F p ^ t + (l-q 2 )E p , t D, 




= -qD^Dj.. 



E Pjr E P:t = q 2 E Pjt E Pir , E p>t E rit = q 2 E r . tt E Pit , p < r < t. (D.34) 

The following proposition shows that if the components of A(e aiH |_ Qn ) satisfy I)D.26J1 - 

JEH2J, then we can use Lemma IB. 0.81 to give an expansion of (D, + -D,:+i + ■ ■ ■ + D n ) m 
for each m G N. Note that relations ()D.35|) - (jD.37|) in Proposition ID. 6. II are precisely 
the relations between the elements a, b, c, respectively, in the associative algebra given in 
Lemma IB. 0.81 

Proposition D.6.1. For each k = i + 1, . . . , n, and each j satisfying i < j < k, we have 

(D 1 +D, J+1 + --- + D k _ l )D k 

= -qD h (Dj + D j+ i + • • • + D fc _i) + (E jtk + E j+1>k + ■■■ + E k ^ hk ), (D.35) 

where 

'k-l \ /fc-l \ 

,b=j J \b=j J 

and 

'k-l \ /k-l \ /fc-l \ /fc-l \ 

£a> = ? 2 (X>*J £^ • (d.37) 
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Proof. Relation (fTT85jl follows from (frT2fij) and (fTTafij) follows from (fTT28|) . The proof of 
()D.37|) is only slightly more difficult: firstly, the elements D k _\ and D k satisfy the relations 



Dk-iDk — ~Q.DkDy.-x + Ek-i k, Dk_xEk-i k — Q 2 E k -i.kDk-i, E k _ lk D k — q 2 D k E k _i ) 



which proves ()D.37p for j — k — 1. Now assume that ()D.37j) is true for some j < k — 1, we 
will prove that ()D.37j) is true for j — 1 if j — 1 > i: 



k-l 



k-1 



E a, E ^* 



'fc-i 



,a=j 



'fc-1 



Ej-l,k + I E -^>> fc 



,6=j 



'fc-1 



'fc-1 



'k-l 



'k-l 



D^E^ +[Y, D A\ E E ^ + %-i ) + [H D A E i-U 



/ \ b=j 
'k-l \ /fc-1 



k-l 



q 2 E j ../. /J, i + q 2 E E ^ + E (^EcM-! + ^_ liCifc ) 



,6=j 



'fc-1 



'fc-1 



+g 2 ^-i,fc [Y. Dd + ( X " ? 2 ) E i-i^ 



'fc-1 



E c ,k Dj- X + g 2 ^-i,fc D a 

y c=j-l J \a=j 

k-l \ / fc-1 

vb=j-l / \a=j-l 



where flD.38|) follows from ()D.31|) . completing the induction. 



'fc-i 

i E Eb > k 



'k-l 



E^ (D.38) 



□ 



We now show that the components of A(e ai+ ... +ctn ) satisfy the claimed commutation 
relations. We firstly prove relation (ILT32J) : 



--«iH h«n 



K, 



Ct 4 H hOn C aiH hOn 



Q^ai+--+a n ® e Qj+ ... +Q!n iv Q;i+ ... +Q!n — —qD^Di, 



and for each = z + 1, . . . , n, the relation between D k and -D™ is 



D k D 



fc-^oo 



a k -\ h«n 



K 



q(q — q x ) (e Qfe+ ... +a „ (g) e Q ,- + ... +Q , ji _K" Qfe+ ... +Qn e Q , i+ ... +Q , fc _ 



a fe H \-atn c oti-\ hafe-i e QiH ha 



) 

J = -qD^Dk, 



proving relation (ITI321 . 
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We now prove relation ()D.26j) . For each k — i + 1, . . . , n, the relation between Di and 
D k is 

D%Dk = (<? — 1 ) (e ai +-+a n ea k +--+a„ <S> K ai+ ... +an K ak+ ... +oln e ai+ ... +ak _ 1 ) 

— (l — 1 1 ) e a k +-+a n e ai + -+a n + [e ai+ ... +oln , e ak + -+a n ]^j 

®K ai ^ — han K ak+ ... +an e ai - { — hQfc-i 

— (<? — Q x ) ^ — qe ak+ ... +an e ai+ ... +an <g> K ak+ ... +oln e ai+ ... +ak _ 1 K a . + ... +an (D.39) 

+ [Caj+.-.+onj e a k + -+a„] q <8> ^ad ha„ -^a fc + ---+a„ e Q , 4+ ... +Q , fc _ 1 j 

= —qDkDi + -^j,fc, 

where we have used the relation [e ai +...+ (Xn , e ajs . + ...+ Qtn ] = to obtain ()D.39|) . and where we 
set 

Ei,k = (q — Q ^ (i e ai + -+a n , e a k +-+a n } q <8> ..+<*„ i£ Q , fe+ ... +0!n e cei+ ... +ctk _ 1 j . 

For all k,p satisfying i + l<k<p<n, the relation between D k and _D p is 

DkDp = (q — q 1 ) 2 (e afc +...+ Qn e Q , p+ ... +an (g) i^ afc+ ... +an e Q , i+ ... +Q , fc _ 1 K Q , p+ ... +Q , n e Q , i+ ... +Q , p _ 1 ) 

— (l ~ Q 1 ) 2 ( — e Qp+ ... +Q , n e Q , fe+ ... +Q , n + [e afc+ ... +an , e ap+ ... +Q , n ] 

®-^"a fc H hOn-^QpH ho„ e oiH hafc_i e aH htXp-1 

= —q(q — q l ) 2 (e ap+ ... +an e ak+ ... +an ® K ak+ ... +an K ap+ ... +an e ai+ ... +ap __ 1 e ai+ ... +ak _ 1 ) 

+ (? — 1 ([ e a k +-+a n ,ea p +-+a„] q <S> Ka k +-+a n Ka v + --+a n Ga i +-+a k _ 1 ^a i +-+a p - 1 

(D.40) 

— —qD p D k + i?^, 

where we have used the relation [e Q , i+ ... +afc _ 1 , e Q!j+ ... +Q , p _ 1 ] = to obtain (jD.40|) . and we 
set 

Efc,p — {q — q V ) 2 (^[ e a k + -+a n , e a p +-+a„] q ® K ak+ ... +an K olp+ ... +an e ai + ... +ak _ i e ai+ ... +ap _ 1 J . 

It follows that the components of A(e Qi+ ... +Q , n ) satisfy relation (jD.26|) . 

We now consider the relations between the D k and E ktP : we will show that D k and E^j, 
satisfy relation (|D.27|) for all k < p. For calculational ease we will write E itP and E^ p as 
the following sums: 

n n 
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where the components of these sums are given in Proposition ID. 9. 21 

E i,p = (Q ~ Q — <?) n P { e a z +---+2a p +---+2a„ ^ K ai+ ... +an K ap+ ... +an e ai+ ... +ap _ 1 ) , 
E ip = (9-g~ 1 ) 2 (-?) n " J (ea l +...+2a J +...+2 Q „e ap + ... +aj ._ 1 

< ^>K ai+ ... +an K ap+ ... +an e at+ ... +ap _ 1 ) , j > p, 

E k,p = (Q ~ 1 ) 2 ( — l) n P ( e a k +-+2a p +-+2a n <8> K ak+ ... +OCn K ap+ ... +an e ai+ ... +ak _ 1 e ai+ ... +ap _ J , 

E k,p = (<?-<? 1 ) 3 (-Q') n 3 {ea k +-+2a j +-+2a n ^a p +-+a j ^ 1 

®K ak+ ... +an K ap+ ... +an e ai+ ... +ak ^ 1 e CCi+ ... +ap _ 1 ). j > p. 

The following identities allow us to determine the relations between Di and Ei sP , and 
between and Ek jP , quite easily: 

[e at+ ... +anJ e ai+ ... +2 a j +-+2a n ] q = 0, 1 < % < n - 1, Z + 1 < j < 71, (D.41) 

[e a . + ... +an ,e ap+ ... +a ._ 1 ] q = 0, l<z<n-2, f < p < j - 1 < n.(D.42) 

We can rewrite ()D.41|) and (ID.42|) . respectively, as 

e QiH han e OiH h2ajH \-2a n 9^aH h2a.,H |-2o„ e aiH haul 

e aiH \-a n &a v -\ hay_i = e « P H haj-i e OiH ho„ • 

Using these identities we compute the relations between Di and Ei )P where i — 1, . . . , n — 1 
and p > i: 

= {q-q- X ){-q) n - p 

= q 2 (q-q~ 1 )(-q) n - p 

x ( e a l +---+2Qp+---+2a n e Qi +...+ an <8> K a _ i+ ... +an K ap+ ... +an e ai+ ... +ap _ 1 K a . + ... +an ) 

= q 2 Ei P D » 

and for p > i and j > p we have 

x (e Ql H y an e ai ^ \-2aj-\ h2a n e Qp H hcy-l ® -^a,H ha„-^aH ha„-^"o p H ho„e ai _| \-a p -i) 

= ? 2 (? - q^fi-q)^ 

= q 2 Kv D - 

These calculations show that DiE ip = q 2 E i ^ p D i for p — i + 1, . . . ,n. Now we determine 
the relations between Df, and the components of E^^. For k — i + 1, . . . ,n — 1 and p > k 
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we have 

X ( e a k +---+a n ^a k +-+2a p +---+2a n 

®Ka k -\ \-a n e ai-\ ha k -i^-a k A \-a„-^a p -\ \-a„ e ai-\ \-a k -i e c*H hQp-i) 

= q\q-q- l ?{-q) n - p 

X (e Qfe +...+2a p +-+2a n e Qfe +...+ Qn 

®Kot k -\ \-a n Ka p A ha n e aiA \-a k _ 1 e a i A ha P -i-^"ofeH ha n e aH \-a k _ 1 ) 

= q 2E l, P D k, 

and for j > p, 

D * E L 

= (q ~ q- l )\-q) n -' 

x ( e o fe H \-an e a k -\ \-2otj-\ h2a„ e af p H hoy-i 

®Kot k -\ \-a n e ai-\ hOfe-i-^OfeH \-a„Ka p -\ h"n e aiH hOfe-i e ctiH hap-l) 

= q^q-q-'fi-q)^ 

x ( e Q fe +---+2Qj+---+2a n e Qp+ ... +a:i _ 1 e Qfe+ ... +Qn 

®-K"a fe H hctn-^OpH hOn e a;H hc*fc_i e «H hap-i-^afcH hOn e a;H 

= g 2 ^*- 

This shows that D^E^^ = q 2 E k: v D\ t for p — k + 1, . . . , n. Together with DiE i p = q 2 E i<p D il 
this proves that Dk and Ek, p satisfy relation (jD.27|) . 

We now show that Dk and Ek jP satisfy relation ()D.28|) . The identity 

[e ai+ ... +2 a p +-+2 an , e ap+ ... +an ] q = 0, i + 1 < p < n, 

which we can rewrite as e Qi+ ... +2ap +...+2a ?l e Qp+ ... +Q „ = ge ap+ ... +ctn e Qi+ ... +2ap +...+2 a?l , will be 
useful. The following calculations are similar to those immediately above. For each k = 
i + 1, . . . , n — 1 and p > k, 

E?, P D P = (q- q -r(-q) n - p 

x ( e «H |-2opH h2a„ e o p H h"n 

®-K"«;H \-a n K ap ^ \-a n e aiA \-a p -i-Ka p -\ hOn e «iH ha p -i) 

= g(g-g- 1 ) a (-?) w - p 

x (eap+-+a„ e ai+-+2a p +-+2a„ 

®-K"«;H han-^OpH hOn e a;H \-a p -i-K-a p -\ h"n e «iH haj,_i) 

= q 2 (q-q- 1 ) 2 (-q) n - p 

x (ea p +-+a„ e ai+-+2a,,+-+2a„ 

®-^"o p H h«n e "i H h"p- 1 Ka-i H h«n -^«pH h"n e «i H h"p- 1 ) 
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For each j = p + 1, . . . , n, we have [e ai+ ... + 2 aj +-+2a n ,e ap +- + a n \ q = 0, and 

KPp = (? - rtv?)*-' 

^ e «H h2ajH h2a n e ct p H hay_i e %H ho n 

®K ai -\ |_ an i^apH \-a n e «i H ha p - 1 H ha»i e cti H ha p - 1 

= gCg-g- 1 )^-?)^ 

X e a p H \-a n e cti-{ \-2otj-{ \-2a n e a p H \-ctj _ i 

® -^aj H \-a„ -K-otpA \-a n Ca 4 H ha p - 1 -^-a P H ha n e aH ha p _ i 

= q\q-q- l ?{-q) n - j 

X e a p H \-a n e aH h2aj H h2a„ e ct p H hay - 1 

®-K"a p H ha„ e ai-\ ha p - 1 \-a n K ap -| (-Q, n e a4 _| ha p - 1 

= g 2 A><- 

For each fc = i + l, ...,n — 1 and p > k, 

Kp d p = (q-^n-qT- 13 

Xe Qfc _| h2a p H h2a„ e ajH \-a n 

®Ka k -\ \-a n Ka p ^ hOn^iH ^a k _ l e a i -\ ha P -i-^a P H h«n e a,H hap-i 

= ?(?-<r 1 ) 8 H?r- p 

x e Qj) H |- an e Qfe _| h2a p H h2a n 

®-K"a fe H \-a n K<x p -\ h«n e aiH hafc_i e »H ha P -i-^"o P H h«„ e aiH ht»p-l 

= g 2 (g - ?- 1 ) 8 (-g) B - p 

Xe M han e OfeH h2a p H h2a„ 

®-K"a p H \~a n e ai-\ ha P -i-^"afcH hQ n -^"o P H Yotrfion^ hOfe-i e a,H hOp-i 

= g 2 A^ 

and for j = p + 1, . . . , n, 

4, P D P = (g - q-n-qT-' 

x e OfeH |-2ojH \-2a n Ca p H hOj-l e a P H ha n 

®Ka k -\ \-a n K ap ^ )-a n e oii-\ hafc-i e a:iH ha P -i-^o P H h«n, e ajH ha P -l 

= g(g - q-y(-q) n - j 

XCap-i \- an e ak -\ |-2ajH h2a n Ca p H hay-i 

®-^"« fe H \-a„Ka p ^ hOn e «iH hofe-i e ";H ha P -i-^-a P H ha„, e aiH ha P -i 

= g 2 (g - g^-g)^ 

*-6 ap -\ |_ a?i e Qfe _| h2ajH h2a n Ca p H hOij-i 

®-K-a p -\ \-ct n e oti-\ hctp-i-^-QffcH \ra n ^-a p -\ han e aH h"fc_i e «H ha P -l 

= M,- 
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These calculations show that Ek, p D p = q 2 D p Ek )P for each k = i, . . . ,n — 1, and p > k, 
proving (jD.28|) . 

We now show that D s Ek p = E^ p D s for all i < k < s < p < n; and in doing so we will 
use the following identity: for alH < k < s < p < n we have 

which we can rewrite as e ak+ ... +2ap+ ... + 2a n e as+ ... +an = e as+ ... +an e ak+ ... +2ap+ ... +2ctn . The rela- 
tion between D s and Ef„ is 



D s El p = (q-q ) {-q) n p e as+ ... +an e ai+ ... +2ap+ ... + 



2a n 

®K-ots^ h« n e ajH has-i-^aH Ya n ^-ot p -\ han e ct;H ho P -i 

(q — q 1 ) 2 (—q) n p e ai+ ... +2ap+ ... +2an e aa+ ... +an 

®K(Xi-\ \-ctn-Ka p -{ han e ctiH h«p-i K a s -\ h«n e ajH \-Cts-l 



For each j = p + 1, . . . , n, 

D s Ei p = (q-q^n-q)^ 



xe 



«.sH h« 



(CaiH \-2ajA h2« n Ca p H h"j-i 



^-^"asH hOn e aiH ha s -l ^QH hOn-^"a P H hctn e a;H ho p _i 

x CctiH h2oj H h2a„ e a p H ha 3 -i e a<H ho„ 

®-^"aiH han-^OpH han e «d ha p -i-^-a s H han e OiH h« s -i 



For k = i + . . . ,n — 1 and k < s < p, 



D * E lv 



{q-q~ l ?{-q) n - p 

x eQ S +...+a n e Q , fc+ ... +2Qp+ ... + 2 Q - n 

®-^"q s H ho n e OiH hOs-i-^OfcH ha„-Ka p H han e ctiH hOfe_i e aiH \-a p -i 

Xe Q fc H h2(*jH h2a n e Q£! -| |_ an 

®-^"o fc H \-a n Ka p -\ ha„ e aH hctfc-i e aH ha p _i -^« S H hctn e «H ha s _i 
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and for j > p, 



D s E{ p = (q - q- l )\-q) n ~ 3 

Xe a s ^ Va n e-a k +--+2aj-\ \-2a n e a P - l t—+aj- 1 

®Kqi s ^ \-a n e ai-\ hcts-l H \-a n ^a p -\ \-a n e oti-\ hctfe-i e a,H ha P -i 

= {q-q- l )\-q) n - 3 

®Ka k -\ \-a n ^-a p -{ \-a n &ai-\ hafc_i e ctiH ha p -i^a s -\ ha n e aiH ho s -i 

= E L D s- 

These calculations show that D s Ek, p = Ek yP D s for alH < k < s < p < n, proving relation 



flTT29j) . 

For all i < p < r < t < n, F p ^ t is defined by F p ^ t = D p E r ^ — q 2 E r)t D pi and we calculate 
it from its alternative definition in relation (|D.33|) : F P: r )t = E pT D t — q 2 D t E Pir . We firstly 
calculate F iir ^: 

Fi,r,t — E i>r D t — q 2 D t E itr 

-1\3 



<1 



1\3 



^ ( — qY J e Qi+ ... + 2a i +...+2a n e Qr +...+ aj _ i e Qt+ ... +c 
j=r+l 

t-1 
j=r+l 

— ( — q) U t e at+ ... +an e ai+ ... + 2a t +---+2a n Ga r +-+a t -i 
n 

~ ^ {~q) n j eat+-+a n e ai +-+2a j +-+2a„ea r +-+a j - 1 
j=t+l 

®F-oti-\ ha„ K ar _| |_ Qn K at ^ |_ Qn e Qi _| ha r -i e "i H hat - 1 

qY j ea l +-+2a j +-+2a n e ar+ ... +aj _ i e at+ ... +an 

(— g) n *g 1 e ai+ ... +2ai +...+2a„e at+ ... +an e Qr+ ... +at _ 1 

{~q) n 1 e a i +~-+2a j +~-+2a„ea t +~-+a n ea r +~-+a :j - 1 



3=t 



j=t+l 



h«n -^"ctr H han ^ at H han e c*i H har- 1 e Qi H hat - 1 



(g- q 



1\3 



( — q) n e ai + ... + 2at+~-+2a n ea r + ---+a n 
n 

+ (q-q^i-q) 11 ' 1 

&oti-\ \-2aj-\ \-2a„ &a r H \-a„ &at H hctj - 1 

®-K"aH \-a n Ka r -\ Ya n ^-ot t -\ hctn^aH hctr-i e aH hat-i ■ 
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In obtaining the last equality we used the two identities 



ct r H \-otj-i e aH \-a n ^a t 



Q e a t H ha n ^a r A hat-i 

~ e a t H \-a n &a r -\ \-at j-i 



"I" e a r H hQt-i e "tH ha„ 



(q-q 1 )e ar+ ... +an e 



a t H \-a-j-i ? 



t<j~l, 



which arise from Propositions I13.9~3l and IT). 9. 41 respectively. 
Now we will show that F iyT)t + (1 — q 2 )E i t D r = 0. Note that 

(l-q 2 )E ht D r = (WXg-g- 1 ) 2 

(— q) n t e ai + ... + 2a t +---+2a„Ga r + ---+a n 
n 

+(q — q 1 ) (— q) n • J e Q , i+ ... +2 Q i +...+2Q n e Q , t+ ... +Q , :i _ 1 e Q , r+ ... +Qn 
j=t+i 

® Kcti H ho„ A^ H ha»i e aH hat- 1 H hctn e aH \-ct r - 1 ■ 

An elementary calculation shows that -Fi, r ,t + (1 — Q 2 )Ei,tDr = after manipulating the 
expansion of EaD r using the following identities: 



e otH haj-i e ctrH hCfn 

GctiH hat-i -"a r H )-oi n 



j a r -\ hQn e aH h«,'-l ! 



A", 



CKrH hOn^QiH hat-i ) 



e aH hat-i e aiH ha r -i 9 e aH ha r -i e aH h«t-i - 



Set i<p<r<t<n. Using similar calculations as those above gives 



(— q) n e ap+ ... + 2at+---+2a n e ar + ---+a n 

n 

+(q - q' 1 ) Yl (-?) n ~ Je «p+-+2« J +-+2a„e Qr+ ... +Qn e 

j=t+l 

® A Q( _| |_ Qn K ap -\ ^a n Ka r -\ \-a n &cti-\ hccp-l e «i H hOr-1 e c*i 



-at-\ hQj-i 



H hat-i ' 



and by using the following identities 



e aH haj-i e OrH ha n e OrH ha n e atH hay-i ) 

e «H hcti-i e aH h«T— 1 = Q ^c*iH ha r -i e aH h«*-i: 



GqH ha p -i e OiH hatt-l-^OirH ha„ A Qr _| ha n e 



«d hQ p -i°aiH hat-i ' 



one can easily show that 

F PtT , t + (1 - q 2 )E P:t D r = 0, 

proving relation ()D.31|) . 

We have shown that the components Di,D i+1 , . . . ^D^D^ of A(e ai+ ... +oln ) satisfy all 
the claimed relations, thus we can calculate (A(e ai+ ... +Q , n )) for each m e N. 
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D.6.4 A(e ai+ ... + 2a n ), i = 1, . . . , n - 1 

We now determine the commutation relations between the components of A(e ai _| \- 2 a nj 

We write A(e Qi+ ... +2a J as 

n-1 

A(e Qi+ ... +2Q J = ^2 Dk + ^» + D o + A», where 

fc=i 



.,), k = i + l,...,n-l, 



Di 






D k 


= (Q 


- <? X ) (e Qfc + ...+2a n <8> -ft' afc + ...+2a„e Q , i + ... +Qfe 




= (Q 


- + ?)(en) 2 ® (K n ) 2 e ai+ ... +an _ 1 


D 


= (q 


~~ q 1 ) ( e n ® -^n e QiH hctn) ' 




= u 


D e Q , i+ ... +2Q!n . 



We claim that the commutation relations between these components are 



DiD k 


= q 2 D k D h 


k 


= 0,2 + 1, . . . ,71, 


oo, 


DjD k 


= q 2 D k D v 


i 


+■ 1 < j < k < n 


-1, 


D j D m 


= q 2 D m Dj, 


i - 


+- 1 < j < n - 1, 


m = 0, n, oo 


D n D 


= q 2 D D n , 








D n Doo 


= q 2 D oo D n + ^D ) 2 , 


t 


= -(l + ?)V(?- 






= q 2 D oo D . 









The following easily proved identities will assist in proving these commutation relations: 

[e a . + ... +2an ,e ah+ ... + 2a n }g = 0, l<i<k<n-l, 

[e a . + ... +2an ,e n ] q = 0, l<i<n-l, 

[eoi+.-.+ak, e ai+ ... +2 a„]g = 0, 1 < z < A; < n - 2, 

[e ai+ ... +aj ,e Qi+ ... +Qfc ] 9 = 0, l<i<j<k<n, 

[e«,+-+a„-n e ai+ „. + 2 an ] = (1 + g)(eQ, i+ ... +Q , n ) 2 



We now prove that the components of A(e Q , i+ ... +2 a n ) do satisfy the claimed commutation 
relations. For each k — i + 1, . . . ,n — 1 the relation between Dj and -D^ is 

A-Dfc = (q — q X ) (Ga i + ---+2a„^a k + ---+2a n ® K a - + ... + 2a n K ak+ ... +2an e ai+ ... +ak _ 1 ) 

= q 2 (q - q^ 1 ) (e ak+ ... +2oin e ai+ ... +2an (g> K 0ik+ ... +2oin e ai+ ... +ak _ 1 K ai+ ... +2an ) = q 2 D k Di. 
Similar (although not identical) calculations show the following: 

• DiD n = q 2 D n D l , 

• DiD = q 2 D D l , 

• AAxd = q 2 D 00 D i , 
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DkDj = q 2 DjDk for each k — i + 1, . . . ,n — 2 and each j — k + 1, . . . , n — 1, 
D k D n = q 2 D n Dk for each fc = i + 1, . . . , n — 1, 
-Dfc-Do — Q 2 DqD) s . for each fc = i + 1, . . . , n — 1, 
-Dfc-Doo = q 2 D cx D k f° r eac h fc = i + 1, . . . , n — 1, 
-Dn-Do = g 2 A)A*, 
£>o-Doo = q 2 D oo D , 
and to complete the proof, the relation between D n and -Doo is 
A^oo = (q- + g) ((e„) 2 ® (i^ ri ) 2 e a . + ... +an _ 1 e a . + ... +2an ) 

= (9 - g _1 )(! + q) (( e «) 2 ® (^n) 2 e Qj+ ... +2an e Qi+ ... +an _ 1 + (1 + q)(e ai+ ... +an ) 2 j 

= q 2 (q - + 9) (( e n) 2 ® e ai +...+2a n (^n) 2 e ai+ ...+ an _ 1 ) 

+(? " g _1 )(l + g) 2 ((en) 2 ® (^n) 2 (e ai+ ... +Q J 2 ) = gtoooA, + £(-D 
where £ = — (1 + g) 2 / (g — g" 1 ). 

D.6.5 A( 

e ad \-2atj-\ h2a„)? l<2<J<n— 1 

We write the co-multiplication of e ai+ ... + 2 aj +-+2a n for all 1 < i < j < n — 1 as 

j—1 n n— 1 

)=D + D k + D + J2D k + J2 F P + F ^ 

k=i+l k=j p=j 



2 

0) , 



where 
















D = 




+-+2a r 


h-+2a 


, ® ^a i +...+2aj+-+2a n ) 








D k = 


(g 


-q~ l ) 




•+2ay+-+2a n ® ^a fe +---+2a j +---+2a n e cti+ ... +Qfc _ 1 ) , 




= I 4 




D = 


(g 


- q l ) {qea j +2a j+1 +-+2a„e.j - q 1 ejea J +2a :j+1 +-+2a n ) 












-g' 1 ) 




( 8>(-^Q; J +-+a n ) 2 eQ !j +.-+Q!j_ 1 , 








D k = 


(g 




•+2a fc+ i+-+2a„ ® -^"a j +---+2a fe+1 +--+2a n e Q , 1+ ... +afe ) , 


fc 


= i, • 


..,n-l, 


D n = 


(g 














F P = 


(g 


-g" 1 ) 




■+a v ® Ka J +~-+a p ea i +-+2a p+1 + -+2a n ) , 


P 


= i, • 


..,n- 1, 


Fj-i = 


1 Q 


5 e a< +... + 2aj+. 


•+2a n j 









noting the slightly different normalisations compared to those used in the previous section. 
We claim that the commutation relations between the components of A(e Q , i+ ... + 2 Q . j +...+2a n ) 
are 

(D + Dj + D j+1 + ■■■ + £> n _i) (F n _! + F n _ 2 + ■■■ + Fj-t) 

= q 2 {F n _ 1 + F n _ 2 + ■ • • + F^iD + Dj + D j+1 + ■■■ + L> n _i) + £(A,) 2 , (D.43) 
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where £ = —(1 + q) / (q — q ), and 

D Dk = q 2 £_ k D , k — i + l,...,j — l, 

D D = q 2 DD , 

D D k = q 2 D k D , k = j, . . . , n, 

D F p = q 2 F p D , p = j - 1, . . . , n - 1, 

L> fcJ Dp = q 2 D p D k , i + 1 < k < p < j - 1, 

D k D = q 2 DD k , k = i + l,...,j-l, 

D k D p = q 2 D p D k , k = i + 1, . . . ,j - 1, p = j, . . . ,n, 

DkF p = q 2 F p Dk, k = i + 1, . . . ,j - 1, p = j - 1, . . . ,n - 1, 

DD k = q 2 D k; D, k = j,...,n, 

DF p = q 2 F p D, p = j, . . . , n - 1, 

D k D p = q 2 D p D k , j <k < p < n, 

D k F p = q 2 F p D k , k = j, . . . ,n, p = j - 1, . . . ,n - 1, k ^ p, 

F k F p = q 2 F p F k , n-l>k>l>j-l. 

If the components of A(e ai+ ... + 2aj+-+2a„) do satisfy these commutation relations then the 
following relations 

(D + Dj + D j+1 + ■■■ + D n _i)(F n _i + F n _ 2 + • • • + 

= q 2 (F n _ 1 + F n _ 2 + ■■■ + Fj_i)(D + Dj + D j+1 + ■■■ + D n _{) + i{D ^ 



nj j 



(D + Dj + D j+1 + ■■■ + D n ^)D n = q 2 D n (D + Dj + D j+1 + ■■■ + £> n _i), 
D n (F n _! + F n _ 2 + ■ ■ ■ + Fj^) = q 2 (F n _ 1 + F n _ 2 + ■ ■ ■ + Fj^)D n , 

show that (£) + Dj + -Dj+i + ■ ■ ■ + -D n -i) , -Dn an d (F n _i + F n _ 2 + ■ • ■ + Fj_i) satisfy the same 
relations as do the elements a, b and c, respectively, in Lemma [B. 0.91 This means that we 
can immediately use the g-binomial theorem and Lemma fB. 0.91 fone of the generalisations 
of the Binomial theorem) to obtain an expression for (A(e ai+ ... + 2a i +...+2a n )) ?n for each 
m G N. 

We now prove that the components of A(e ai+ ... +2aj+ ... +2oin ) do satisfy the claimed com- 
mutation relations. We firstly consider the easier relations, and then we consider the more 
complicated calculations needed to prove (|D.43|) . In showing this last relation we must con- 
sider the most complicated commutation relations in this problem, namely those between 
D and Fj-i, and between D k and F k for each k — j, . . . , n — 1. 

We firstly consider some relations that we will extensively use. For each p — j, . . . ,n, 

[e ak+ ... +2aj+ ... +2an , ej q = 0, (D.44) 

which we can rewrite as 

e ak +-+2a j + -+2a n ej = <? e j e a fe +---+2a ) +---+2a n , 
C Qfc H \-2aji \-2a n e m = ^m^a k ^ \-2aj-\ \-2a, n i H m = j + 1, . . . , U. 

Equation (|D.44|) implies the following result: for each 7 G <ft satisfying a 3 • ^ 7 -< 0£j+i we 
have 

[e ah+ ... + 2a j +-+2a n ,Gj\ q = 0, 
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which we can rewrite as e Qfe+ ... + 2 Qj +...+2a n e 7 = qe 1 e olk+ ... + 2a j +-+2a n - F° r all i < k we have 

[ e a i +---+2a j +-+2a n , ^a k +-+2a j +-+2a n \ = 0, 

which we can rewrite as 

e-on+-+2a j +-+2ot n e-a k +-+2oij+~ -+2a n = Q.Ga k +-+2aj+-+2a n ^oti+-+2a j +-+2a n ■ 

A further useful identity is [e ai+ ... + 2 aj+ ... + 2a n ,e aj+ 2 aj+1 +-+2a n ] q = 0, which we can rewrite 
as 

&a i + ---+2aj + -+2a n ^a ] +2a 0+1 + -+2a n = ^a j +2a :j+1 + ---+2a n &a i +--+2aj+--+2a n - 

We now prove that the components of A(e ai +---+2aj+---+2a„) do satisfy the claimed com- 
mutation relations. We will firstly prove that D Dk = q 2 Dj i: D for each k — i + 1, . . . , j — 1. 
For each such k, 

DfjDk = (<? — q 1 )Za i + -+2a J + -+2a n £a k + -+2a :j +-+2a n 

( S>K ai+ ... + 2a j + -+2a n Ka k +-+2a j + -+2a n ea i +-+a k ^ 1 
— Q 2 (Q — q 1 )e ak + -+2a j + -+2a n e ai+ ... + 2a j + -+2a n 

®K ak + ... + 2a j + --+2a n G ai +--+a k ^ 1 Ka i + -+2a J + --+2a n 

= q 2 D k D . 
We now prove that D D = q 2 DD : 

D D = (q- g" 1 ) (e ai+ ... + 2 aj+ ...+2a n ® K ai+ ... +2aj+ ...+2 an ) 



X (<l e a j +2a j+1 +-+2a n ej ~ 1 1 ^j€-aj+2a j+1 +-+2a n ) ® (^aj ■+■•■+«„ ^cti-f 



— Q {Q — Q V ) (qe aj +2a j+1 + -+2a n ej — Q 1 eje aj +2a j+1 + -+2a n ) &a i +-+2a : j+-+2a n 
®(K a . + ... +an ) 2 e ai+ ... +aj _ 1 K ai + ... + 2 aj + ... + 2a n = q 2 DD . 

In a similar way, we can prove the following: 

• D Q Dh = q 2 DkDQ for each k = j, . . . , n — 1, 

• D D n = q 2 D n D , 

• D Fk = q 2 FkD for each k — n — 1, . . . , j, 

• D Fj_i = q 2 Fj_iD . 

We now prove that D^D V = q 2 D p Dk for each k = i + 1, . . . , j — 2 and each p 
k + l,...,j-l: 

DkF> p = (q — q 1 ) 2 e ak+ ... + 2 aj+ ...+2a„e ap +-+2a J +-+2a„ 

®K ak+ ... + 2a J +---+2a n Ga i +---+a k ^ 1 K ap +---+2a j + ---+2a ri ea i +---+a p - 1 

— ~ Q 1 ) 2e ap+--+2a J + ---+2a n e ak+ ... + 2a j +--+2a n 

®K ak+ ... + 2a j + ---+2a n F ap+ ... + 2a j + ---+2a n Ga i +---+a k _ 1 Ga i +---+a p - 1 

— Q 2 ( ( 1~ < 1 1 ) 2e a p + -+2a J +--+2a n ^a k +-+2a j + --+2a n 

®Ka p +-+2a j + -+2a n e ai +-+ ap _ 1 K ak + ... + 2a J +---+2a n e ai +-+a k _ 1 

= q 2 D p D k . 
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We now prove that D k D = q 2 DD k for each k — i + 1, . . . , j — 1: 

As-D = q 2 (q — q 1 ) 2 (qe a . + 2a ]+1 +-+2a n £j — Q 1 eje Qj+2a , j+1+ ... +2Q , n ) e 0lk+ ... + 2 0lj +-+2a n 

®Ka k +---+2a j +---+2a n (K aj+ ... +an ) 2 e ai+ ... +ak _ i e ai+ ... +a ._ 1 

— q 3 (q — q {q^a J +2a J+1 + -+2a n e j ~ Q 1 e j e a J +2a ]+1 + -+2a n ) e a k +--+2 aj +--+2a n 

®K ak+ ... + 2a j +---+2a n (K aj+ ... +an ) 2 e ai+ ... +aj ^ 1 e ai+ ... +ak _ 1 

— q 2 (q — q 1 ) 2 {q e aj +2a J+1 +-+2a„ej — q 1 e J e Qi+2Qi+1+ ... + 2a n ) e Q , fc+ ... +2Qj+ ... +2an 

®(Ka J +---+a„) 2 ea i +---+a j _ 1 Ka k + ---+2a J +---+2a n ea i +---+a k _ 1 

= q 2 DD k . 

In a similar way, we can show the following: 

• DkDp = q 2 D p Dk for each k = i + 1, . . . , j — 1 and each p — j, . . . , n — 1, 

• D k D n = q 2 D n D k for each k — % + 1, . . . ,j — 1, 

• DkF p = q 2 F p Dk for each k = i + 1, . . . , j — 1 and each p = j, . . . ,n — 1, 

• DkFj^i = q 2 Fj^iDk for each fc = i + 1, . . . ,j — 1. 
We now prove that DF k = q 2 Fj,D for all k = j, . . . , n — 1: 

— (q — q 1 ) 2 e aj +-+a k (qe aj +2a j+1 +-+2a n ej — q 1 e JI -e Q , j+2Qj+1+ ... +2an ) 

= q(q — q ) e a ,, + ... +Q!fc (ge Q , j . +2a; , + i+-+2a„ej - q~ eje aj+ 2a j+1 +-+2a n ) 

^K aj+ ... +ak (K a . + ... +an ) 2 e ai+ ... +aj ^ 1 e ai+ ... + 2a k+1+ ... + 2a„ 
= q 2 {q-q 1 ) 2 e Qj+ ... +Qfe (ge Q , j+2Qj+1+ ... +2an e J - - g 1 e J -e Qi+2Qj+1+ ... +2an ) 

= q 2 (q — q 1 ) 2 e ctj+ ... +ak (qe aj+2 a j+1 +-+2a n ej — q 1 eje Qy+2Qj . +1+ ... +2a?i ) 

®K aj+ ... +ak e ai+ ... + 2a k+1 +-+2a n (K aj+ ... +an ) 2 e ai+ ... +aj _ 1 = q 2 F k D. 

In this calculation we used the fact that the element 

{q^aj+2a ]+1 +---+2a n ^j ~ <7 1 GjGa j +2a j+1 +-+2a n ) 

commutes with e k for each k = j,. . . ,n (see Proposition ID.9.7|) . We can also show the 
following: 

• D k D p = q 2 D p D k for all j < k < p < n — 1, 

• D k D n = q 2 D n D k for each k = j, . . . ,n — 1. 
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We now prove that D k F p = q 2 F p D k for all k — j, . . . , n — 1 and all p — j, . . . , n — 1 
satisfying k ^ p: 

DkFp = (q — q x ) 2 (e aj+ ... + 2 ak+1+ ... + 2a n e aj+ ... +ap 

— l(l — 1 l ) 2e a ] +--+a p ^a j + -+2a k+1 + -+2a n 

®K a . + ... +ap K a . + ... +2oik+1 + ---+2a n G ai +---+a k Ga i +---+2a v+1 + ---+2a n 

— <? 2 (<?~ <? 1 ) 2 ^a 3 +-+a p e a:j+ ... + 2a k+1 + -+2a n 

®K aj+ ... +ap e ai +---+2a p+1 +---+2a n Ka j +---+2a k+1 +---+2a n Ga l +---+a k 

= q 2 F p D k , 
where we used the relations 

e aj +-+a p , e aj+ ... + 2a k+1 +-+2a n ] q = 0, \e aj+ ... + 2a k+1 +-+2a n , e aj + ... +olp \ q = 0, k ^ p. 

We can also show the following are true: 

• DDk = q 2 D k D for each k — j, . . . , n — 1, 

• DD n = q 2 D n D, 

• D k Fj_i = q 2 Fj_ 1 D k for each k — j, . . . , n — 1. 

We now prove that D n F k = q 2 F k D n for each k — n — 1, . . . ,j: 

D n Fk = (q — q 1 ) 5 &aj + ---+a n &a J +---+a k ® K aj+ ... +an e at + ... +an K a . + ... +ak e ai + ... + 2a k+1 +-+2a n 

— " Q 1 ) 2 S+-+afe e «j + -+an ® K aj+ ... +ak K aj + ... +an e ai+ ... +an e ai+ ... + 2a k+1 +---+2a n 

— <? 2 (<? — Q 1 ) 2 ea J + -+a k e aj +-+a n <S> K aj+ ... +ak e ai+ ... + 2a k+1 + ... + 2a n Ka j + ---+a„ea l +---+a, 

= q 2 F k D n , 

as [e ai+ ... +an ,e ai+ .„ +2 a j +-+2a n \ = 0, and the relation between D n and Fj-i is 

D n Fj-\ = q 2 (q — q 1 )e aj+ ... +an <g> e ai+ ... + 2 aj +-+2a„K aj+ ... +an e ai+ ... +an = q 2 Fj^iD n . 

We now prove that F k F p = q 2 F p F k for each k — n — 1, . . . , j + 1 and each p = k — 1, . . . , j: 
F k F p = (q - q~ 1 ) 2 e a3+ ... +ak e aj+ ... +ap 

®K a - + ... +ak e ai + ... + 2a k+1 + ---+2a n K a . + ... +ap e ai + ... + 2a p+1 + ---+2a n 

— Q (<? ~~ 1 ) e a j +-+a p e aj +~-+a k 

®K aj+ ... +ap K aj+ ... +ak e ai+ ... + 2a p+1 +---+2a n e ai +...+2a k+1 +---+2a n 

— q 2 F p F k , 

where we have used the identity [e Qi+ ... +2Qfe+1+ ...+ 2 a n , e ai+ ... +2ap+1+ ... + 2aJ q = 0. In addition, 
for each k = n — 1, . . . ,j, 

FkFj-i = q 2 (q — q 1 )e Q , j+ ... +Qfe (g) e ai+ ... + 2 aj +-+2a n K a:j+ ... +ak e ai+ ... + 2a k+1 +-+2a n = q 2 F j - 1 F k . 
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This completes the proof of the easier commutation relations. We now prove the more 
complicated relations. The relation between D and Fj-i is: 

— (q — Q X ) (qe aj +2a j+1 +-+2a n e j ~ 9 ^ '^a j +2a j+1 +-+2a rl ) 

®{K aj+ ... +an ) e ai+ ... +aj _ i e ai+ ... + 2a :j +-+2a n 

— (q — q X ) (qe aj +2a j+1 + -+2a n ej — q 1 ^j^a +2a ]+1 +-+2a n ) 

®(K aj + -+a„) 2 ^e ai+ ... + 2a j + -+2a n e ai+ ... +aj _ 1 + [e ai +...+ aj _ 1 , e ai +:.+2a j + -+2a n \ 

— q 2 (q — q X ) {q^aj+2a ]+1 + -+2a n ^j — q eje aj+ 2a j+1 +-+2a n ) 

< ^€, ai+ ... + 2a j + -+2a„(K a . + ... +oln ) 2 e ai+ ... +aj _ 1 

+ (<? — q X ) {qZa j +2a :j+1 + -+2a n Zj — <? 1 ^j^a ] +2a :j+1 + -+2a n ) 
®{KaL j + -+a n ) 2 [e Q!i +...+a i _ 1 , e a<+ ... + 2aj+-+2an] 9 

= q 2 F j _ 1 D + (q- g" 1 ) (qe aj+2aj+1+ ... +2an e j - q~ 1 e j e aj+2aj+1+ ... +2an ) 

®(K a . + ... +an ) [e Q , i+ ... +oy _ 1 , e ai+ ... +2aj +-+2a„] q ■ 
The relation between and for each k = j, . . . , n — 1 is: 

DkFk = (q — q 1 ) 2 e aj+ ... +2ak+1+ ... +2otn e aj+ ... +ak 

®K aj+ ... +2ak+1+ ... +2an e ai+ ... +ak K aj+ ... +ak e ai+ ... +2ak+1+ ... +2an 

— (q — q l ) 2 ^a J + -+a k ea j +-+2a k+1 +-+2a n 

®F aj+ ... +2ak+1+ ... +2an e ai+ ... +ak K aj+ ... +ak e ai+ ... +2ak+1+ ... +2an 

+ (q — q X ) 2 \^a j +-+2a k+1 +-+2a n e aj+ ... +ak ] q 

®K aj+ ... +2ak+1+ ... +2an e a . + ... +ak K a . + ... +ak e ai ^ 
= q (q — q ) e aj+ ... +ak e aj+ ... +2oik+1+ ... +2an 

®(K a . + ... +an ) 2 e ai+ ... +ak e ai+ ... +2ak+l+ ... +2an 



q 



+q 1 {q — q V ) 2 [e aj +-+2a k+1 +-+2a n e aj +-+a k ] 

®(K a . + ... +an ) 2 e ai+ ... +ak e ai+ ... + 2 
(q — q ) e aj+ ... +ak e aj+ ... +2oik+1+ ... +2oin 

®K aj+ ... +ak e ai+ ... + 2a k+1 +---+2a n K aj J r ... + 2a k+1 +---+2a n Ga i + ---+a k 

+q 1 (q — q 1 ) 2 e aj +... +ak e aj+ ... +2oik+1+ ... +2an 

®{F a . + ... +cln ) 2 [e ai+ ... +ak , e ai+ ... + 2a k+1 +-+2a n ] q 

+q 1 (q — q 1 ) 2 \e aj+ ... +2ak+1+ ... +2oin , e aj+ ... +Qfe ] ? 

®(K OL]+ ...+ , n ) 2 e ai+ ... +ak e ai+ ... +2ak+1+ ...+ 2an 
FkF>k + q~ (q - q~ ) e aj+ ... +ak e aj+ ... +2ak+1+ ... +2an 

®(K aj+ ... +otn ) 2 [e ai+ ... +ak , e a%+ ... + 2a k+1 +---+2a n ] q 
®(K aj+ ... + a n ) 2 e ai+ ... +ak e ai+ ... + 2a k+1 +-+2a n - 
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D k F k = q 2 F k D k + q \l-q 2 )(q-q 1 ) 2 e aj+ ... +ak e olj+ ... +2ak+1+ ... + 2a n 
+q 1 (q — q 1 ) 2 e aj+ ... +ak e aj+ ... + 2a k+1 +-+2a n 

®(K aj +-+a n ) 2 [e ai +-+a k , £a 1 +-+2a k+1 +-+2a n ] t 
+q 1 (q — q ) \e aj +-+2a k+1 +-+2a n , ^aj+-+a k ] q 

< ^(K aj+ ... +an ) 2 e ai+ ... +ak e ai+ ... + 2a k+1 +-+2a„ 
= q 2 F k D k + {q- g" 1 ) 2 (g" 1 - q)e otj+ ... +ak e aj+ ... +2ak+1+ ... + 2a n 



+Q 1 [ e aj+-+2a k+1 +-+2a n , e a j +-+a k \ q 

®{K aj+ ... +an ) 2 e ai+ ... +ak e ai+ ... + 2a k+1 +-+2a r , 



+q(q — q ) e aj+ ... +ctk e , j+ ,„ +2ak+1+ ... +2an 



(K aj +-+a n ) 2 [e ai+ ... +ak , e a%+ ... + 2a k+1 +-+2a n ] t 



From these calculations we have the following relation: 

(D + Dj + D j+1 + ■■■ + £> n _i) (F B _! + F n „ 2 + • • • + Fj_ij 
= q 2 (F n _x + F n _ 2 + • • • + (D + Dj- + D j+1 + ■■■ + D n _i) 

+ (<? - Q X ) {Qea j +2aj +1 +-+2a n ej ~ Q 1 eje aj+ 2a J+1 + -+2a n ) 

®{Ka j + ~+a n ) 2 [e Qi +...+aj_ 1 , e ai+ ... + 2 aj + -+2a n ] t 

n-1 / 

X ( 1 _ Q , )6a J +-+a fe e Qi +... + 2a fe+1 +-+2a n 



e a,H h2a fc+1 H h2a n i e ctj^ ha k 



(D.45) 
(D.46) 



QjH hQnJ e »H hafc e aiH h2a fc+1 H h2a n 



;d.47) 



+Q ,e aj+--+a fc e a J + -+2a i;+1 + -+2a rl 



(D.48) 



To simplify this expression we will expand out the terms in the second tensor power and 
sum the terms accordingly. The easiest part of this calculation is as follows: the com- 
ponent in the expansion for which the second tensor power contains a term of the form 
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qe-a j +2a j+1 +---+2a n ej ~ Q Gje aj+ 2a j+1 +---+2a n 



+<? 1 £a J +2a j+1 - 



-2a n ej - qeje a +2 a j+1 + -+2a„ 



Q,H VCtnl u QjH ha 



y e ai+ ... +2aj . +1+ ... + 2a„ (D.49) 



0. 



where ()D.49|) arises from ()D.45|) and the k = j term in ()D.47D . and Proposition ID. 9. 9l then 
implies that (JD.49J) vanishes. 

To simplify the remaining terms in the above expression we need to know the expansions 

of 

[e CH+ ... +aj _ 1 , e ai+ „, +2 a j +-+2a n \ q and \e aj+ ... +2ak+1 +-+2a n , e aj+ ... +ak \ ? 

which we have detailed in Propositions ID.9.51 and ID.9.61 respectively. Using these proposi- 
tions, we can determine the component in the expansion of the above expression for which 
the second tensor power contains a term of the form e ai+ ... +olj+p e ai+ ... + 2 a + +1 +-+2a„ f° r 
each p = 1, . . . ,n — j — 1 . This component is 

-q) p (q - q l ) 2 {qe aj +2a j+l +--+2a n &j ~ q 1 eje aj+2aj+1+ ... + 2a n ) 



j+p-i 



H hafc e a,H h2a fe+ iH h2a„ 



k=j 



+ (q~Q 1 ) 2 (— Q , e Qj+ ... +aj+p e Qj+ ... + 2a i+p+1 + ...+2a n +9 1 e Qj+ ... + 2a j+p+1 +...+2a n e aj+ ... +Qj+p ) 



)(-^"a ;j +--+a n ) 2 ea i 



-ctj +p e «H h2cy+j,_|_iH h2a„ 



The element of U q (g) in the first tensor power of this component is 

(<? - (T 1 ) 2 (-g) p geie aj + 2aj+1 +...+2a n - q~ 1 (-q) p e a3+2a3+1+ ... + 2a n e j 

+ (-q) p ~ 1 q(q - q~ 1 )e j e aj+ 2a ]+1 +-+2a n 
j+p-i 

+ E (-?) J+P_fc ~ 1 ?(? ~ 9" 1 )ea J +...+ afc e Qj +... +2afc+1+ ... + 2a ?l 
fe=j+l 

9 e <x,H hOj+ P e ajH h2ay+ p +iH h2a n "I" 9 e "jH l-2»j +p+ H h2a n e «jH h«j+ p 



which we can rewrite as 



(q-q 



-1\2 



l) P q P eje aj+2aj+1 +...+2a n — ( — 1) P Q P ^aj+2a j+1 +-+2a n ^j 

:jH hafc e OjH \-2a k+1 -\ \-2a n 



;d.5o) 



fe=j+l 



Q e aj-\ h«j+ P e ajH h2oj+p+iH h2a„ + 9 e c*jH H2»j +p+ H h2o„ e «jH hOj+p 
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Now we calculate that 

(-l) P g P ~ 1 [eje aj+ 2a j+1 +-+2a„ -e aj+ 2a j+1 +-+2a n ej) 

— (-IT 1 {e aj +2a J+1 + -+2a n ,ej] q 

— (~<?) P 1 [ e j+lZa j +a :j+1 +2a j+ 2+-+2a n — <1 e aj +a :i+1 +2a j+ 2+-+2a n e j+li e j] q 

— (—<l) P 1 {l [ e j'+l; e j} q ^a j +a j+1 +2a :j+ 2+-+2a n ~ <7 ^a j +a j+1 +2 aj+2 +-+2a n [ e j+l7 Cj] ) , 



and substituting this into (|D.50J) gives 



1\2 



x 



( q) P (q e aj+aj +1 &aj+a j+1 +2aj + 2^ \-2a n Q e aj+a j+1 +2aj + 2^ h2a n &aj+otj +1 1 

+ (—qY +p J 2 q(q — q 1 )e Qj+aj+1 e Q , ;) . +Qj . +1+ 2a :| . +2 +...+2a, 1 
j+p-i 

+ Yl (-iy +P ~ k ~\<l 2 - l)e ai+ ... +afc e aj . + ... + 2a fc+1+ ...+2a„ 
k=j+2 

q^-ajA hctj+p^ajH \-2aj +p+1 -\ \-2a n e «jH \-2ctj +p+1 -\ h2a n e ayH h»j+ p 

{q-q~ l ? (D.51) 



x 



[ ^aj+a j+1 +2a j+ 2-\ Y2a n i Saj+aj+i] (D.52) 



1 9 



+ E (-?) i+P "*-V - l)e Qj+ ... +Qfc e Qj+ ... +2Qfc+1+ ... +2Qn (D.53) 

k=j+2 

~q e aj-\ \-aj +p £aj-\ \-2a j+p+1 -\ \-2a n 9 e ctjH \-2a j+p+1 -\ \-2a„&aj-\ hoj+p 

(D.54) 

We can dramatically simplify this expression by using the following calculation: 

(~q) P [ e "jH h2o,-+ m H \-2a n : GctjH hQj+ m -i] 

V ~ l)e Qj+ ... +Qj+m e, 

~~ (~ < l) P [ e j+mCajH h2a J+m+ iH h2o n — 9 e aj-\ h2ay +m+ iH |-2o n e j+m; GayH hay + m-l] g 

+ (— g) p m 1 (q 2 — l)e aj+ ... +aj+m e aj+ ... + 2 aj+m+1+ ... + 2a n 

~ (~ < l) P (q e aj-\ h«j+ m e «jH h2«j+ m +iH \-2a n ~ Q e a.,H h2ay+ m +iH h2o n e «jH haj+m) 

+ (— g) p m x (g 2 — l)e aj+ ... +aj+rn e aj+ ... + 2a : j +m+ i+-+2a n 

= (—q) P m 1 \e aj+ ... + 2a j+rn+1 +-+2a„, ^ aj +-+a j+rn ] q ■ (D.55) 

By repeatedly using this identity in ()D.52j) - ()D.53j) . we can rewrite f|D.51|) — (|D.54|) as the 



9 

+«j +m e ctjH h2oj +m+ iH \-2a n 
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following expression for each t — 2, . . . ,p — 1: 

X [(~ * [e aj + ...+2a J+t + -+2a n , e olj+ ... +aj+t _ 1 ] q 



j+p-1 

k=j+t 



(q — l)e aj+ ... +ak e aj+ ... + 2a k+1 +-+2a n 
9 e «jH hctj+p^jH h2a J+ p + iH h2ct n + 9 e ajH h2ctj +p+ iH (-2o! n e ay H hctj+p 



(D.56) 



Substituting £ = p — 1 into (JD.56j) and using (|D.55jl . we can rewrite (|D.51J) - (|D.54J) as 

(q — q x ) 2 \e aj+ ... +2aj+p+ ... +2an ,e aj+ ... +aj+p _ 1 ] q 



<? e ctiH ha,+ p e a,H h2a, +p+ H h2a n + 9 e awH h2aw +p+ iH (-2a n e ajH ha 



0. 



where we have used the following result: 

[ e ajH \-2<Xj+ p -\ r-2a„ ? e ctjH ^ a j+p-l]q 



\&j+p e a>j-\ h2a J+p+ iH h2a n Q e ctj-\ h2a j+p+1 A h2a„ e j+p; e «jH hQij+p-i]q 

1- 



Q&aj-\ haj+ p e OjH h2aj +p+ iH \-2a„ Q e ajH h2oj +p+ iH h2a n Ca^H hOj+p- 

This substantially simplifies the problem. All we now have to do is to determine the 

component for which the second tensor power contains a term of the form (e a .^ \-a n ) 2 - 

This is not difficult to do: the first tensor power of this component is 

(-g) n ^(l + q)(q- (qe aj+2aj+1+ ... +2oin e j - q- 1 e j e aj+2oij+1+ ... +2an ) 

n-l 

^(-g)"- fc - 1 g(l +q)(q- q- 1 )h aj+ ... +ak e aj+ ... +2ak+1+ ... +2an . (D.57) 

k=j 

Now by repeatedly using (|D.55J) . we have 

(— q) n j (qe a . +2 a j+1 +-+2a„ej — Q 1 e-je aj+2aj+1+ ... +2an ) 

n-l 
k=j 

e a j-\ \-2a n ' e « 7 H hOn-l] , 



(1 + 9) (ea J+ ...+ an ) 2 , 



and thus ()D.57|) is 

(1 + q)\q - q~ l ) {e aj+ ... +an f = t(D n f, £ = -(1 + qf/{q - q~ l ), 
as required. 
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In this section we prove that X is a two-sided co-ideal. We firstly note the almost trivial 
result that e(x) =0 for each 16 / and thus e(x) = for all x el. We now deal with the 
more substantial problem: we will prove that 

A(x) 6l® Ug(g) + U q (o) <g> X, 

for each x G I. Firstly, 

A(Jt N - 1) = J?* ® Jt N ~ 1 ® 1 = Jf " ® - 1) + (Jt N - 1) ® 1, 

which is an element of X® Z7g(g) + f/ g (g) ®X. The remaining problems are harder and we 
break them down into a number of subcases. Initially we will show that (e 7 ) 7V ' and (ep) N 
are elements of X ® U q (g) + U q (g) <S> X; then we will use the antipode S and the graded 
antiautomorphism uj to prove the remaining cases. 

In writing down the components of A(e M ) we will use the notation used in Section TP. 51 
although we may use slightly different normalisations. Any alternative normalisations will 
not significantly affect the calculations. 

Case 1. {ei) N \ {e n ) w , l<i<n 

The components of A(ej) satisfy the g-binomial theorem for each i, thus we have the 
following results from Appendix B: 

(A(e 4 )) 7V ' = {ei®Ki) N ' + (1 ® e,)^ = (e^' ® + 1® i < n, 

{A(e n )f = (e n ®K n f+(l®e n f=(e n f®(K n f+l®(e n f. 

As (e l ) N ' eland (e n ) w E X, (A(e i )) JV ' and (A(e n )) N are elements of l®U q (g) + U q (g)®l. 
Case 2. (e a4+ ... +ai ) JV ', 1 < z < j < n 

By writing A(e Qi _| ^. a .) = Yjk=i Dk + -Doo an d noting the relations D r D s = q 2 D s D r for all 

r < s we can use the g-multinomial theorem to immediately obtain 

(A(e Q!+ ... +aj )) Ar ' = ^(D fc )^ + (D 00 )^'. 

As ( e Qfe H — hOj)^ ^ ^ for all 1 < fc < j < n, we have that (Dk) N and (Dqo)^ belong to 
X ® C^ g (s) + U g (o) ® X for alii < k < j, and thus 

I \ oti H haw 
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Case 3. (e ai+ ... +a J N , i = 1, . . . , n - 1 

Recall that A(e ai+ ... +an ) = Y.k=i A- + Ao- We claim that 

{A(e ai+ ... +an )f=(D OD f 

( n 

J2(D k ) 2N + (l) q (3) q ---(2N-l) 

k=i 
n 

n 

J2(Dkf /2 > 



E (^.*)* 

.i<r<t<rt 

E (^r 72 



i<r<t<n 



if iV = 1,3 (mod 4), 
ifiV = (mod 4), 
ifiV = 2 (mod 4). 



Firstly, from the relation A-Doo = —qD^D^ for all z < fc < oo, we have 



E^+^oo =(^00)^+ E Dfe 



. fe=i 



and we now use induction to obtain an expression for ( Y^k=i A)^- The elements A and 
A+i satisfy the relations 

DiDi + \ = —qDi + \Di + Ei t i + i, DiE^x = q 2 Ei t i + iDi, A,«+iA+i = q 2 Di + iEi t i + ±, 

and therefore 

,77 



(A + A+i) J 

(A) 27V + (A + i) 2Ar + (l),(3) g ---(2iV-l) g (E M+1 ) w , UN =1,3 (mod 4), 

(A)^ + (A+i)" + (l) ff (3), • • • (N - l) q (E i4+1 ) N / 2 , if N = (mod 4), 

(A) JV/2 + (A+i) JV/2 , ifiV^2 (mod 4). 

Using induction, it is quite simple to prove the following expansion for each j = . . . , n: 



N 



2> 



J2(D t )™ + (l) t (3), • • • (2JV - 1) 

fc=j 



E 

,i<r<t<j 



N 



k=i 
j 



E (^)" /2 

i<r<t<j 



E(^) 7V/2 ' 



if iV = 1,3 (mod 4), 
ifiV = (mod 4), 
ifJV = 2 (mod 4), 
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where for the inductive step we use the relations 

(A + A+i + ■ ■ ■ + Dj)D J+1 

— ~(lD j+ i{Di + D i+ i + • • • + Dj) + (Eij + x + E i+ ij +1 + h Ejj + i), 

(Di + D i+ i + ■ ■ ■ + Dj)(Eij + i + E i+ ij + i + ■ • • + Ejj + i) 

= q 2 (E lJ+1 + E i+1J+1 + ■■■ + E jtj+1 )(Di + Di+i + ■■■ + Dj), 
[Eij+i + E i+ ij + i + • • • + Ejj + i)Dj +1 

= q 2 Dj + i(Eij + i + Ei + ij + i + ■ ■ ■ + Ejj+i). 

This proves the claimed expression for (A(e ai+ ... +Q , n )) N . 
Now (e ak+ ... +an ) N E X for each k — i, . . . ,n and thus 

{D k ) w E X® U g (g) + U g {g) ® J, z < fc < oo. 

It remains to show that (E rtt ) N ' E X®U g (g) + U q (g) ® J when iV = 0, 1, 3 (mod 4) for all 
i < r < t < n. To show this, we note that the second tensor power of E i p is 

K at +...+a n K ap+ ... +an e ai+ ... +ap _ 11 p — i + 1, . . . , n, 
and the fact that (e Cfi+ ... +Qp _ 1 ) 7V E X means that 

[E^f EX® U q (g) + U q (g) ®X, p = i + l,...,n. 
The second tensor power of E kjP for each k — i + 1, . . . ,n — 1 and each p = k + 1, . . . n is 

-^■afcH — \-a n -K ap -\ — |_Q, n eQ, 4 _| — i-a fc _ 1 e Q4 ^ — i-Qp-i • 

Using the fact that [e ai +...+ ak _ 1 , e 0li+ ... +0lp _ 1 ] q = and that (e a . + ... +ap _ 1 ) N E X, it is quite 
easy to see that 

(E ktP f EX® U g (g) + U q (g) ® J, 
which completes the proof of this case. 



Case 4. (e Qi+ ... +2Qj +... +2 a n ) , 1 < i < j < n 

We firstly consider (A(e ai+ ... +2 aJ) N . Writing A(e Qi+ ... +2a J = Yl=i D k + D n + D + D M) 
the g-binomial theorem and one of the generalisations of the binomial theorem immediately 
gives 



(A(e Q . + ... +2a J) 

n-l 

= Y,( D kf + (Dn + D Q + D 



n-l 

N' 

oo I 



k=i 

' (D n ) N> + (D M ) ff ', if N = 0, 1, 3 (mod 4), 



fc=i 



(£>„r + (Door + MD ) N ' UN ee 2 (mod 4), 
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where <Pn/2 7^ 0. Now 



(e a . + ... +2an ) el, k = i,...,n-l, 



and the fact that {e n ) N G X means that (e n ) 2N ' G X. By using these facts and examining 
some simple calculations it follows that 

(D k f, (D^f G X <g> U q (g) + U q (g) ® X, fc = i, . . . , n. 

It remains to show that (A))^' el® Z7 g (g) + Z7,(jg) <g> X when N = 2 (mod 4); this 
follows from (e n ) G X. 

We now consider the more general problem: write 

n n— 1 

A(e Q . + ... +2Q , + ... + 2aJ = A) + XI D k + D+ J2 F i- 

k=i+l l=j-l 

Using the g-binomial theorem we immediately obtain 



(A(e ai+ ... +2Qj+ ... +2Q J) 7V = (D ) N ' + J2 (D.58) 



= iw + 

(D + Dj + --- + D n . x + D n + + F n _ 2 + • • • + 



A" 



We can expand out the last component of the right hand side of this expression by using 
the following relations: 



g 2 (F n _! + F n „ 2 + • • • + Fj_i)(D + £)• + ... + D n _y) + £(£> n ) 2 , 



(D + Dj + ■ • • + D n _x) (F n _i + F n _ 2 + • • • + 

(D + Dj + • • • + £>„_i) A. = q 2 D n (D + Dj -\ h A*-i), 

A^n-i + F„„ 2 + • • • + F,^) = q 2 {F n _ x + F„„ 2 + • • • + F^^A*, 
where £ = —(1 + q) 2 /(q — q^ 1 )- Consequently, 

(U + Dj + ■ ■ ■ + A*-i + D n + + F„_ 2 + • ■ ■ + Fj-.i)^ 

(Z> + Dj + ■ ■ - + D n _ x ) N ' + (F B _i + F n _ 2 + ■ • ■ + Fj- X ) N \ if N = 0, 1, 3 (mod 4), 
(£> + £>,. + ...+ -D„_ 1 ) Ar ' + (F„_! + F n _ 2 + ■ ■ • + Fj^) N ' 

+<pN/2(D n ) N ' , if TV = 2 (mod 4), 

where 0at/2 7^ 0. The g-binomial theorem then implies that 

n-1 

(TJ+ Dj + ■ ■ ■ + D n ^) N ' = (D) N ' + £(A0"', ( D - 59 ) 

k=j 
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n-l 



(F n _ x + F n „ 2 + • • • + F^f = W"'- ( D - 6 °) 

k=j-i 

Now the facts that (e ak+ ...+2a J +---+2a n ) N ' G X for each k = i, . . . , n — 1 and each j = 
k + 1, . . . , n, and that (e ai+ ... +olk ) N ' G X for each k = i + 1, . . . ,n — 1, mean that each 
component of the right hand sides of ()D.58|) - (jD.60J) belongs to X <g) J7 g (fl) + ^(fl) <8> X. 

It remains to show that the same is true for (D n ) N when N = 2 (mod 4). To see 
this, note that (e Qj+ ... +Q J 77 e X and that N = N/2 for N = 2 (mod 4), thus (D n ) N ' e 
X (8) fg(fl) + ^g(fl) <8> X when N = 2 (mod 4). This completes the proof of this case. 



The remaining elements of / 

We have shown that A (e 7 ) JV and A (e^)^ are elements of X ® U q (q) + U q (g) ®X. We now 
prove that the same is true for the remaining elements of X in the following calculations, 
in which we write the proportionality sign to mean that the left hand side is proportional 
to the right hand side with a non-zero scalar constant of proportionality. The cases we do 
not consider here are almost identically proved: 



A(/ 7 ) JV ' oc A {u(e* ) j oc (u ® u) o A'(e 7 ) 7V ' 

A^)^ oc A (S(ey )) A {K.f oc [(5 ® 5) o A / (e 7 ) 7V '] A (A', 
A(7 7 ) 7V ' oc A (w(ef )) oc (a; ® a;) o A'^)^ 



N 



Each of these expressions is an element of X (8) U q (g>) + U q (g>) <8> X from Prop osit ion ID.8.T1 
thus X is a two-sided co-ideal. 



D.8 X is a two-sided Hopf ideal 

We have proved that X is a two-sided ideal and a two-sided co-ideal of U q (osp(l\2n)) . To 
prove that X is a two-sided Hopf ideal all we need do is prove that S(x) G X for each x G X, 
and to show this it suffices to show that S(x) G X for each x G I. 

Proposition D.8.1. For each x E I , u(x) G X and S(x) G X. 

Proof. Firstly note that w(jf N - 1) = (J^ - 1 ) G X and gffi * - 1) = {Jf N - 1) G X. 
The rest of the proof follows from Propositions ID.3.4MD.3.8I and the facts that u is an 
involution and that to and S are graded antiautomorphisms. □ 
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D.9 Technical results 

In this section we prove technical results used previously in this appendix. 
Proposition D.9.1. For each j G Z +; 

2j 2j+l 

£<r 2 *(^ = g^(2j + l)Jjr 2 , = ?" 2(2i+1) ( 2 i + !)«!>■ + ^ 

fc=i fc=i 

Proof. By direct calculation we have 

• T 2 (l), = T 2 , 

• ELi^ 2fc W 9 = r 6 (3)j2]« 2 , 

• T,t =1 q- 2k (k) q = q -*(5) q [2f. 

Assume that the proposition is true for Y^=i <?~ 2fc (^)g; then 



2j+l 






E ^c*). 




g-^(2j + l)Jjr 2 +g- 4 ^ 2 (2j + l) g 






g- 4 ^- 2 (2j + l) 9 (g 2 + g 4 + • ■ ■ + a*) + q~^ 2 (2j + 1), 






q-^(2j + l) q [j + lf, 


as required. Now assume 


that the proposition is true for Y^k=i Q~ 2k (k)q> then 


2J+2 










-2(2j + l) q [j + lY 2 + q-V-\2j + 2) q 


*!=i 

= g~ 


-4j 


~ 4 ((2j + l),(g 2 + g 4 + • • • + g 2 ^ +2 ) + (2j + 2),) 


= g~ 


-4j 


- 4 ((2j + 1), [j + If 2 + (-g) 2 ^ 1 + (-g) 2 ^ 2 + ■ ■ ■ + (-g) 4 ^+ 2 ) 


= 


-4j 


" 4 ((2j + 1), [j + if + ((-g) 2 ^ 1 + (-g) 2 ^ 2 ) [j + if 2 ) 


= q 


-4j 


" 4 (2j + 3), [j + if , 


completing the proof. 







□ 

Proposition D.9. 2. For all k,p satisfying i < k < p < n, 

[ e «t+-+«»i e a p +-+a n ] = (—q) n P e ak + -+2a p +-+2a n (D.61) 



>q 

~n—p 

+(?-<T 1 



E^ _ ^ 1 ea fe +...+2a„_ i+ i+-+2a n e Qp +...+ Qn _ 
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Proof. The relation [e ak+ „, +0 , n , e n ] q = e afc+ ... +2Qn proves the proposition for p = n and all 
k. Assume that k < n — 1, then 

[ e o fe H ha„] e «„_i+«„] 5 = [ e «feH \-a„, Sn-l&n ~ Q e n e n— l] ? 

= [ e "feH hOni e n-l] q Cn + Gn— 1 [ e a fe H h(*n> e «]g 

— Q [ e afeH ha„i e n] q Cn-1 + 9 e n [ e a fc H hOn ) e n— l] g 

= e n _ie aj , + ... +2Qn — q 1 e Qfc+ ... +2Qn e n _i, 

as [e afc+ ... +Qn ,e n _i] 9 = 0. By re-writing the relation [e ak+ ... +2an , e n -i] q = e Qfe+ ...+ 2an _ 1+2Qn 
as e n _ie Qfe+ ... +2 a n = ge afc+ ... +2ctn e n _i - ge Qfe+ ...+ 2an _ 1+2Qn , we obtain 

[e afc +-+an) ^-l+onjg = — qe ak +---+2a n . 1 +2a n + (q — <7 )e Qtfc+ ...+2 an e n _i, 

proving the proposition for p = n — 1. Now assume that the proposition is true for some 
p = & + 2, . . . ,n — 1, then 



e Q!fcH h«n j e a p _iH h«n J q 



J, 



[ e «feH h"n; e p-l e opH h"n Q e « P - 



vj 5 



QfeH Ya n i e a P H ha n ~l~ [ e »fcH h»n5 e a P H hcj g 

] „ e p-l + 9 e Q P H Van [ e «fcH ha?i; e p— l]q 

_i r 

e r 



"5 [ e a*H h"n; e « P H he 



e p-l [ e tJ fe H h"n5 e apH l" a n] 9 [ e ctfcH han' e OpH h"n] a e p-l' 



aS [ e "feH han5 e p-lJ 



0. Substituting (1TX6T1) into (lTX62"j) gives 



(D.62) 



(— g) n p e p _ie afc+ ... +2Qp+ ... +2ct 

+0?-<r 1 



n—p 



9) J 1 e p -ie Qfe+ ... +2Qn _ j+1+ ... +2Q , n e Qj)+ ... +Qn _ 
i=i 



-9 _1 (-?) n ~ p e 



a fc +-+2a p +-+2o;„ e p-l 



n—p 



'^^(" ( iy le a k +-+2a n . j+1 +-+2a n e ap +-+a n _ j e p -i 

-g(-g) n - p e Qfe+ ... +2Qp _ 1+ ... +2an + (g - ^ 1 )(-g) n_p e afe+ ... +2Qp+ ... +2a „e p _i 

" n—p 

+ (<?" 9 X ) ^ le a fc +-+2a n _ J+1 +---+2a n e p --ie Qp+ ... +Qn _ j 

- 3=1 



-q) n - p+1 
(q - g" 1 



_ ? -i(_ g )3-i e( 

n—p+1 



: fc H h2« n _j + iH h2a„ e a p H ho n -j e p-l 



^ 1 ( 9) J e «sH h2a n _j + iH h2a„ e o p _iH ha„ 

3=1 
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completing the induction. 

□ 

Proposition D.9.3. For all 1 < % < t < n, 

[ e OiH hOt-15 e CfH h«n]g e OiH hCtn- 

Proof. Firstly [e ai+ „. +att _ 1 , ej ? = e Q . + ... +Qn . Now assume that [e a . + ... +at _ 1 , e Qt+ ... +a J ? = 
e Qi _| |_ Qn for some i + 2 < t < n, then 

[ e QiH hat-2 ' e «t-iH t-«n]g ~~ [ e aH hat-2 ) e i-l e «H ha™ — 5 e aH haf n e t— 1]„ 

[ e «H h«t-2 ) e t-l] q e aH \~a n H~ <? [ e aH f-ai-2' e aH ^ a n]<j 

— <7 [ e aH hat-2' e atH hctn] g e *-l — *? e «H ha n [ e ctH hat_2' e i- 

— e ctiH hat-i e atH h«n — 1 e a t A h«n e aH hat-i 

— [ e aH hat-i5 e atH ha^j^ - e «H ho n ) 

[e Q , i _| |-at-2 5 e «iH = 0- 

□ 

Proposition D.9.4. For alll<i<t<j — 1 < n, 

[ e «iH hcy-i) e «tH l-"n]g — (l ~ Q ) e aH ha n e a t H hctj — i - 

Proo/. Firstly [e ai+ ... +a ._ 1 , e a . + ... +ct J ? = e a<+ ... +an , and 

hoj-i) e «j-iH Hctnjg = [ e «H hay-l> e j-l e a j A \-a n ~ Q e OLj-\ ha 7l e j - 1 ] g 

— [ e aH hctj-i ) e j-l] g e «jH ha n + <? e j-l [ e «H l-^j-i ' e «jH 9 

— <? [ e «H l-Oj-i' e "jH ha n ] ^ e j-l ~" <? e ajH ha,i [ e «H haj-i> e j 

= gej_ie ai+ ... +Q , n — g 1 e Q , 4+ ... +Q , n e ? _i = (q — q 1 )e Q , i+ ... +Q , n e ? _i, 
as e J _ie Qi+ ... +Qn = e Q!i+ ... +Q , n e 3 -_i. Now assume that 

[ e «H hQj-u e «H hcj q = {l Q ) e ctH \-OL n &a t -\ hQj-u 

for some i + 2<t<j — 1, then 

[ e aH hay-i ; e a t _iH ha n ] q 

— [ e a i +~-+a j ^i, ^t-l^a t +--+a n ~ <7 1 e at +...+ Qn e t _i] 

— [ e aH hOj-i ; e t-l] g e «tH han ~l~ e t-l [ e a,:H \-aj- 1 y e a t A han] g 

~1 [ e a i +-+a j - 1 , e a t +-+a„] q Ct-1 ~ <? le a,+-4«„ \ e a i + -+a ] - 1 i Zt-l\ q 
= &t—l [ e aH hay-u e aH hctnjg - [ e «H hQj-u e aH ha n ] _ 6f— 1 

= (q — q 1 )et-ie ai +-+a„eat+-+a j _ 1 — q 1 (q — q )eai+-+an e a t +-+a j - i et-l 
(<? q ) e aH ha n e at-iH hay_i> 

as [e a .^ — haj-n e t-i]„ = an d commutes with e Qi _| — |_ Qn . 
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We can easily prove Propositions ID .9.51 and ID. 9. 61 inductively using elementary calcu- 
lations. 

Proposition D.9.5. For all 1 < i < j < n, 

[e Qi +... +Qj ., e ai+ ... + 2a j+1 +-+2a n ] q = (— q) nj 1 ( 1 + q) (e Qi+ ... +Qn ) 2 

n-j-1 

+ (q — Q X ) ^2 ( _ le a i +-+a :j+p ea i +-+2a j+p+1 +-+2a n - 
p=l 

Proposition D.9.6. For all 1 < % < j < n, 

\e ai+ ... + 2a j+1 +-+2a n ,e ai +-.+a j ,] q = (~ j *(! + <?) (e a ;+-+aj 2 



+(q - T 1 ) E (-?) P ~V 



H h2ctj +p +iH h2a„C a jH h«j+p " 

p=l 

Proposition D.9.7. The element {qe aj+2aj+1+ ... +2an e j - q~ 1 e j e aj+2 a J+1 +-+2a n ) commutes 
with Ck for each k — 1, . . . , n. 

Proof. Firstly, the Serre relations state that commutes with if \k — i\ > 1. For each 
k — j + 2, . . . , n, we have the relation 

[e Qj +2a i+1 +-+2a„ ; Cfcj^ = 0, 

which states that each such commutes with e aj+ 2a j+1 +-+2a„- 

Now we will show that e j+l commutes with (qe aj+2aj+1+ ... +2oin e j - q~ l c j e aj+2otj+1+ ... +2an ). 
We calculate that 

(qc aj +2a ]+1 +-+2a n Cj — q 1 eje a . +2a . +1+ ... +2a 

) 

= qe aj +2a j+1 +-+2a n ejej + i — ejej + ie aj+2aj+1+ ... +2an 

— q e a J +2a ]+1 +-+2a n Ca : j+a J+1 + e a j+2a j+1 +-+2a n e j+l e j 

—C aj +a 0+1 Ca +2oij +1 +-+2a n ~ <? 1 Cj + lCjC aj+2aj+1+ ... +2an 

— e j+l (qe aj +2a j+1 +-+2a„Cj — <7 1 CjCa j +2aj +1 + -+2a n ) , 

where we have used the relations 

[e a j+2a j+1 +-+2a n , e j+l] q = 0' [c aj +a j+1 , C aj+2aj+1+ ... +2an ] q = 0. 

To complete the proof we will show that 

Cj (qe aj+2oij+1+ ... +2an ej — q 1 CjC aj+2aj+1+ ... +2an ) 

— (q e aj+2a j+1 +~-+2a n Cj ~ <7 1 CjCa j +2a j+1 +---+2a„) Cj, 
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and to prove this we note that 

n-1 

= Cke aj + ... + a k e aj + ... + 2a k+1 + ---+2a n + C n (e aj+ ... +an ) 2 , Cfc G C, 

k=j 

and that [ej, e ai+ ... +afc ] g = and [e j ,e aj+ ... +2 a k+1 +...+2a n ] q = for each k = j + 1, . . . , n- 1, 
and thus 

Gje aj ^ — |_ afc = ge^-] — \-a k Gj, 

eje aj+ ... + 2a k+1 + -+2a„ = qe aj+ ... + 2a k+1 +-+2a n Gj ■ 

Consequently, 

e j \Q e a j +2a j+1 +-+2a n ej ~ Q 1 ^j^o tj +2a j+1 +-+2a n ) 



n-1 



e aj+2a J+1 +---+2a n { e j) 2 + Ck e aj+-+a k ^aj+-+2a h+1 +-+2a n ^j + C n (e Qj +-+a n ) 



fe=j 

n-1 

\2 



— g 1 e J - I e Qj+2Q , :) . +1+ ... + 2a n ej + s ^C k e aj+ ... +ak e olj+ ... + 2 ak+1+ ...+2a n + Cn(e aj +...+„ 
= (qea j +2a j+1 +-+2a„ej — g 1 eje Q , j . +2aj+1 +...+2a„) ej. 

□ 

Proposition D.9.8. For each j — 2, 3, . . . , n — 1, 

[ e aj+2aj + iH h2a„ j £a,-_i+Oj]g e cy_i+2a!jH h2a„ • 

Proof. The proof of this proposition is lengthy, and we prove in in a number of stages. 
Firstly consider [e aj+a . +1 , e a ._ 1+aj ] for each j = 2, 3, . . . , n - 1: 

= eje aj _ 1+aj+aj+1 + q [ej, [ej, ej-i] ? ] 9 ey+i 

— 9 e j+l [ e j; [ e j; e i-l]g] g — e ay_i+a.,+ay+i e j 
= GjCatj-i+acj+acj+i Gay-i+ay+aj+i^j = 0, 

as [e^-, [e^-, ej_i]g] = is just a restatement of the Serre relation (ad q ej) 2 (ej_x) = for 
j < n, and [e aj _ 1+aj+otj+1 ,e j ] q = implies [ej,e aj _ 1+aj+aj+1 ] q = 0. 
Now we will show that 

[e aj +-+a k , e a ._ 1+a .\ = 0, 
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for each k — j + 1, . . . ,n. The calculation immediately above states that this is true for 
k — j + 1, now assume that it is true for some k > j + 1, then 

[c«jH hOfe+i i e ay_i+ay] „ = [ e c*jH hctfc e fc+l — <? e fc+lCajH h"fe ; e oj-i+aj] 



e ctjH hafe 



[efe+i, e Qj ._ 1+Qj .] + [e aj . + ... +Q!fc ,e Q , j ._ 1+Q , j ] e^+i 



1 efc+i [e aj +...+ ah , e aj _ 1+aj ] g — q 1 [ej ;+ i,e [( ._ 1+Q .] ? e a . + ... +Q , i 



as [e fc+ i,e aj ._ 1+aj .] 5 = and [e aj . + ... +afc , e aj ._ 1+Q ,J 9 = by assumption. 
Now for each j < n — 1, we claim that 

for each fc = j + 2, . . . , n. We firstly show that this is true for k = n: 

[ e ctjH h2a„; q [ eQ jH \-a n e n 4" e n. e «.,-| ha„i q 

e «jH l-ctn [ e m ^aj-i+Qj]^ "I" [ eQ jH \~ a n ' eQ j-l+ a i ] q ^ n 

+Cn [ e ajH han; g ~l~ [ e m e aj-i+aj] „ e ctjH ha„ 

= o, 

as the preceding calculation implies that [e aj+ ... +0 , n , e aj _ 1+aj \ = and [e n , e aj _ 1+(Xj \ = 
from the Serre relations. Now assume that 

[e aj+ ... + 2 ak+1+ ... + 2 01n , e aj _ 1+olj ] ^ = 0, 

for some k + 1 = j + 3, . . . , n, then 

— [ e aj + -+2a k+1 +-+2a n e k ~ Q 1 &k& a] + ---+2a k+1 + ---+2a n , e aj _ 1+OCj \ q 

— e aj +---+2a k+1 +---+2a„ [efc, e aj _ 1+Q J ? + [e aj+ ... +2Qfc+1+ ... +2an , e Q , j _ 1+Qj .] ? e& 

— g e*. [e Qj+ ... + 2 Qfe+1 +...+2a n , e Qi _ 1+Q!i ] ? — q 1 [e^, e Qi _ 1+a J (j e aj+ ... +2Qfe+1 +...+2a„ 
= 0, 

as [e fc , 

e a.,_i+aj L — an d [ e QjH \-2a k+1 A h2a n > £a j ^ 1 +a j \ — by assumption. 

Now consider [e aj+ 2 aj+1 +...+2 an ,e aj _ 1+aj ] q : 

[Coj+2cij + iH h2a n5 . 

= \&ctj+otj +1 +2otj + 2-\ h2o n e j+l 9 e jr'+l e oj+aj + i+2Qj +2 H \-2ot n i j _ i +a j ] 

= Coj+aj + i+2«j + 2H h2o„ [ e j+l > e aj_i+aj ] + <? [Caj+aj + i+2aj +2 H V2a n i &aj- 1 +aj] q e j+l 

— <7 Cj+i [e Q , J _|_ Q , j+1 +2a j+2 H h2a n ) CQj_i+aj] g — 9 [ e j+l; e aj_i+«j] g e aj+aj+i+2a.,' +2 H h2a„ 

= e Oj+aj + i+20j +2 H h2Q„Caj_i+a :; '+Qj+i 9 H-Qj+i e a.,+ctj+:L+2a., +2 H h2a n 

[ e aj+«j+l+2aj +2 H h2« n j e «j_i+aj+«.,' + i] ; 
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as [e aj+aj+1+ 2 Qj+2 +...+2a n ,e Qj _ 1+Q J g = from the preceding calculation. 
Now we claim that 



[e aj+ ... + 2a k +-+2a n ,e aj _ 1+ ... +ak _ 1 ] — [e aj+ ... + 2a k+1 +-+2a n ., e aj _ 1+ ... + a k ] 



for each k = j + 1, . . . , n. This is true for k = j + 1 from the preceding calculation, now 
assume that it is true for some k > j + 1, then 

\_ e aj-\ \-2a k -\ h2a„ , e a j _ 1 -\ hctfc-i] „ 

— [ e aj+-+2a k+1 +-+2a n e k ~ Q 1 ^k^a 3 +---+2a k+1 +---+2a n , e Qj ._ 1 +...+ afc _ 1 ] 

= e Qj+ ... +2 a fe+1+ ...+2a n [e&, e Q , J ._ 1+ ... +Q , fe _ 1 ] ? + g 1 [e ai+ ... +2Q;fe+1 +...+2c« n , e Q , j _ 1+ ... +afc _ 1 ] ? 

— <? 1 e/ c [e aj+ ... + 2a fe+1 +-+2a n! e Q , j _ 1+ ... +Q , fc _ 1 ] i? — g 1 [efc,e Qj _ 1+ ... +Q , fe _ 1 ] i? e Qj+ ... + 2 C i fe+1 +---+2a n 
= e aj+ ... + 2a k+1 +-+2a n [e-k, e ai _ 1 +...+ aifc _ 1 ] ? — q 1 [efc,e Q , j ._ 1+ ... +afe _ 1 ] i? e Q , j+ ... + 2 afc+1 +...+2a n 

= \ e OLj^ \-2a k+1 -{ \-2a n j e ay_iH hctfc] „ 5 



where we have used the result [e oy+ ... +2Q!fe+1+ ... +2Q!n , e aj-i+-+a k _i] = which we will now 
prove. To prove this last result recall that [go^h — h2a fe+1 n — \-2a„y &aj-i+a .] = 0. Now assume 
that [e aj+ ... + 2a k+1 +...+2a n , e aj _ 1+ ... +am ] q = for some m satisfying j < m < k - 2, then 

[ e cyH h2a fc+1 H h2a„, e aj_H ha m +l] ^ 

= [ e ajH h2a fe+1 H h2a„ > e m+l e aj_iH ham - ? e «j_iH ha7n e m+l] y 

= [e aj +...+2a fc+1 +---+2a„, e m+ i] ^ e aj _ 1+ ... +Qm + e m+ i [e Q , j+ ... +2afc+1 +...+2a n , e ai _ 1+ ... +Q!m ] 

— <? 1 [ e aj + -+2a k+1 + -+2a n , e aj _ 1 +-+a m \ q e m+l ~ 9 1 e aj _ 1 +...+ am [e Q , j . + ... + 2 afc+1 +-+2a n > e m+l] ( 

= 0, 

as [e Q . + ... +2Qfe+1+ ... + 2a„,e Qi _ 1+ ... +am ] 3 = by assumption and [e aj+ ... +2ak+1+ ... +2oin , e m+1 ] q = 
0. We have thus shown that 



[^a i +2a i+1 -i h2a n i 6a,-_i+a,]g [ e a,H h2a«j ^a,-_iH ha n -i. 



Now 



[ e QjH h2«n5 e aj-iH \-a n -i\q 

= [ e ajH han e ri e n&a>j^ \-a n i Cay_iH hctn-l]? 

= e ayH ha n [ e ni e ctj_iH ha„-i](3 ~t~ 9 [ e ayH ha„ 5 G»j_iH \-a n --i\q&n 

+ e n[ e «jH hOn5 e «j-iH han-l]<? "I" [ e n ; C«j_iH ha n -i]i? e ajH han 

e "jH h"n e ctj-iH han-i]g ~l~ [ e nj e ay_;H hOn-ilg^ajH h«n 

-+«») e c(j_iH ha!«]<2; 
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where we have used the result [e a . + ... +oln ,e aj _ 1+ „, +oln _ 1 ] q = which we now prove. Recall 
that [e aj+ ... +0ln , e aj _ 1+a .] q = for each j = 2, . . .,n-l. Assume that [e a . + ... +oln , e aj _ 1+ ... +ak ] q 
for some k — j, . . . , n — 2, then 



[ e QjH ha„; e a j _ 1 A N*k+i], 

= [e a j+-+a n , efc+ie Qj „ 1+ ... +Q , fc — q 1 e a ._ 1+ ... +olk ek+i] q 

— [ e a j +-+a n ,^k+i] q e aj _ 1+ ... +ak + e k+1 [e aj+ ... +an , e a ._ 1+ ... +olk \ q 

= o, 



1 9 



as [e aj+ ... +an ,e k+1 ] g = and [e Qi +...+«„, e aj _ 1+ ... +ak ] q = by assumption. An implication 
of this is [e Qj +...+„„, e aj _ 1+ ... +an _ 1 ] q = 0. It follows that 



[ e QjH h2a„5 e aj_iH (-as n _i]g [ e oyH ha»i; e Qj_i + 



3-lH hQnJg - 



Now 



FctjH ha„i e «j_iH \-a n \q 



[ e «jH h"n-i e ". — Q e n^a^ ha n -i > e oy-iH \-a n ]q 

e otj-\ ha n -i [ e «' e aj-iH hct n ]<; [ e QjH hOn-i > e aj-iH han]g e n. 

— (/ e n [e Q;| ^ hctn-l ' e «j-lH ha,J<? — [ e n;Caj_ 1 H han]9 e aiH hQ!„_i 

e OjH ha„-i e ay_iH h2a n — 9 e o,_iH h2a n e »jH ho n -l 



[ e a,H h»n-i> e a,-iH h2a n . 



as [e aj+ ...+ an _ 1 ,e aj _ 1 +... +an \ q — 0, and 



[ e cyH ha n -i5 e aj-iH h2a„]<j 

= [ e OjH h«„-2 e ^-l Q e «— l e OjH hQ„-2 ) e ctj_iH h2a n ]q 

e CjH e «j-iH h2a n ]g H~ 9 [ e ctjH ha n -2 ' e aj-iH h2a n ]g e n— 1 

~~ ? Cra— l[ e Q!jH ha,i-2 5 e «j-iH h2a„]<2 — <? [ e n-l)Gaj_iH h2a,Jg e ayH h« n -2 

= e ajH hOn-2 [ e n-l; e a^-iH h2a„]q — Q [ e n—li e Oj_iH h2a„]g e a-,'H han~2 

[ e OjH h«n-25 e ctj-iH h2a n _i+2a n ]g) 

as [e aj+ ... +an _ 2 , e aj _ 1+ ... + 2a n ]q = 0. 
We now claim that 

[ e Q!jH ha fe+ i; e aj-H h2a fc+2 H h2a n ]<j = [e Qj H |-Q! fe , e Oj_iH h2a fc+1 H h2a n ]<? ; 

for each k + 1 = j + 2, . . . , n — 1. This is true for k + 1 = n — 1, and assume that it is true 
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for some k + 1 = j + 3, . . . ,n — 1, then 

[ e ajH hctfc; e «j-iH h2a fe+1 H h2a„]<y 

= [ e ajH \-a k _ 1 ^k ~ Q e k&a^ hafc_i ; e ctj_iH \-2a k+1 -\ h2a„]g 

= ea j +-+a k _ 1 [Cfc, e Q , 3 _ 1+ ... +2Q , fc+1+ ... +2Q , n ] g + g 1 [e Qi+ ... +Q!)i ._ 1 , e cy _ 1+ ... + 2a A . + i+---+2aJ(Z e & 

— ? 1 efc[e Q , j . + ... +Qfe _ 1 , e aj ._ 1+ ... +2 a fc+1 + -+2a„] 9 — 9 1 [ e fc'^a J -i+-+2a fc+1 +---+2a n ] g e Qj+ ... +Q , fe _ 1 

= e ajH hOfe_i [ e fc; e aj_iH h2a fe+1 H h2a„]g — Q [ e fc; e Oj_iH h2o fc+1 H \-2a n ]q&ctj-\ hctfc-i 

= [ e aj-\ hafc_i j e aj-iH h2a fe H h2o„]q 5 

as [e aj+ ... +ah _ 1 ,e aj _ 1+ ... + 2a k+1 +-+2a n \q = 0. 

To complete the proof it is a simple matter to show the following results using calcula- 
tions almost identical to those immediately above: 

[ e aj+Oj+i; e aj_i+aj+aj + i+2oj+2H h2a„]<? 5 e aj_i+»j+2»j + iH h2a„]<?? 



[ e «j> e otj^ 1 +a j +2aj +1 -\ \-2a n \q e Oj_i+2ajH \-2a n - 



Proposition D.9.9. 



□ 



gej_ie Q , j _ 1+2 a J +...+2a„ — q ^a j - 1 +2a j +-+2a n e j-X 

= qZa j „ 1 +2a +-+2a n Zj~l — (1 1 ^j-l^a^ 1 +2a +-+2a n ■ (D.63) 

Proof. Proposition ID. 9. 8l implies the following result for each j = 2, . . . , n — 1: 

e aj_i+2ajH |-2a„ [ e aj+2ay + iH \-2a n i Ga,-_i+Oj] q i 

which we can use to rewrite the left hand side of (|D.63j) : 

qej- 1 e aj _ 1+ 2a j +~+2a„ — q 1 e ai _ 1+ 2a J +-+2a„ej_i 

= qej-\e a -+2oLj +1 -\ (-2a!« e ay_i+aj e -j—l e -aj-i+aj e -aj+2aj + i-\ \-2a n 

-1 —i -2— 

~q e a^+2Q j+ iH \-2a n e aj-i+aj e j-l + 9 e oj_i+a j e « j +2« j+ iH h2a„ e j-l 

( ? e j'-l e Qj+2o :)+ iH h2a„ e aj_i+«j e aj+2Qj + iH |-2an e i-l e Oj-i+aj 

—q 1 "e aj „ 1 + aj ej_ie Qy+ 2a J+1 +...+2a„ + 9 2 ea J _ 1 + aj e Qj+ 2 Qj+1 +...+2a„e.,-_i (D.64) 

Q , C Q , J ._ 1 + Qj +2a :) ' + iH h2o n C« :) _ 1 +« : ,- q Cotj- 1 +aj&aj-i+aj+2aj + i-\ \-2a n 

— q&aj- 1 +a j +2aj +1 -\ \-2a n e j e j— 1 — e Oj_i+o : ;+2o : , + iH h2a n e j-l e j 

-1 , -2 

— g e-,-e :; _ie Qi _ :L+Q , j . + 2a J+1 +...+2a, l + q ej-ieje aj _ l+aj+ 2aj +1 +-+2a n 

= qe-a j -i+a. j +2a j+1 +-+2a n e-jej-\ — q 1 ej-ie aj _ 1 +a j +2a j+1 +-+2a n ej (D.65) 

, -2 

— eje aj - 1 +a j +2a j+ i+-+2a n e j-l + 9 e J _ie J -e Qi _ 1+Qi+2Qj+1 + ---+2a, l 
= qe aj _ 1+ 2a,j+-+2a n ej-l — q ej-Xea j - 1 +2a j +-+2a n - 

We used the relation e a -_ 1+a .ej_i = qej-{e a . _ 1 + Qj to obtain ()D.64|) and the relation 
e j-i e Qj_i+Qj+2a : , +1 + - +2a, l = 9e Qy _ 1 + aj +2 aii+1 +...+2a»ej_i to obtain ()D.65|). 

□ 
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